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Suppression and enhancement of the critical current in multiterminal
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We analyze the measured critical curréptin a mesoscopic four-terminal superconductor—normal-metal—
superconductofS/N/S structure. The current through the S/N interface is shown to consist not only of the
Josephson componehtsin ¢, but also a phase-coherent plgjcose of the subgap current. The currdpfis
determined by both componenitsandlsy, and depends in a nonmonotonic way on the voltdgeetween
superconductors and normal reservoirs reaching a maxime=at/e. The obtained theoretical results are in
qualitative agreement with recent experimental data.

Recent achievements in nanotechnology have revived inalso by the phase-dependent subgap cutigupse through
terest in the study of nonequilibrium and phase-coherenthe S/N interface. Therefore even in the case of a shall
phenomena in superconductor—normal-met@IN) struc-  the currentl,, can be altered by varying the phage An
tures. One of the most remarkable, discovered recéntlgs  increase of the critical current was observed in the recent
the observation of the sign reversal of the Josephson criticalapet® where a mesoscopic three-terminal S/N/S structure
currentl . (the so-calledr junction) in a multiterminal me- was studied. The authors used a third superconductor as a
soscopic Nb/Au/Nb structure under nonequilibrium condi-reservoir the electric potential of which was shifted with re-
tions. By passing an additional current through the N layespect to the other two superconductors by the voliagehe
or, in other words, by applying a voltagé to the normal measured critical current reached its maximal value when the
reservoirs(see Fig. 1 with respect to the superconductors, Magnitude ofV was comparable witik. At some not too
one can create a nonequlibrium electron-hole distribution, oloW temperatured, the measured critical currehy, exceeds
at least one can shift this distribution with respect to theltS magnitude in the equilibrium statg;(V)>1y,(0). In the

electron-hole distribution in the superconductors. Under thi®"€Sent paper we show that the enhancement of the supercur-
condition, the critical currentl, decreases withv and rent observed in Ref. 15 is most likely caused by the mecha-

changes sign at a certain value of the applied voltagEhis nism mentioned above. In Refs. 5 and 14, the model case of
effect was predicted in Ref. 2 where a ballistic three_terminapgpless.su_perconductqrs was cons_ldered where there is no
. . singularity in the density of states in superconductors at
structure was considergébr more details, see also Refs. 3 ~ . : .
and 4. In diffusive four-terminal S/N/S structures, the sign- =A. Herg we will consider the case of ordinary supercon-
revers.al effect has been considered in Refs Es:e'e also ductors with an energy gap and show that _the enhance-
. L ment of the critical current reaches a maximum ¥orof
Refs. 8 and 8 The sign-reversal effect and switching of the
7 junction into a state where= 7 has much in common
with an instability of an uniform superconductor with a non- T=1+1 l I, = 12 -1,
equilibrium distribution functiort®!! 2
In multiterminal S/N/S structures one can observe not
only the sign reversal effect, but also a number of other
interesting phenomena. For example, the conductance of a v S S v
normal wire between N reservoirs oscillates with varying
phase difference (see review articles Refs. 12 and)1th —-— —_— —_
addition, as shown in Refs. 5 and 14, the measured critical
currentl ,, depends on the geometry of a particular structure N N
and instead of decreasing may also increase with increasing
voltage V. In particular one can observe Josephson-like ef- — L
fects[plateau on thds(Vg) curve, oscillations of the mea- ; —x
sured critical current,, in a magnetic field, et¢.even if the L L
Josephson coupling between superconductors under equilib- :
rium conditions is negligable. The reason for these effects is FIG. 1. Schematic view of the four-terminal S/N/S structure
that the current,, in a multiterminal S/N/S structure is de- under consideration. The electric potential of the superconductors is
termined not only by the Josephson componigsine, but  zero.
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orderA. The voltage dependendg(V) calculated for dif- the corresponding distribution functions in the normal reser-
ferent temperatures is in qualitative agreement with the exvoirs: Fy. =[tanh(e+eV)B)*=tanh(e—eV)B)]/2. We set
perimental data. the electrical potential at the superconductors equal to zero

