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RKKY interaction between Ce ions in CexLa1ÀxB6
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Department of Physics, Florida State University, Tallahassee, Florida 32306

~Received 18 May 2000!

Ce ions in (CexLa12x)B6 have aG8 ground multiplet, which is fourfold degenerate and has orbital and spin
content. The interaction between Ce ions is of the Ruderman-Kittel-Kasuya-Yosida~RKKY ! type, which
competes with the Kondo screening. The conduction states of the compound are described by three approxi-
mately ellipsoidal pockets centered at theX points of the cubic lattice. The RKKY interaction is calculated
considering the interference of the three pockets. The interaction strength strongly depends on the relative
position of the ions, as well as on the relative orientation of the line joining two ions to the cubic crystalline
field axis. The sixteen states of a pair of Ce ions are split by the RKKY interaction into a singlet, a triplet, and
a twelvefold degenerate level. The ground state is always either a singlet or a triplet, depending on the sign of
the interaction. Using the exact Betheansatzsolution of a model for a pair of interacting impurities withG8

ground multiplet, we calculate the occupation of the levels, the magnetic-field susceptibility, the specific-heat
g coefficient, and the Wilson ratio for the ground state as a function of the ratio of the RKKY coupling strength
to the Kondo temperature along the main crystallographic directions. As a consequence of the RKKY splitting
a pair of impurities always has a quadrupolar moment. The implication of the interactions on the quadrupolar
order of CeB6 is also discussed.
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I. INTRODUCTION

Heavy fermion systems at low temperatures and a
function of magnetic field, pressure, or alloying, may show
variety of phenomena, such as anomalous superconduct
antiferromagnetism, ferromagnetism, quadrupolar ord
non-Fermi-liquid properties, or just enhanced paramag
ism, all believed to arise from the band of heavy electro
The origin of heavy electrons is the competition and int
play of strong local atomiclike Coulomb forces with th
solid-state effects of the conduction band and the hybrid
tion, which give rise to a 4f or 5f Kondoesque resonance
the Fermi level.

To explain the nonuniversal behavior of heavy fermi
systems it is necessary to invoke at least two competing
ergy scales, e.g., the single site Kondo temperature and
Ruderman-Kittel-Kasuya-Yosida~RKKY ! intersite interac-
tion. While the single-impurity Kondo problem is by no
well understood,1–4 the Kondo lattice model still remain
unsolved. The simplest model showing the competition
these two energy scales is the two-impurity Kondo proble
which for impurities of spin-1/2 has been studied by num
ous methods,5 in particular by a Fermi-liquid approach,6 the
numerical renormalization group,7,8 conformal field theory,9

and Bethe’sansatz.10 For strong ferromagnetic RKKY cou
pling between the impurities the spin screening occurs in
steps. The impurity spins first lock into a triplet state at
termediate temperatures, and are then spin compensated
a singlet state by the conduction electrons at lowT in anal-
ogy to theS51 two-channel Kondo problem.7 For strong
antiferromagnetic RKKY coupling, on the other hand, t
spins of the two impurities compensate each other by co
lating antiferromagnetically, so that the Kondo effect on
plays a secondary role. These two fixed points are in gen
joined by a line of fixed points8,9 yielding nonuniversal be-
havior as a function of RKKY coupling strength overTK ,
PRB 620163-1829/2000/62~15!/10067~9!/$15.00
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except if the system has a special electron-hole symm
built in. In the latter case the basins of attraction of the t
stable fixed points~strong ferromagnetic and strong antife
romagnetic RKKY! are separated by an unstable fixed po
with non-Fermi-liquid properties.8

The usual RKKY interaction refers to a parabolic ba
with a spherical Fermi surface. The band structure in reali
materials often differs considerably from a free-electron d
persion. For instance, the conduction states of the a
CexLa12xB6 are characterized by three elliptic pockets ce
tered at theX points of the cubic Brillouin zone11–14 for the
entire alloy range 0<x<1. The contributions of these pock
ets to the RKKY interaction give rise to constructive a
destructive interferences so that, depending on the rela
position of the ions, the amplitude of the interaction is eith
enhanced or reduced. We study this interference in Sec.

Due to the orbital content of thef states the RKKY inter-
action is in general anisotropic, i.e., it depends on the rela
orientation of the line joining the impurities to the crystall
graphic axis. In particular, for CexLa12xB6, the ground mul-
tiplet of the Ce ions is aG8 quadruplet. The sixteen state
describing a pair of Ce ions is split by the RKKY interactio
into a singlet, a triplet, and twelvefold degenerated lev
Depending on the sign of the interaction, the ground stat
either a singlet or a triplet~see Sec. III!. TheG8 ground state
has quadrupolar content in addition to the spin magnetic m
ment. The interaction of impurities withG8 ground state is of
interest in view of the rich low-temperature phase diagram
the alloy series CexLa12xB6.15 Besides the paramagnet
Kondo-compensated phase, three additional phases invol
long-range order of the antiferromagnetic and/or antifer
quadrupolar type have been found as a function of temp
ture, magnetic field, and concentrationx.

