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Suppression and enhancement of the critical current in multiterminal
superconductor–normal-metal–superconductor mesoscopic structures
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We analyze the measured critical currentI m in a mesoscopic four-terminal superconductor–normal-metal–
superconductor~S/N/S! structure. The current through the S/N interface is shown to consist not only of the
Josephson componentI c sinw, but also a phase-coherent partI sg cosw of the subgap current. The currentI m is
determined by both componentsI c and I sg , and depends in a nonmonotonic way on the voltageV between
superconductors and normal reservoirs reaching a maximum atV>D/e. The obtained theoretical results are in
qualitative agreement with recent experimental data.
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Recent achievements in nanotechnology have revived
terest in the study of nonequilibrium and phase-coher
phenomena in superconductor–normal-metal~S/N! struc-
tures. One of the most remarkable, discovered recently,1 was
the observation of the sign reversal of the Josephson cri
currentI c ~the so-calledp junction! in a multiterminal me-
soscopic Nb/Au/Nb structure under nonequilibrium con
tions. By passing an additional current through the N la
or, in other words, by applying a voltageV to the normal
reservoirs~see Fig. 1! with respect to the superconductor
one can create a nonequlibrium electron-hole distribution
at least one can shift this distribution with respect to
electron-hole distribution in the superconductors. Under
condition, the critical currentI c decreases withV and
changes sign at a certain value of the applied voltageV. This
effect was predicted in Ref. 2 where a ballistic three-termi
structure was considered~for more details, see also Refs.
and 4!. In diffusive four-terminal S/N/S structures, the sig
reversal effect has been considered in Refs. 5–7~see also
Refs. 8 and 9!. The sign-reversal effect and switching of th
p junction into a state wherew5p has much in common
with an instability of an uniform superconductor with a no
equilibrium distribution function.10,11

In multiterminal S/N/S structures one can observe
only the sign reversal effect, but also a number of ot
interesting phenomena. For example, the conductance
normal wire between N reservoirs oscillates with varyi
phase differencew ~see review articles Refs. 12 and 13!. In
addition, as shown in Refs. 5 and 14, the measured crit
currentI m depends on the geometry of a particular struct
and instead of decreasing may also increase with increa
voltageV. In particular one can observe Josephson-like
fects @plateau on theI 3(VS) curve, oscillations of the mea
sured critical currentI m in a magnetic field, etc.# even if the
Josephson coupling between superconductors under eq
rium conditions is negligable. The reason for these effect
that the currentI m in a multiterminal S/N/S structure is de
termined not only by the Josephson componentI c sinw, but
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also by the phase-dependent subgap currentI sg cosw through
the S/N interface. Therefore even in the case of a smallI c ,
the currentI m can be altered by varying the phasef. An
increase of the critical current was observed in the rec
paper15 where a mesoscopic three-terminal S/N/S struct
was studied. The authors used a third superconductor
reservoir the electric potential of which was shifted with r
spect to the other two superconductors by the voltageV. The
measured critical current reached its maximal value when
magnitude ofV was comparable withD. At some not too
low temperaturesT, the measured critical currentI m exceeds
its magnitude in the equilibrium state:I m(V).I m(0). In the
present paper we show that the enhancement of the supe
rent observed in Ref. 15 is most likely caused by the mec
nism mentioned above. In Refs. 5 and 14, the model cas
gapless superconductors was considered where there
singularity in the density of states in superconductors ae
5D. Here we will consider the case of ordinary superco
ductors with an energy gapD and show that the enhance
ment of the critical current reaches a maximum forV of

FIG. 1. Schematic view of the four-terminal S/N/S structu
under consideration. The electric potential of the superconducto
zero.
R9273 ©2000 The American Physical Society



e

rs
u
iv
rv
r
a
id
ch

se
e

f
he
s-
N
to

a

in

te

n

r

f

,

s

er-

ero

ent
e

ar-
l

l-
ial

t
-

the

-

the

f
e

s
ion

can

l

RAPID COMMUNICATIONS

R9274 PRB 61R. SEVIOUR AND A. F. VOLKOV
order D. The voltage dependenceI m(V) calculated for dif-
ferent temperatures is in qualitative agreement with the
perimental data.