We consider the structure shown in Fig. 1 which differsand assumed that the width of the S/N interfageis small
from the structure studied experimentally. However in ourcompared td_, ,.
opinion, this difference is not essential and allows us to give Eq. (1) describes the conservation of the electric current
at least qualitative explanation for the phenomena observe(@t a given energy The term in the brackets on the left is the
in Ref. 15. First, we assume for simplicity that the structuretotal partial current in the N wire, consisting of the quasipar-
under consideration is symmetrical, i.e., it has four terminalgicle current(the first term), the supercurrent in the interval
and not three as in the experiment. Secondly, we consid€r—L,,L;) (the second terinand a “nonequilibrium super-
normal reservoirs in order to avoid complications whichcurrent” (the third term). The coefficientM is a quantity
would arise in case of superconducting reserv@rsJoseph- which is proportional to the diffusion coefficient renormal-
son effects when the finite voltage is applied to the S reserized due to proximity effect. The right hand side is the partial
voir). We also assume for simplicity that the contacts be-current through the S/N interface; the termwg+g;.)f_ is
tween the N wire and N reservoirs are gdtiie resistance of the quasiparticle current abovexsf _) and below ¢, . f_)
the N wire/N reservoir interface is much smaller than thethe gap. The termg,_f.q+9,.f.) is the Josephson current
resistance of the N wide whereas the S/N interface resis- in nonequilibrium conditions. Eq2) describes the conserva-
tance is finite(larger or less than the resistance of the Ntion of the energy fluxat a given energy The coefficient
wire). We will study the diffusive case which corresponds toA . is zero below the gagcomplete Andreev reflectioras
the experiment? the difference FE—F%) equals zero at<A.

In order to find the dependence of the effective critical The solutions of Eqg1) and(2) can be found exactly and
currentl (V) (the definition ofl (V) will be given lateJ,  expressed in terms of the retardeaivancei Green'’s func-
we need to determine two distribution functibn andf_.  tions which obey the Usadel equation. First we note that the
Both these functions are isotropic in space. The function  expressions in brackets in the left hand side of Efjsand
is related to a symmetrical part of the distribution function in(2) in the regions (@,;) and (L,,L) are equal to the con-
the electron-hole spacef,(e)=1—(n;(e)+p;(€))=1  stants of integratiorC,,. . The constant<,, relate to
—(n,(e)+p;(€)), herep (e) =1—n (—¢) is the hole dis- partial currentsl, , (C,, =eJ, ,p/d). The partial currents
tribution function. It determines the critical curreint. The J;,are the currents per unit energy and connected with the
functionf_ describes the electron-hole imbalance and detere|ectrical currentd; » via the relation
mines the electric potential and currerftte) = —(n;(¢)

—p,(e))=—(n;(e)—p;(€)). Equations forf, andf_ are w
obtained from an equation for the matrix Keldysh funct®n l1 0= f deJ; A €). ©)
(see, for example Refs. 5 and 13. For the structure shown in 0
Fig. 1 they can be written in the form
Our aim is to find the currer and express it in terms of

Lay(M _d,f _(X) +Jsf 4 = Jandxf (X)) the control current, (or voltageV) and the phase difference
¢. We note that the distribution functiorfs.(x) are con-
stants in the regiorxe (OL;) and vary in the regiorx
e (L,L) reachingFy. atx=L. Dropping details of calcu-
lations, we present final results for limiting cases.
@) (a) Large interface resistancex1

One can show that in this casd (0)=(Fy.,

Here all the coefficients are expressed through the red feq(r2vvs))/(1+rovwe) and f_(0)=Fy_/(1+r,vvy),

tarded(advanceiiGreen's function&R=GRy,+ ERand are  Wherera=r(L2/L). The currentl, through the S/N inter-
R~A— 1 EREA z REA face consists of three terms

equal to M. =[1-G "G+ (F"F™1/2; J,=(F"F"),/2,
Js=(112) (FRa,FR—FAGFA),, A_=(vvgtgy)f_
_(ngfeq+g,z\+f+2; 'j“+ :A(VV+glf)(f+_feq) _Angtf;
01 = (VAL (FREFA(FSEFY 1 gze = (UA(FRFFA)
X(FE£F9)]..