In a recent publication we obtained the Betheansatzso-
lution of a model for a pair of interacting impurities withG8
ground multiplets.16 This exact solution was used in Ref. 1
10 067 ©2000 The American Physical Society
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to study the situation of a RKKY interaction averaged ov
all directions that splits the 16 states into two multiplets
wave functions of even and odd parity with respect to
midpoint between the impurities. This simplified splittin
scheme has the advantage that an analytic solution coul
obtained. In Sec. IV we apply the Betheansatzsolution of
the model to investigate the consequences of the more
istic RKKY splitting into a singlet, a twelvefold degenera
manifold, and a triplet on the magnetic susceptibility, t
specific-heatg coefficient, the Wilson ratio, and the induce
quadrupolar moment. Concluding remarks follow in Sec.

II. RKKY INTERACTION IN HEXABORIDES

The band structure of LaB6 was calculated with varia
tional methods11 and the states close to the Fermi surfa
were found to be in good agreement with de Haas–van
phen measurements.12 The data are consistent with a set
three nearly spherical ellipsoids located at theX points of the
cubic Brillouin zone. The intersections among the ellipso
along theG-M lines are small and give rise to small neck
The Fermi surface of CeB6 ~Ref. 13! is very similar to that of
LaB6, leading to the conclusion that the additionalf electron
~the f level lies far below the Fermi energy! only contributes
to a considerable enhancement of the effective mass.

Surprisingly, de Haas–Shubnikov oscillations could
observed for allx in CexLa12xB6,14 revealing the existence
of long-lived quasiparticles. The extremal cross-sectional
eas of the Fermi surface interpolate smoothly between th
of the two end compounds, while the effective mass i
maximum forx'0.9. Hence, for the entire alloy regime th
conduction states are given by three ellipsoids centered a
X points. We will neglect here the small overlaps of t
ellipsoids.

We consider the following Anderson-like two-impurit
Hamiltonian,H5Hcond1Hlocal1HV ,

Hcond5 (
ks j 51,2,3

e j~k!cj ks
† cj ks ,

Hlocal5(
ls

e fnls1U(
l

nl↑nl↓ ,

HV5V(
j l ks

~eik•Rldls
† cj ks1H.c.!, ~1!

where nls5dls
† dls is the number operator of the localize

electrons,U is the intra-atomic Coulomb repulsion,e f the
f-electron energy, andV the hybridization between the loca
ized and conduction states. The two impurities are locate
Rl , l 51,2, and the dispersions of the ellipsoidal pockets a

e1~k!5
1

2m Fa2S kx2
p

a D 2

1b2~ky
21kz

2!G ,
e2~k!5

1

2m Fa2S ky2
p

a D 2

1b2~kx
21kz

2!G ,
e3~k!5

1

2m Fa2S kz2
p

a D 2

1b2~kx
21ky

2!G , ~2!
r
f
e

be

al-

.

e
l-

s
.

e

r-
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at
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wherea andb are dimensionless constants determining
effective mass and excentricity of the ellipsoids, anda is the
lattice constant of the cube.

Firstly, the hybridization is eliminated via a Schrieffe
Wolff transformation, eiSHe2 iS, i.e., HV1 i @S,Hcond
1Hlocal#50, which is satisfied for17

iS5V(
j l ks

F 12nl 2s

e j~k!2e f
1

nl 2s

e j~k!2e f2UG
3@e2 ik•Rlcj ks

† dls2eik•Rldls
† cj ks#. ~3!

The Hamiltonian to second order inV is now H85Hcond
1Hlocal2 i /2 @S,HV#. Assuming that there is always exact
one electron localized at each impurity and projecting
band energies onto the Fermi level, we obtain the Kon
Hamiltonian,17

HK5J (
kk8ss8 l j j 8

e2 i (k2k8)•RlSss8•ss8sdls
† dls8cj ks8

† cj 8k8s ,

~4!

whereJ522V2U/@e f(U1e f)# is the antiferromagnetic ex
change constant, andSss8 andss8s are spin matrices for the
impurities and the conduction electrons, respectively. N
that a conduction electron annihilated in one ellipsoid
pocket may reappear in another pocket. Due to the Ko
exchange the number of electrons in each ellipsoidal poc
is not conserved. This feature is the main difference w
respect to the standard Kondo problem.

Secondly, the RKKY interaction between localized spi
mediated by the conduction electrons is calculated to sec
order in the exchange couplingJ. The two differences with
the standard RKKY interaction are~i! the ellipsoidal charac-
ter of the pockets and~ii ! the fact that there are three band
The general expression of the interaction between two sp
S1 andS2, separated by the vectorR12 of componentsnxa,
nya, andnza is

HRKKY5
J2

2
S1•S2(

j j 8
E d3k

~2p!3E d3k8

~2p!3 f @e j~k!#

3Re@e2 i (k2k8)•R12#/@e j~k!2e j 8~k8!#. ~5!

