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Effective field theory for layered quantum antiferromagnets with nonmagnetic impurities
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~Received 1 November 1999!

We propose an effective two-dimensional quantum nonlinear sigma model combined with classical perco-
lation theory to study the magnetic properties of site diluted layered quantum antiferromagnets such as
La2Cu12xMxO4 (M5Zn,Mg). We calculate the staggered magnetization at zero temperature,Ms(x), the
magnetic correlation length,j(x,T), the NMR relaxation rate, 1/T1(x,T), and the Ne´el temperature,TN(x), in
the renormalized classical regime. Due to quantum fluctuations we find a quantum critical point atxc

'0.305 at lower doping than the two-dimensional percolation thresholdxp'0.41. We compare our results
with the available experimental data.
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The discovery of high-temperature superconductivity
La22xSrxCuO4 has motivated an enormous number of e
perimental and theoretical studies of this and related ma
als. La2CuO4 has attracted much interest because it is a c
sical example of a quantum Heisenberg antiferromag
~QHAF!. La2CuO4 is a layered quasi-two-dimensional~2D!
QHAF, with an intraplanar coupling constantJ(J/kB
'1500 K) much larger than the interplanar couplingJ'

('1025J).1 The quantum nonlinear sigma model (QNLsM)
is probably the simplest continuum model with correct sy
metry and spin-wave spectrum that reproduces the l
energy behavior of a QHAF. It has been successfully us1

to explain many magnetic properties of La22xSrxCuO4.2

In this paper we propose a QNLsM allied to classical
percolation theory to study the site dilution effect
La2Cu12xMxO4, whereM is a nonmagnetic atom. While th
theory of disordered classical magnetic systems is fa
developed3 we still lack deep understanding of the behav
of the site diluted QHAF.4 As we show below, the interplay
between quantum fluctuations and disorder leads to eff
which cannot be found in classical magnets. In particular
show that long-range order~LRO! is lost before the system
reaches the classical percolation threshold. Furthermore
have only two independent parameters in the theory:
spin-wave velocityc0 @'0.74 eV Å/\ ~Ref. 5!# and the
bare coupling constantḡ0 @'0.685 ~Ref. 1!# of the clean
system (x50). The results for the staggered magnetizati
correlation length, NMR relaxation rate, and Ne´el tempera-
ture are derived without any further adjustable paramete

Our starting point is the 2D site diluted nearest-neigh
isotropic Heisenberg model

H5J(
^ i , j &

p~r i !p~r j !Si•Sj , ~1!

where p(r ) is the distribution function for Cu sites:p(r )
51 on Cu sites andp(r )50 on M sites. Although transla-
tional invariance has been lost in Eq.~1!, the Hamiltonian
retains the SU~2! invariance for rotations in spin space. Sin
the symmetry is continuous Goldstone’s theorem predicts
existence of a gapless mode in the broken-symmetry ph
The ordered phase is characterized by a finite expecta
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value of the magnetization,n5^S(Q)&, at the antiferromag-
netic ordering vectorQ5(p/a0 ,p/a0)(a053.8 Å).

In the pure system, in accord with the Hohenbe
Mermim-Wagner theorem, LRO for a system with contin
ous symmetry is only possible at finite temperatures in
mensions larger than 2. In the absence of disorder the sys
has a Goldstone mode which is a spin wave aroundQ with
energy E(k) and linear dispersion relation with the wav
vector k: E(k)5\cuku, wherec is the spin-wave velocity.
This dispersion relation is a consequence of the Lorentz
variance of the system. In the paramagnetic phase, where
continuous symmetry is recovered, all excitations are gap
because order is only retained in a region of sizej. In this
case the excitations have dispersion

E~k!5\cAk211/j2. ~2!