The coefficientr=R/R,, R=pL/d is the resistance of

=r[A_8(x—Ly)+A_8(x+L;)], (1)
Lay(M 4 9y F  (X) +IsF -+ Jandif (X))

=r[A; 8(x—Ly)+A,8(x+L,)].

I3(V)=14(V)—1(V)sing+144(V)cose. (4)

Two of them (,,ls4C0S¢) are the quasiparticle currents
and one [ sing) is the Josephson current. This expression
shows that at a given control voltagé and zero voltage

the N film per unit length in the direction, p is the specific di ) ;
o . . : , ifference between the superconductogs i€ constant in
resistivity of the N film, and is the thickness of the N film, time) the current 5 may vary with changingp in the limits:

andRy, is the S/N interface resistance; the functigas and [13(V) = 1o(V)|<I4(V). This means a plateau on thig(l ;)
A, coincide withA_ and A, if we make a substitutiorr  characteristic§see Refs. 5 and }#hereVg=(%/2€)d;¢ is
——¢. We introduced above the following notations the voltage difference between superconductors. We can
(FREAY, =Tr(EREA /2, (ERFA),=Tr(o,FRFA)/2 etc.; »  write the phase-dependent part of in the form I,

andvg are the density of states in the N filmyxat L, andin  =I,,sin(¢+a), wherel ,,= \/Ic2+lszg is the measured critical
the superconductors. The boundary conditionsf foandf _ current, cogxr=—I./l,,. In the considered limit of high inter-

aref, (L)=Fy, andf_(L)=F,_; the functionsF,. are face resistance, we have foy andl 4
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- FIG. 3. The measured critical current,) vs V for different
FIG. 2. Th I tical t th
G e measured ) and real () critical currents vs the temperatures:3=¢€ /2T. The parameters aré=10¢ , L,/L

control voltageV. The amplitude of the phase-dependent pbyf)( —031-03
of the subgap current is shown by the dashed line. The currents and ™"’ r="0.s.

voltage are measured in unithR/eRﬁ and ¢, /e, respectively, . .
(e.=hDIL? is the Thouless energy The parameters ara  Many papergsee review articletRefs. 12 and 1g. One can
—de , T=¢€./4, L,/L=0.3,r=0.3. see from Fig. 2 that due to the currehy, the measured

critical currentl,, remains finite when.(V) turns to zero.
Figure 3 shows the dependence of the measured critical

l(eRy)= —f de{lm(Fs(Fy—F,))f,(0) current !, on the control voltage/ for different tempera-
0 tures. Our results qualitatively agree with the experimental
+ReFsIm(F,—F)f(0)}, data of Ref. 15; that is, the curreh} reaches a maximum at

V=A/e and this maximum exceeds the equilibrium value of
I.=1.:(0) when the temperature is not too low. One can see,
lsg(eRy) = fwdegsgf(O) in agreement with the experimental results of Ref. 15, the
0 maximal value ofl,, depends on the temperature much
weaker than .. Although it is difficult to carry out a quan-
— fwdé Im FsIm(F,—F,)f(0). titative comparision between theory and experiment because
0 in the experiment the widttv and the interface resistanBg
were comparable with ; , andR, respectively, and a super-
Here 6=k.L, 6,=k.L,, k.=+\(—2ie+7)/D, y andD  conducting reservoir was used instead of a normal one
is the damping rate and diffusion coefficient in the N film, (therefore, strictly speaking, one must take into account ac
9sg= 01+ is the normalized subgap conductarisee the ex- Josephson effedts

pression forA). The functionsF, ,F, are the components of  An important point to note is that our results do not mean
the retarded Green’s function in the N filnER=FE.i o that the sign reversal of the real critical currépcannot be
. X X