Here Re denotes real part andf is the Fermi function.
We first assume thata5b ~isotropic parabolic bands! and

focus on the interference of the three bands. Two types
contributions have to be considered, namely,j 5 j 8 and j
Þ j 8. For j 5 j 8 we shift the integration variable to the cent
of the band and rescalep5ak. With pF

252mm (m being the
chemical potential! we then obtain the standard result f
each band

2mJ2pF
4

~2pa2!3 F~2pFR12/a!S1•S2 , ~6!

whereF(x)5cos(x)/x3 asymptotically for largex. For j Þ j 8
the different centers of the ellipsoids~spheres! give rise to a
phase factor that depends on the relative position of the
purity spins, e.g.,eip(nx2ny)5(21)nx1ny if j 51 and j 852,
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but otherwise the result is the same as Eq.~6!. Hence, col-
lecting all the terms, we obtain for isotropic bands

HRKKY5
2mJ2pF

4

~2pa2!3 F~2pFR12/a!S (
j j 8

~21!nj 1nj 8DS1•S2 .

~7!

The new effect here is the interference, which gives rise to
enhancement factor of 9 if thenj are either all even or al
odd, but yields only 1 otherwise. Hence, the sites included
a super-bcc-lattice of lattice constant 2a interact particularly
strongly, but their interaction with other sites is much wea
as a consequence of the interference.

Finally, we address the effects of the anisotropy of
bands. For this purpose we define,

R185@~nx /a!21~ny /b!21~nz /b!2#1/2a,

R285@~ny /a!21~nx /b!21~nz /b!2#1/2a,

R385@~nz /a!21~nx /b!21~ny /b!2#1/2a, ~8!

in terms of which the three contributions forj 5 j 8 are

2mJ2pF
4

~2p!3a2b4 (
j

F~2pFRj8!S1•S2 . ~9!

Similarly, for j Þ j 8 we obtain

2mJ2pF
4

~2p!3a2b4 ~21!nj 1nj 8
~Rj81Rj 8

8 !2

4Rj8Rj 8
8

3F@pF~Rj81Rj 8
8 !#S1•S2 , ~10!

and collecting all the terms we finally have

HRKKY5
2mJ2pF

4

~2p!3a2b4 (
j j 8

~21!nj 1nj 8
~Rj81Rj 8

8 !2

4Rj8Rj 8
8

3F@pF~Rj81Rj 8
8 !#S1•S2 . ~11!

This expression contains the interference between the t
bands and the effects of the anisotropy. As a consequenc
the latter~and disregarding the effect of the interference fa
tor! the symmetry of the RKKY interaction is now cub
rather than spherical.

III. RKKY INTERACTION FOR G8 STATES

So far we have considered the particularly simple sit
tion of spin 1/2 impurities without orbital content, for whic
the RKKY interaction has the simple formSW 1•SW 2. As shown
by Coqblin and Schrieffer18 for J55/2 multiplets corre-
sponding to Ce31 ions (M525/2, . . . ,5/2) the orbital an-
gular momentum induces an anisotropy in the interacti
which asymptotically for large distances becomes
n

n

r

e

ee
of

-

-

,

HRKKY5
m* kF

4J2

p3

cos~2kFR!

~2kFr !3

3 (
MM8

F~M !F~M 8!u1M ,2M 8&^1M 8,2M u,

~12!

where the bra and ket denote the impurity states andF(M )
contains the anisotropy,

F~6 1
2 !53, F~6 3

2 !50, F~6 5
2 !50. ~13!

Hence, only the componentsM56 1
2 can be interchanged

Here the axis of quantization is the line joining the impu
ties. The above results refer to a single isotropic parab
band.

The situation is more complicated for aG8 quartet, since
there are now two directions involved, namely, the cryst
lographic axis and the line joining the impurities. With r
spect to the cubic axis theG8 states for aJ55/2 multiplet are

uk&52A1
6 u 3

2 &2A5
6 u2 5

2 &, ul&5u 1
2 &,

um&52u2 1
2 &, un&5A5

6 u 5
2 &1A1

6 u2 3
2 &. ~14!

If the line joining the impurities is parallel to the cubic axi
then the RKKY interaction between two impurities withG8
ground multiplet is of the form of Eq.~12! with

F~k!5F~n!50, F~l!5F~m!53, ~15!

so that again only the componentsul& and um& can be ex-
changed. These states can be parametrized by a pseud
1/2 with componentss. The form of the RKKY interaction
for R12 parallel to the~1,0,0! direction is then

HRKKY59
m* kF

4J2

p3

cos~2kFR!

~2kFr !3 s1•s2 . ~16!

Hence, the 16 two-impurity states are split by the RKK
interaction into a singlet, a twelvefold degenerate multip
~with zero energy! and a triplet. Depending on the sign of th
interaction either the singlet or the triplet form the grou
state.

For an arbitrary direction ofR12 with respect to the crys-
tallographic axis the interaction Hamiltonian is more comp
cated. For each ion the fourG8 states can be written as linea
combinations of theuM & states. A Kramers pair of them ca
be chosen such that they do not contain the states withM
561/2. We parametrize the other pair of Kramers states
a pseudospin 1/2 denoted withs. Within this basis of states
only thes doublets of the impurities can interact with ea
other. Hence, the general splitting scheme is again a sin
a twelvefold degenerate multiplet and a triplet, and the
pression of the interaction is again given by Eq.~16!, except
for a multiplicative factor in the amplitude arising from th
projection of thes states onto theM561/2 states. For in-
stance, forR12 along the~1,1,1! direction the projection fac-
tor is 16/81 and ifR12 is parallel to the~1,1,0! direction it is
49/(1639).