Now consider the case where quenched disorder
present. Spin-wave theory, which can only be applied to
~1! at T50, predicts that Lorentz invariance is lost even f
an infinitesimal amount of impurities.7 The dispersion
changes tok ln(k) and the spin waves become damped a
rate proportional tok when k→0. These results~strictly
valid in 2D and T50) are not directly applicable to th
systems in question which order at finite temperature.8 At
finite temperatures and weak disorder we can consider
criterion established by Harris for the relevance of disor
in critical phenomena.9 First, we can classify the phase dia
gram of the pure system as1 renormalized classical~RC!,
wherej(T) diverges as exp(T0 /T) @whereT0 is a character-
istic temperature scale, see Eq.~6!#; quantum critical~QC!,
where j(T)}1/T; and quantum disordered~QD!, where
j(T)'j0 is constant. If we imagine the pure system bei
divided into regions of sizej, each part will have fluctua-
tions in the microscopic coupling constant (g, for instance!,
which by the central limit theorem are proportional to t
square root of the number of spinsN(j)}j2 in that region.
That is, there are statistical fluctuations of orderdg(j)
}1/AN(j)}1/j. On the other hand, the thermal fluctuatio
in the system are of orderdT(j)}1/ln(j/a0) in RC, a0 /j in
the QC and vanishingly small in the QD region. For t
critical behavior of the system with weak disorder to be
sentially the same as for the pure system, one must req
R3772 ©2000 The American Physical Society
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that dT(j)@dg(j) whenj@a0. Observe that this condition
is always fullfilled in the RC regime and therefore we exp
the critical behavior to be the same as in the pure syst
that is, described by a QNLsM.1 In the QC and QD regimes
the situation is not clear becausedT(j);dg(j) and there-
fore the effect of disorder is strong. We conjecture that
these regimes the critical behavior is different from the o
described by a QNLsM. In this work we focus entirely in
the RC regime. Having these results in mind we can ap
classical percolation theory to Eq.~1!.10,11 The main param-
eters of the problem depend on geometrical factors suc
the probability of finding a spin in the infinite cluste
P`(x) ('12x, for x!1) and the bond dilution factor12

A(x) ('12px1px2/2) @in the expressions belowP`(x)
andA(x) are valid for allx as given by the numerical simu
lations ~Ref. 11!#. In the classical case the spin stiffne
rs(x) is related to the undoped stiffness byrs(x)
5A(x)rs(0), while the transverse susceptibility is given b
x'(x)5@P`(x)/A(x)#x'(0) so that13 rs(x)5c2(x)x'(x).

In this paper we propose an effective-field theory which
valid for TN<T,J/kB and combines the Lorentz invarianc
implied in Eq. ~2!, the Harris criterion and the results o
percolation theory. In percolation theory, besides the infin
cluster, we always have finite clusters. A finite cluster of s
L has discrete energy levels and therefore a gap of o
\c/L. In what follows we assumej@L and ignore the con-
tribution of finite clusters to the magnetic properties and
cus entirely on the physics of the infinite cluster. It is ob
ous from the definition ofp(r ) that on averagê p(r )&
5P`(x). Furthermore, site dilution implies thatn2(r )
5p(r ). Thus, on average we have14 ^n2(r )&5P`(x). In the
continuum limit of Eq. ~1! the Harris criterion discusse
above indicates that in the long-wavelength low-energy li
the magnetic properties of the site diluted problem can
described in terms of an effective QNLsM:

Z5E Dnd@n22P`~x!#exp$2Se f f /\%,

where

Se f f51/2E
0

b\

dtE dr @x'~x!u]tnu21rs~x!u¹nu2# ~3!

and t is the imaginary time direction withb51/(kBT).
Equation~3! leads to a natural description of the undop
system and provides an effective-field theory for t
QNLsM in the presence of impurities. Moreover, it has i
corporated the correct properties of the classical percola
problem added to the quantum fluctuations of the QHAF
is very simple to show by a change of variables that
action in Eq.~3! can be rewritten as

Se f f

\
5

1

2g~x!
E

0

b\c(x)

dtE dr ~]mn!2, ~4!

whereg(x)5\c(x)/rs(x) is the effective coupling constan
of the theory. Moreover, because of the continuum limit
theory has an intrinsic ultraviolet cutoff L(x)
52ApP`(x)/a0, which is fixed by the total number o
states. In writing Eq.~4! we have not included the topolog
cal term. In a random system one suspects that this t
t
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vanishes as in the pure 2D case.15 Nevertheless there ar
always statistical fluctuations in a random system which
of orderANI , whereNI is the number ofM ions. Thus, the
topological term has importance as we discuss at the en
the paper.