We consider the structure shown in Fig. 1 which diffe
from the structure studied experimentally. However in o
opinion, this difference is not essential and allows us to g
at least qualitative explanation for the phenomena obse
in Ref. 15. First, we assume for simplicity that the structu
under consideration is symmetrical, i.e., it has four termin
and not three as in the experiment. Secondly, we cons
normal reservoirs in order to avoid complications whi
would arise in case of superconducting reservoirs~ac Joseph-
son effects when the finite voltage is applied to the S re
voir!. We also assume for simplicity that the contacts b
tween the N wire and N reservoirs are good~the resistance o
the N wire/N reservoir interface is much smaller than t
resistance of the N wire!, whereas the S/N interface resi
tance is finite~larger or less than the resistance of the
wire!. We will study the diffusive case which corresponds
the experiment.15

In order to find the dependence of the effective critic
current I m(V) ~the definition ofI m(V) will be given later!,
we need to determine two distribution functionf 1 and f 2 .
Both these functions are isotropic in space. The functionf 1

is related to a symmetrical part of the distribution function
the electron-hole space:f 1(e)512„n↑(e)1p↓(e)…51
2„n↓(e)1p↑(e)…, herep↓(e)512n↓(2e) is the hole dis-
tribution function. It determines the critical currentI c . The
function f 2 describes the electron-hole imbalance and de
mines the electric potential and current:f (e)52„n↑(e)
2p↓(e)…52„n↓(e)2p↑(e)…. Equations forf 1 and f 2 are
obtained from an equation for the matrix Keldysh functionĜ
~see, for example Refs. 5 and 13. For the structure show
Fig. 1 they can be written in the form

L]x„M 2]xf 2~x!1Jsf 12Jan]xf 1~x!…

5r @A2d~x2L1!1Ā2d~x1L1!#, ~1!

L]x„M 1]xf 1~x!1Jsf 21Jan]xf 2~x!…

5r @A1d~x2L1!1Ā1d~x1L1!#. ~2!

Here all the coefficients are expressed through the
tarded~advanced! Green’s functionsĜR5GRŝz1F̂R and are
equal to M 65@12GRGA7(F̂RF̂A)1#/2; Jan5(F̂RF̂A)z/2,
Js5(1/2)(F̂R]̂xF

R2F̂A]̂xF
A)z , A25(nnS1g11) f 2

2(gz2 f eq1gz1 f 1); A15(nn1g12)( f 12 f eq)2gz2 f 2 ;
g165(1/4)@(F̂R6F̂A)(F̂S

R6F̂S
A)#1 ; gz65(1/4)@(F̂R7F̂A)

3(F̂S
R6F̂S

A)#z .
The coefficientr 5R/Rb , R5rL/d is the resistance o

the N film per unit length in thez direction,r is the specific
resistivity of the N film, andd is the thickness of the N film
andRb is the S/N interface resistance; the functionsĀ2 and
Ā1 coincide withA2 and A1 if we make a substitutionw
→2w. We introduced above the following notation
(F̂RF̂A)15Tr(F̂RF̂A)/2, (F̂RF̂A)z5Tr(ŝzF̂

RF̂A)/2 etc.; n
andnS are the density of states in the N film atx5L1 and in
the superconductors. The boundary conditions forf 1 and f 2

are f 1(L)5FV1 and f 2(L)5FV2 ; the functionsFV6 are
x-
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the corresponding distribution functions in the normal res
voirs: FV65@ tanh„(e1eV)b…6tanh„(e2eV)b…#/2. We set
the electrical potential at the superconductors equal to z
and assumed that the width of the S/N interfacesw is small
compared toL1,2.

Eq. ~1! describes the conservation of the electric curr
~at a given energy!. The term in the brackets on the left is th
total partial current in the N wire, consisting of the quasip
ticle current~the first term!, the supercurrent in the interva
(2L1 ,L1) ~the second term! and a ‘‘nonequilibrium super-
current’’ ~the third term!. The coefficientM is a quantity
which is proportional to the diffusion coefficient renorma
ized due to proximity effect. The right hand side is the part
current through the S/N interface; the term (nnS1g11) f 2 is
the quasiparticle current above (nnSf 2) and below (g11 f 2)
the gap. The term (gz2 f eq1gz1 f 1) is the Josephson curren
in nonequilibrium conditions. Eq.~2! describes the conserva
tion of the energy flux~at a given energy!. The coefficient
A1 is zero below the gap~complete Andreev reflection! as
the difference (FS

R2FS
A) equals zero ate,D.