Next we consider the interaction between impurities w
a G8 ground manifold mediated via three spherical electr
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pockets centered at theX points of the cubic Brillouin zone
The procedure is the same as described in Sec. II and
interference of the three pockets again yields the phase fa
( j j 8(21)nj 1nj 8 as for spin-1/2 impurities.

The anisotropy of the bands of (LaxCe12x)B6 does not
affect the canonical transformation leading to the Coqb
Schrieffer Hamiltonian, since as in Eq.~4! the energy of the
conduction states is projected onto the Fermi level. The lo
symmetry at each Ce site is cubic, so that the partial-w
expansion can be done in terms of eigenstates of the c
group. Alternatively, one can rescalekx , ky , andkz for each
pocket bya andb, as described in Sec. II, so that the effe
tive symmetry of the bands becomes spherical. The integ
in the spin-correlation function of the conduction states
tween the two impurity sites are then evaluated as in Sec
The final result for the RKKY interaction is then

HRKKY5A
9mJ2pF

4

p3a2b4 (
j j 8

~21!nj 1nj 8
~Rj81Rj 8

8 !2

4Rj8Rj 8
8

3F@pF~Rj81Rj 8
8 !#s1•s2 , ~17!

whereA is the constant containing the projection of thes
states onto theM561/2 states discussed above.

In summary, we expect three effects for Ce ions
hexaborides beyond the usual RKKY interaction:~i! The in-
terference of the three electron bands centered at theX points
yields an enhancement factor of 9 if thenj are either all even
or all odd.~ii ! The anisotropy of the bands introduces sm
modifications in the amplitude and in the period of oscil
tion. ~iii ! The 16 states constituting a pair of impurities wi
G8 ground multiplet are split into a singlet, a twelvefo
degenerate multiplet, and a triplet. The ground state is ei
the singlet or the triplet depending on the sign of the int
action. This holds for any direction of the line joining th
impurity sites with respect to the crystal axis.

IV. PROPERTIES OF A PAIR OF INTERACTING
IMPURITIES WITH G8 STATES

In this section we discuss the two-impurity problem,
particular, the interplay of the RKKY splitting of the 1
states into a singlet, a twelvefold degenerate multiplet an
triplet with the Kondo screening. In a previous publicati
we outlined the Betheansatzsolution of an integrable varian
of the two-impurity Kondo problem.16 This solution was ap-
plied in Ref. 16 to a simpler splitting of the 16 states into tw
multiplets.

We first briefly summarize the conditions under which t
model is integrable.16 ~i! The impurities are Anderson-like
with only the f 0 and f 1 configurations allowed. The localize
electrons are considered in pairs, such that each impurity
one localized electron or they are both in the empty confi
ration. States with one impurity in thef 1 and the other one in
the f 0 configurations are excluded. Since we are intereste
the integer-valent limit, i.e., both impurities in thef 1 con-
figuration, this assumption is not expected to have dram
consequences.~ii ! Since we have two impurities it is nece
sary to introduce two channels for the conduction electro
one for each impurity or the even and odd parity states w
respect to the midpoint between the impurity sites. This
he
tor
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proximation is standard for numerical renormalization-gro
treatments.7,8 ~iii ! The two channels are sufficient to distin
guish the impurities, so that both impurities can be cons
ered effectively at the same site for the purpose of a ‘‘part
wave expansion.’’ Both channels can now interact via
contact potential with the impurities. Without loss of gene
ality, we can consider only forward moving particles along
ring with periodic boundary conditions and linearize the d
persion of the conduction states about the Fermi level.~iv! It
is further imposed on the model that pairs of propagat
electrons do not interchange individual electrons in the s
tering process. In this way the set of incoming and outgo
pairs act like hard-core bosons and can only interchange t
momentum.

The above variant of the two-impurity Kondo problem
integrable and can be mapped onto theN516-fold degener-
ate Anderson impurity in theU→` limit,19 with the differ-
ence that the pairs act like hard-core bosons rather than
mions. This has no effect on the Betheansatzsince also the
multiple occupation of a hard-core boson is forbidden. T
effective Hamiltonian is then

He f f522i (
m51

N E dxbm
† ~x!

]

]x
bm~x!12e (

m51

N

um&^mu

1V (
m51

N E dxd~x!~ um&^0ubm~x!1H.c.!, ~18!

wherebm
† creates a boson with componentm. The bra and

ket denote the impurity states. HereV is proportional but not
identical toV in Eq. ~1! and e is related toe f . He f f con-
serves the number of particles with given colorm, Nm

5um&^mu1*dx bm
† (x)bm(x), m51, . . . ,N. ~v! The RKKY

interaction, crystalline, and the magnetic fields comm
with Eq. ~18! and can be incorporateda posteriori into the
model. They just lift theN-fold degeneracy of the bosons.