.~ B S e . identified directly. Consider for example a fork-shape circuit;
+Fyloy, andFS’— Al (§+|_I‘) —A%is the amplitude of the_ this means that two vertical superconducting leads in Fig. 1
retarded Green’s function in the superconductors. If we lin-, . ~u- had 10 a T-shagmverted superconducting lead
iaznée . tﬁheﬁ / ;Js_aﬂe;g \?\(/quatl?n,th \tNteh Obtam_:y_lFXI Analyzing the stability of the state with negatilig, one can

= 2Fssinfr 6,/(¢sinh 2). We note that the numerical solu- easily show that the state with=0 is unstable with respect
tion of the Usadel equation shows that the linearized solutloq0 fluctuations ofp and the system switches to a state with a
is a good approximation even "E.l (atr=1 _the difference circulating current. Indeed, taking into account the fluctuat-
between the exact and the linearized solutions at the charaﬁig voltage at the superconductds=7d,¢/2e, we replace

=10, ,

teristic energye=e =D/L? is less than 5% In Fig. 2 we /3 Eq. (4) by V-V5. We then write down the equation for

plot theV dependence df;, |54, andl,, where we see that = ]
the real critical current, decreases and changes sign with!h€ current ; in the lead attached to the left superconductor;
this equation coincides with E@4) if ¢ is replaced by-¢.

increasingV, whereas the measured critical curréptfirst i _ i
decreases and then increases. Its maximum may exce&dibtracting these equations fby and I3, we arrive at the

[.(0). Thereason for such a behavior by, is the third term  equation for a circulating curremt;, = — (13— I_3)/2:
on the right side in Eq(5) which describes a contribution of
the phase-dependent part of the subgap quasiparticle current Leir=1c(V)sin@+Vg(Rg+ RggCOSE), (5)

| sq through the S/N interface to the current The current

lsgis zero atv=0 and increases withi; this current leads to  whereRy=dl,/9V and Rgq=dls4/dV. Fluctuations ofl

a low-1® and high-temperatutépeak in the conductance. Its lead to a magnetic fluxb=1,L/c in the loop which is
phase dependence was measured in Ref. 18 and discussedeétated top: &= ,¢, hered, is the magnetic flux quan-
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tum and we assumed the absence of flux in the ground statphase difference in the main approximation. Indeed, in order
We find readily from Eq.(5) that the state withp=0 is to find I, we need to solve the Usadel equation in the region
unstable ifl .(V)<0 and]|l.(V)|>c®,/L, whereL is the Xxe(Lj,L) with boundary condition which is reduced to

loop inductance? . GR=GR. Making the gauge transformatigBi=SGRS*,
g)) Small |rr1]terfetlr(1:etr_est|§?ance the functior(01 | we can exclude the phase[here S=-cos/2)
ne can show that in this case the functior(0) is zero +io,sin(e/2)]. Therefore in the main approximation the

in the main approximation with respect to the parametec[hirol term in Eq.(4) is zero
(r6) * (this means that the conditiarf>A/e, should be In conclusi(gr.] we havé studied the dependence of the
satisfied; heres, =D/L? is the Thouless energyThe func- ! P

measured critical currert, on the voltagev between nor-

tion f., which determines the Josephson current, in themal reservoirs and superconductors in a four-terminal S/N
main approximation is equal ¥, at|e|<A and tof.q at P

|e|>A. Therefore the dependentg(V) is similar to that mesoscopic structure. The currdpy is shown to decrease

. : with increasingV, then to increase reaching a maximum at
found numerically in Ref. 6 for another geometfyr small V=A/e. Our results qualitatively agree with experimental
interface resistange that is, the critical currentl (V) N ' q Yy ag P

changes sign with increasingat V of the order of the Thou- data obtained in the recent pager.
less energy. As to the currehy, it does not depend on the  We are grateful to the EPSRC for their financial support.
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