The solutions of Eqs.~1! and~2! can be found exactly and
expressed in terms of the retarded~advanced! Green’s func-
tions which obey the Usadel equation. First we note that
expressions in brackets in the left hand side of Eqs.~1! and
~2! in the regions (0,L1) and (L1 ,L) are equal to the con
stants of integrationC1,26 . The constantsC1,22 relate to
partial currentsJ1,2 (C1,225eJ1,2r/d). The partial currents
J1,2 are the currents per unit energy and connected with
electrical currentsI 1,2 via the relation

I 1,25E
0

`

deJ1,2~e!. ~3!

Our aim is to find the currentI 3 and express it in terms o
the control currentI 2 ~or voltageV) and the phase differenc
w. We note that the distribution functionsf 6(x) are con-
stants in the regionxP(0,L1) and vary in the regionx
P(L1 ,L) reachingFV6 at x5L. Dropping details of calcu-
lations, we present final results for limiting cases.

~a! Large interface resistance:r !1
One can show that in this casef 1(0)>„FV1

1 f eq(r 2nns)…/(11r 2nns) and f 2(0)>FV2 /(11r 2nns),
where r 25r (L2 /L). The currentI 3 through the S/N inter-
face consists of three terms

I 3~V!5I o~V!2I c~V!sinw1I sg~V!cosw. ~4!

Two of them (I o ,I sg cosw) are the quasiparticle current
and one (I c sinw) is the Josephson current. This express
shows that at a given control voltageV and zero voltage
difference between the superconductors (w is constant in
time! the currentI 3 may vary with changingw in the limits:
uI 3(V)2I o(V)u<I m(V). This means a plateau on theVS(I 3)
characteristics~see Refs. 5 and 14!; hereVS5(\/2e)] tw is
the voltage difference between superconductors. We
write the phase-dependent part ofI 3 in the form I 3w

5I m sin(w1a), whereI m5AI c
21I sg

2 is the measured critica
current, cosa52Ic /Im. In the considered limit of high inter-
face resistance, we have forI c and I sg
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I c~eRb!52E
0

`

de$Im„FS~Fy2Fx!…f o~0!

1ReFS Im~Fy2Fx! f ~0!%,

I sg~eRb!5E
0

`

degsgf ~0!

5E
0

`

de Im FS Im~Fy2Fx! f ~0!.

Here u5keL, u25keL2 , ke5A(22i e1g)/D, g and D
is the damping rate and diffusion coefficient in the N film
gsg5g11 is the normalized subgap conductance~see the ex-
pression forA). The functionsFy ,Fx are the components o
the retarded Green’s function in the N film:F̂R5Fxi ŝx

1Fyi ŝy , andFS5D/A(e1 iG)22D2 is the amplitude of the
retarded Green’s function in the superconductors. If we
earize the Usadel equation, we obtainFy2Fx
52FS sinh2 u2 /(u sinh 2u). We note that the numerical solu
tion of the Usadel equation shows that the linearized solu
is a good approximation even ifr >1 ~at r 51 the difference
between the exact and the linearized solutions at the cha
teristic energye5eL5D/L2 is less than 5%!. In Fig. 2 we
plot theV dependence ofI c , I sg , andI m where we see tha
the real critical currentI c decreases and changes sign w
increasingV, whereas the measured critical currentI m first
decreases and then increases. Its maximum may ex
I c(0). Thereason for such a behavior ofI m is the third term
on the right side in Eq.~5! which describes a contribution o
the phase-dependent part of the subgap quasiparticle cu
I sg through the S/N interface to the currentI 3. The current
I sg is zero atV50 and increases withV; this current leads to
a low-16 and high-temperature17 peak in the conductance. It
phase dependence was measured in Ref. 18 and discuss

FIG. 2. The measured (I m) and real (I c) critical currents vs the
control voltageV. The amplitude of the phase-dependent part (I sg)
of the subgap current is shown by the dashed line. The currents
voltage are measured in unitseLR/eRb

2 and eL /e, respectively,
(eL5\D/L2 is the Thouless energy!. The parameters areD
54eL , T5eL/4, L1 /L50.3, r 50.3.
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many papers@see review articles~Refs. 12 and 13!#. One can
see from Fig. 2 that due to the currentI sg the measured
critical currentI m remains finite whenI c(V) turns to zero.