A. Bethe ansatzequations

The Betheansatzsolution of Hamiltonian~18! has been
presented in Ref. 16. Here we limit ourselves to restate
ground-state equations in the integer-valent limit where e
site has a magnetic moment~charge fluctuations are sup
pressed!. The internal degrees of freedom are then descri
in terms ofN21 sets of rapidities. We denote withr ( l )(j)
andrh

( l )(j), l 50, . . . ,N22, the distribution functions of the
‘‘particles’’ and ‘‘holes’’ within those sets. The density func
tions satisfy the following Wiener-Hopf integral equations19

rh
( l )~j!1 (

q50

N22 E
2`

Bq
dj8r (q)~j8!Gl 11,q11

exp ~j2j8!

5FN2 l 21~j2e!, ~19!

whereGl 11,q11
exp (j) andFm(j) are the Fourier transforms o
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Ĝl ,q
exp~v!5exp~ uvuV2/4!

sinh@vV2 min~ l ,q!/4#

sinh~vV2/4!

3
sinh$vV2@N2max~ l ,q!#/4%

sinh~NvV2/4!
,

F̂m~v!5
sinh~mvV2/4!

sinh~NvV2/4!
. ~20!

This set of equations holds forl 50, . . . ,N22. The densities
for the host satisfy similar relations but withe50. Unless
specified by a subscript ‘‘host,’’ the densities refer to the
impurity. The integration limitsBl correspond to the Ferm
points of each class of states and are determined by the n
ber of particles of each ‘‘color’’Nl through

E
2`

Bl
djrhost

( l ) ~j!5Nl 112Nl 12 . ~21!

The population differences of the impurity levels is given
a similar relation involving the density functions of the im
purities.

B. Splitting scheme

We assume that the bandwidth is much larger than
Kondo temperature, the RKKY splitting, and all oth
mechanisms lifting the spin degeneracy. First we cons
the N516-fold multiplet split by the RKKY interaction into
a singlet, a twelvefold multiplet, and a triplet. We param
etrize the splitting energies by 3D andD, respectively. Two
situations have to be distinguished, since depending on
sign of the RKKY interaction either the singlet or the tripl
can have the lowest energy. This generalizes the split
into singlet and triplet states for a pair of spin-1/2 impuritie

For antiferromagnetic coupling between the impuritie
D.0, the difference in population of the singlet and one
the states of the twelvefold multiplet is given byr (0) and the
occupation difference between one of the states of
twelvefold multiplet and one of the triplet states byr (12).
Hence,Bl52` for all l exceptB0 andB12, which are finite
and determined byD. The differenceB02B12 is constant
and is obtained numerically to be 0.851. The natural ene
scale of the model is the Kondo temperature for the Coqb
Schrieffer model with N degrees of freedom,TK
5D exp@(4pe)/(NV2)#, whereD is a cutoff for the electronic
excitations introduceda posteriori into the Betheansatz.4

The problem forD.0 is now reduced to the solution o
two coupled Wiener-Hopf equations, which is obtained n
merically. The integration kernels and the driving terms
Eq. ~19! can be expressed in terms of digamma functio
Denoting with ns , nd , and nt the population of one stat
corresponding to the singlet, the twelvefold degenerate m
tiplet and the triplet, respectively, we have from the co
pleteness condition thatns112nd13nt51. These level oc-
cupations are shown in Fig. 1 as a function ofD/TK . For
zero splitting all levels have the same occupation and
D/TK becomes very largens asymptotically~on a logarith-
mic scale! tends to 1, whilend and nt asymptotically ap-
proach zero.
m-

e

er

-

he

g
.
,
f

e

y
-

-

.

l-
-

s

For ferromagnetic coupling between the impurities,D
,0, the difference in population of one of the triplet stat
and one of the states of the twelvefold multiplet is given
r (2) and the occupation difference between one of the st
of the twelvefold multiplet and the singlet is given byr (14).
Hence, allBl52`, except forB2 and B14, which are pa-
rametrized byD andB22B14520.851. The problem again
consists of the numerical solution of two coupled Wien
Hopf equations and the results forns , nd, andnt are shown
in Fig. 1. For zero splitting, all levels have the same occ
pation, and asD/TK tends to2`, nt approaches the valu
1/3, whilend andnt tend to zero. For largeD/TK the depen-
dence is on a logarithmic scale, which is characteristic
asymptotic freedom.

C. Magnetic susceptibility

The susceptibility is obtained as the linear response of
impurities to a small homogeneous field. The magnetic fi
lifts the degeneracy of the triplet and the twelvefold multi
let, so that now all integration limitsBl are finite. We assume
that H!uDu!D, so that in Eq.~19! for antiferromagnetic
RKKY coupling we have thatBl!B0 for all lÞ0,12, which
are the ones parametrizing the Zeeman splitting. In lin
response, the feedback ofr ( l ) for lÞ0,12 on the distribution
functionsr (0) andr (12) can be neglected,4,19 so that we can
use the solution forr (0) andr (12) of the previous subsection
The ratio of the susceptibilities of the impurity and the ho
is then given by thej→2` asymptote of the driving terms
for r ( l ) for lÞ0,12.

Eliminating r (0) andr (12) from Eq. ~19!, we obtain after
some algebra, that the asymptotic dependence of the dri
terms forj→2` is

~1/6V2! sin~p l /12!exp~pj/6V2!

3@ r̂h
(0)~ ip/6V2!1 r̂h

(12)~ ip/6V2!#, ~22!

for l 51, . . .,11, while for l 513,14 we obtain

~1/A3V2!exp~2pj/3V2!r̂h
(12)~ i2p/3V2!, ~23!

FIG. 1. Occupation per state for a pair ofG8 impurities split into
a singlet (ns), a twelvefold degenerate multiplet (nd), and a triplet
(nt) as a function ofD/TK in the ground state.
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where thehat denotes a Fourier transform. Note that beca
the singlet has lowest energy, in this case there is no driv
term of the Kondo type.

The matrix elements of the Zeeman energy for theG8
quartet are used to obtain the effective magnetic momen
the triplet and the twelvefold multiplet. We limit ourselves
study the susceptibility for impurities joined by a line para
lel to the ~1,0,0! and ~1,1,1! directions,

x imp
s 5

502

9D
A121

18

9D
A3 , Ri~1,0,0!,

x imp
s 5

422

9D
A121

98

9D
A3 , Ri~1,1,1!, ~24!

where

A125
r̂h,imp

(0) ~ ip/6V2!1 r̂h,imp
(12) ~ ip/6V2!

r̂h,host
(0) ~ ip/6V2!1 r̂h,host

(12) ~ ip/6V2!
,

A35
r̂h,imp

(12) ~ i2p/3V2!

r̂h,host
(12) ~ i2p/3V2!

. ~25!

Here we explicitly identified the host and impurity densiti
with a subscript. The corresponding expressions are the s
except that for the hoste50 or TK5D.

Similarly, for ferromagnetic RKKY coupling, a sma
magnetic field lifts all degeneracies, so thatBl!B14 for all
lÞ2,14. Again, in linear response, the feedback ofr ( l ) for
lÞ2,14 on the distribution functionsr (2) and r (14), can be
neglected4,19so that we can use the solution forr (2) andr (14)

of the previous subsection. Thej→2` asymptotes of the
driving terms forr ( l ) for lÞ2,14 are now

~1/A3V2!exp~2pj/3V2!

3@exp~22pe/3V2!1 r̂h
(2)~ i2p/3V2!#, ~26!

for l 50,1, and forl 53, . . . ,13

~1/6V2!sin@p~ l 22!/12#exp~pj/6V2!

3@ r̂h
(2)~ ip/6V2!1 r̂h

(14)~ ip/6V2!#, ~27!

and the magnetic susceptibility is given by Eq.~24! with A3
andA12 being replaced byC3 andC12, respectively,

C125
r̂h,imp

(2) ~ ip/6V2!1 r̂h,imp
(14) ~ ip/6V2!

r̂h,host
(2) ~ ip/6V2!1 r̂h,host

(14) ~ ip/6V2!
,

C35
exp~22pe/3V2!1 r̂h,imp

(2) ~ i2p/3V2!

11 r̂h,host
(2) ~ i2p/3V2!

. ~28!

Since the triplet has lowest energy,C3 has a Kondo driving
term corresponding to a spin-1.

The logarithm of the homogeneous field susceptibility
the impurity normalized tox imp(D50)5520/(9TK) is
shown in Fig. 2. The susceptibility is always finite becau
due to the Kondo effect the ground state is always a sing
For antiferromagnetic RKKY interactionx imp

s dramatically
decreases withD, because the impurities are locked into
e
g

of

me

r

e
t.

singlet, compensating each other. This result is essent
independent of the orientation ofR with respect to the crys-
tal axis. For ferromagnetic RKKY, on the other hand, t
Kondo effect corresponding to a triplet develops. This
seen by the straight-line asymptotes on the log-log plot.
though there are some analogies to a pair of spin-1/2 im
rities, the quantitative outcome for impurities with aG8
ground state is very different because of the presence of
twelvefold degenerate multiplet.

D. Low-temperature specific heat

The low-temperature specific heat is proportional toT.
The g coefficient is obtained via a Sommerfeld expansi
and is given by20

g imp5
p

6 (
l 50

N22

r imp
( l ) ~Bl !/rhost

( l ) ~Bl !. ~29!

In zero magnetic field and for antiferromagnetic RKKY in
teraction, this expression reduces to

g imp5
p

6 F11A1212A31
r imp

(0) ~B0!

rhost
(0) ~B0!

1
r imp

(12)~B12!

rhost
(12)~B12!

G . ~30!

The former two terms are contributions from the spin flu
tuations whithin the twelvefold multiplet and the triplet~see
susceptibility!, while the last two terms arise from th
RKKY splitting and correspond to thermal fluctuations of t
populations of the multiplets.

Similarly, for ferromagnetic RKKY interaction, Eq.~29!
reduces to

g imp5
p

6 F11C1212C31
r imp

(2) ~B2!

rhost
(2) ~B2!

1
r imp

(14)~B14!

rhost
(14)~B14!