Figure 3 shows the dependence of the measured cri
current I m on the control voltageV for different tempera-
tures. Our results qualitatively agree with the experimen
data of Ref. 15; that is, the currentI m reaches a maximum a
V>D/e and this maximum exceeds the equilibrium value
I c5I c(0) when the temperature is not too low. One can s
in agreement with the experimental results of Ref. 15,
maximal value of I m depends on the temperature mu
weaker thanI c . Although it is difficult to carry out a quan-
titative comparision between theory and experiment beca
in the experiment the widthw and the interface resistanceRb
were comparable withL1,2 andR, respectively, and a super
conducting reservoir was used instead of a normal
~therefore, strictly speaking, one must take into account
Josephson effects!.

An important point to note is that our results do not me
that the sign reversal of the real critical currentI c cannot be
identified directly. Consider for example a fork-shape circu
this means that two vertical superconducting leads in Fig
are attached to a T-shape~inverted! superconducting lead
Analyzing the stability of the state with negativeI c , one can
easily show that the state withw50 is unstable with respec
to fluctuations ofw and the system switches to a state with
circulating current. Indeed, taking into account the fluctu
ing voltage at the superconductorVS5\] tw/2e, we replace
V in Eq. ~4! by V-VS . We then write down the equation fo
the currentĪ 3 in the lead attached to the left superconduct
this equation coincides with Eq.~4! if w is replaced by2w.
Subtracting these equations forI 3 and Ī 3, we arrive at the
equation for a circulating currentI cir52(I 32 Ī 3)/2:

I cir5I c~V!sinw1VS~R01Rsg cosw!, ~5!

whereR05]I o /]V and Rsg5]I sg /]V. Fluctuations ofI cir
lead to a magnetic fluxF5I cirL/c in the loop which is
related tow: F5Fow, hereFo is the magnetic flux quan

nd

FIG. 3. The measured critical current (I m) vs V for different
temperatures:b5eL/2T. The parameters areD510eL , L1 /L
50.3, r 50.3.
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tum and we assumed the absence of flux in the ground s
We find readily from Eq.~5! that the state withw50 is
unstable if I c(V),0 and uI c(V)u.cFo /L, whereL is the
loop inductance.19

~b! Small interface resistance
One can show that in this case the functionf 2(0) is zero

in the main approximation with respect to the parame
(ru)21 ~this means that the conditionr 2@D/eL should be
satisfied; hereeL5D/L2 is the Thouless energy!. The func-
tion f 1 , which determines the Josephson current, in
main approximation is equal toFV1 at ueu,D and to f eq at
ueu.D. Therefore the dependenceI c(V) is similar to that
found numerically in Ref. 6 for another geometry~for small
interface resistance!; that is, the critical currentI c(V)
changes sign with increasingV at V of the order of the Thou-
less energy. As to the currentI 2, it does not depend on th
an

hy

i-

n,
te.

r

e

phase difference in the main approximation. Indeed, in or
to find I 2 we need to solve the Usadel equation in the reg
xP(L1 ,L) with boundary condition which is reduced t
ĜR5ĜS

R . Making the gauge transformationĜS
R⇒ŜĜS

RŜ1,

we can exclude the phase @here Ŝ5cos(w/2)
1 i ŝz sin(w/2)]. Therefore in the main approximation th
third term in Eq.~4! is zero.

In conclusion, we have studied the dependence of
measured critical currentI m on the voltageV between nor-
mal reservoirs and superconductors in a four-terminal S
mesoscopic structure. The currentI m is shown to decrease
with increasingV, then to increase reaching a maximum
V>D/e. Our results qualitatively agree with experiment
data obtained in the recent paper.15
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