G . ~31!

The physical origin of the terms is the same as in Eq.~30!.
Note that in the limitD→0 both expressions becomeg imp
5(p/6)(N21)/TK . The logarithm of theg coefficient nor-

FIG. 2. Logarithm of the uniform magnetic-field susceptibili
normalized to itsD50 value as a function of ln(uDu/TK) for the
ground state for ferromagnetic and antiferromagnetic RKKY co
pling. Here the vectorR joining the two impurities is along the
~1,0,0! and ~1,1,1! directions of the crystal. For sufficiently larg
D.0 we obtain thatx imp

s drastically decreases as a consequence
the formation of the singlet state between the impurities, while
D,0 the susceptibility increases with a power ofuDu/TK due to the
Kondo effect of the triplet states.
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malized to its value forD50 is displayed in Fig. 3~a! as a
function of ln(uDu/TK). For antiferromagnetic RKKY cou-
pling, theg coefficient is strongly suppressed by the form
tion of the singlet between the two impurities, while for fe
romagnetic coupling the Kondo effect of the triplet leads t
dramatic enhancement for largeuDu/TK . This is seen in the
log-log plot as a straight line.

The spin fluctuations within the multiplets, given by th
termsA3 , A12, C3, andC12, are the same ones contributin
to the susceptibility. The thermal fluctuations between
multiplets, given byr imp

( l ) (Bl)/rhost
( l ) (Bl) for l 50,12 and l

52,14, respectively, are displayed in Fig. 3~b!. As a function
of ln(uDu/TK) this contribution has a resonance shape at ab
uDu'TK . For larger values ofuDu the contributions are
quenched by the splitting. ForD50 the expression is nor
malized to two, because two sets of rapidities contribute
the splitting.

The Wilson ratio,W5x imp
S /g imp , normalized to itsD

50 value, is shown in Fig. 4. Its ln(uDu/TK)-dependence evi
dences the nonuniversal nature of the interplay betw
RKKY and Kondo interactions. For sufficiently largeuDu
only the spin fluctuations contribute tog imp so thatW ap-
proaches a constant given by the Curie constant of
ground multiplet.

E. Quadrupolar moment

The orbital content of theG8 states and the RKKY-
interaction splitting of the 16 states always induce a quad
polar polarizationQ. For simplicity the quadrupolar field is
chosen parallel to the axis of quantization, i.e., coupling
each impurity with the operatorJz

22J(J11)/3, whereJ
55/2. This operator is diagonal in theG8 basis, Eq.~14!.
Using the matrix elements of the quadrupolar operator

FIG. 3. ~a! Logarithm of the low-temperature specific-heatg
coefficient normalized to its value forD50 as a function of
ln(uDu/TK). ~b! Contribution of the thermal fluctuations between t
multiplets, given by the last two terms in Eqs.~30! and ~31!, re-
spectively, and normalized to the value of one of them forD50.
-

a

e

ut

o

n

e

-

o

r

the G8 states we obtain for antiferromagnetic and ferroma
netic RKKY coupling, respectively,

Q5QRF E
2`

B0
djr (0)~j!23E

2`

B12
djr (12)~j!G , D.0,

Q5QRF3E
2`

B2
djr (2)~j!2E

2`

B14
djr (14)~j!G , D,0,

~32!

whereQR516 for Ri(1,0,0), QR524 for Ri(1,1,1), and
QR532/7 for Ri(1,1,0).

The quadrupolar moment of the pair of impurities
shown in Fig. 5 as a function ofD/TK for the three principal
directions. Note that forD50 the quadrupolar moment van
ishes, indicating that the RKKY interaction is necessary
induce a nonzeroQ. Isolated impurities do not have a qua
drupolar moment, because the Kondo effect screens all in
nal degrees of freedom, i.e., the spin and the orbital con
of the G8 quadruplet.

FIG. 4. Wilson ratio defined asW(D)5x imp
s /g imp normalized to

its value forD50 as a function ln(uDu/TK) for the ground state. The
Wilson ratio is nonuniversal and saturates for largeuDu. Ferromag-
netic and antiferromagnetic RKKY coupling is considered and
vectorR joining the two impurities is along the~1,0,0! and ~1,1,1!
directions of the crystal.

FIG. 5. Quadrupolar moment induced by the RKKY interacti
as a function ofD/TK . The vectorR joining the two impurities is
along the~1,0,0!, ~1,1,0!, and~1,1,1! directions of the crystal.
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V. CONCLUDING REMARKS

We considered an interacting pair of Ce ions embed
into LaB6. Each Ce impurity has aG8 ground quartet tha
interacts with the conduction states via a Kondo excha
potential of the Coqblin-Schrieffer type. The band structu
of the alloy CexLa12xB6 close to the Fermi surface consis
of three ellipsoidal pockets centered at theX points of the
simple cubic Brillouin zone. This band picture is n
changed with the Ce concentration for the entire rangex
(0<x<1). The Kondo exchange interaction involves the
three anisotropic bands, and through this exchange inte
tion a conduction electron annihilated in one pocket m
reappear in another pocket.

The conduction states mediate the RKKY interaction
tween the Ce sites. All three pockets contribute and give
to an interference effect, which is constructive for sites se
rated by a vectorR whose components are either all even
all odd multiples of the cubic lattice constanta. This con-
structive interference yields an enhancement factor of 9
compared to all otherR vectors. The strongly coupled site
form a super-bcc-lattice of lattice constant 2a.

The anisotropy of each of the pockets does not give ris
any dramatic effect. Leaving aside the interference fac
between the pockets, the anisotropy yields anuRu depen-
dence of the RKKY interaction that is no longer spheric
but has cubic symmetry.

The 16 states of a pair of Ce impurities withG8 ground
multiplet are split by the RKKY interaction into a singlet,
twelvefold degenerate multiplet, and a triplet. This is t
case independently of the direction ofR relative to the crys-
tal axis. The amplitude of the interaction and the linear co
bination of states splitting into the singlet and triplet
course depend on the relative direction ofR to the crystal
axis.

The exact solution of a model for a pair of interactin
Kondo impurities with aG8 ground multiplet16 was used to
explore the consequences of the RKKY splitting into a s
glet, a twelvefold degenerate multiplet, and a triplet. T
main assumptions~described in detail in Sec. II of Ref. 16!
leading to the integrable two-impurity model~18! are: ~i!
electrons are considered in pairs, so that either both imp
ties have one localized electron or both are in the em
configuration,~ii ! the conduction states interacting with th
impurity are considered in two channels~e.g., even and odd
parity states with respect to the midpoint between the im
rities!, ~iii ! both channels interact with the impurities via
contact potential,~iv! the pairs of conduction electrons a
not allowed to break up and recombine in a different w
i.e., they are assumed to be hard-core bosons, and finall~v!
the RKKY interaction is incorporateda posteriorias a split-
ting of the sixteenfold multiplet.

As a function ofD/TK we studied the population of th
impurity levels, the magnetic susceptibility forRi(1,0,0)
and ~1,1,1!, the linear temperature coefficientg of the spe-
cific heat, the Wilson ratio and the quadrupolar momentQ.
Due to the Kondo effect, the ground state is always
magnetic singlet. The magnetic susceptibility falls o
rapidly with D/TK if the impurities are antiferromagneticall
correlated, while it increases with a power law for ferroma
netic RKKY. Here the impurities lock into a triplet, whic
d
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is then spin compensated by the Kondo effect. Such
power-law dependence was found previously in the con
of orbital quenching by crystalline fields and spin-orb
splitting in the Coqblin-Schrieffer model.21–23 The
dependence ofx imp

s on D/TK is different from that ofS
51/2 impurities because of the presence of the twelvef
multiplet.

There are two types of contributions to the specific heag
coefficient. The spin fluctuations of the triplet and th
twelvefold multiplet yieldingx imp

s also contribute tog. In
addition there are two terms arising from the thermal po
lation fluctuations of the RKKY-split states, which are lar
est for uDu'TK . For antiferromagnetic RKKY coupling,g
decreases rapidly for largeD/TK because the impurities
compensate each other, while forD,0 the coefficient
increases as a consequence of the Kondo effect of
triplet. The dependence of the Wilson ratio onD is a mani-
festation of the nonuniversality of the two-impurity Kond
problem.

As a consequence of the RKKY splitting into a singlet
twelvefold degenerate multiplet, and a triplet, a quadrupo
moment is induced. Such a nonzero expectation value of
quadrupolar moment is absent in the single impurity ca
The quadrupolar moment is larger forR parallel to the
~1,0,0! direction than in the~1,1,0! and ~1,1,1! directions.Q
is positive along~1,0,0! and ~1,1,0!, but negative along
~1,1,1!.

The hybridization of the conduction states with th
impurity states eliminates the particle-hole symme
from the start, so that our model always yields Fermi-liqu
like properties, displaying nonuniversal behavior as
function of D/TK , as expected from a line of fixed
points joining the end pointsD→6`. The unstable fixed
point with non-Fermi-liquid properties found in Ref. 8
bypassed.

In Sec. I we motivated this study with the rich pha
diagram of the alloy series (CexLa12x)B6. Although it is
speculative to extrapolate from the solution of the two-s
problem on the properties of a lattice of Ce ions, we w
attempt an explanation of the antiferroquadrupolar order
CeB6. Due to the interference of the three electron pocke
the interaction is strongest among sites on super-bcc-la
of lattice constant 2a. The simple cubic lattice of~Ce,La!
ions can be subdivided into four such interpenetrating sup
bcc-lattices. The corners on each of a bcc-lattice cube
ferroquadrupolarly ordered@~1,0,0! direction#, while the
body-centered ions are antiferroquadrupolarly ordered w
respect to the corners@~1,1,1! direction#. The relative order
of the super-bcc-lattices among each other is determi
by the dominating ferroquadrupolar correlation betwe
from the corners to the centers of the faces@~1,1,0! direc-
tion#. Here we assumed that the RKKY interaction
short ranged. This leads to an overall antiferroquadrupo
order of wave vector k05(1,1,1)(p/a) as observed
experimentally.24
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