The great advantage of Eq.~4! is its simplicity and close
relationship to the description of the undoped problem.
this paper we use the largeN approach for the QNLsM
which has been so successful in describing the undo
system.19 At zero temperature, a critical value of the co
pling constantgc(x) separates the RC from the QD regio
gc(x)54pP`(x)/L(x) can be obtained from the saddle
point equation for Eq.~4!.19 The ratio of the coupling con-
stant to the critical coupling constant isḡ(x)[g(x)/gc(x)
5ḡ0 /P`(x), which implies that nonmagnetic doping drive
the system from RC region to QD region atxc where
P`(xc)5ḡ0 at T50. The critical concentrationxc is com-
pletely determined by the value ofḡ0 in the undoped case
Using the dilute result forP`(x) and ḡ050.685, we find
xc'0.3 which is indeed smaller than the percolati
threshold xp'0.41.10 This result has to be contraste
with classical calculations20 where long-range order is los
at percolation threshold only. We also performed
one-loop renormalization-group analysis and calcula
the zero-temperature staggered magnetization21 Ms(x)

5M0(x)A12ḡ(x). Here, M0(x) is the classical staggere
magnetization for the perfect Ne´el spin alignment and the
remaining factor is due to quantum fluctuations. Thus,
local average magnetic moment is given by

^m~x!&

^m~0!&
5

Ms~x!/M0~x!

Ms~0!/M0~0!
5A12ḡ~x!

12ḡ~0!
. ~5!

Observe that the average local moment indeed vanishe
xc . For the undoped case, Eq.~5! predicts that the maximum
measured magnetic moment of Cu ion is 0.56mB which
agrees with the measured value 0.660.15mB .22 It is also in
good agreement with the existing experimental sublat
magnetization measured bymSR for various doping concen
trations as shown in Fig. 1. Notice that for the Ising mag

FIG. 1. Effective moment atT50 as a function ofx ~normalized
relative to the undoped case! and the experimental data fo
La2Cu12xZnxO4 ~Ref. 6!.
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m(x) only deviates fromm(0) atxp . The larger reduction of
the moment in the QHAF is due to quantum fluctuatio
present in the QNLsM.

The magnetic correlation lengthj can be directly calcu-
lated from the QNLsM. The interpolation formula from the
RC to the QC region reads21,23

j~x,T!5S e\c~x!

4 D exp~2prR,s~x!/kBT!

4prR,s~x!1kBT
, ~6!

where rR,s(x)5rs(x)@12ḡ(x)# is the renormalized spin
stiffness. This result agrees very well with the Monte Ca
simulations in a large temperature range in the undo
case.24 As far as we know the only existing neutron scatt
ing results for magnetic correlation length are for the p
system andx50.05.16 In Fig. 2 we plot the available dat
and the prediction of our model given in Eq.~6!. As it is well
known, samples withx50.05 have problems with the oxy
gen stoichiometry.16 Excess O introduces mobile holes in th
plane which produce strong frustration effects which are
accounted for in our theory. Thus, direct comparison
tween the theory and experiment for this sample is proble
atic, especially at high temperatures. Thus, only new exp
ments with controlled O content can directly test our theo

Chakravarty and Orbach25 have calculated the nuclea
spin-lattice relaxation rate of Cu for La2CuO4 using the dy-
namical structure factor from the QNLsM. A detailed calcu-
lation was done in Refs. 18 and 26. These calculations ca
easily extended for the doped case. Here, we just quote
result forLj@1:

1

T1~x,T!
5g2P`~x!A2p3S~S11!

3e~A'24P`~x!B!A12
2A'B

A'
2 14B2

3
@„A'24P`~x!B…j214P`~x!Ba0

2 ln~jL!#

3ve~x!ja0„ln~jL!…2
,

FIG. 2. Inverse correlation length as a function of temperat
for x50 ~solid line! and x50.05 ~dashed line!. The open (x50)
and solid symbols (x50.05) are the neutron-scattering data~Ref.
16!.
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whereg is the nuclear gyromagnetic ratio,A'580 kG and
B583 kG are the hyperfine constants,18 and

ve~x!5A~x!AS 2J2kB
2zS~S11!

3\2 D
~wherez is the number of nearest-neighbor spins! is the cor-
rected Heisenberg exchange frequency. Figure 3 shows
NMR relaxation rate normalized to the high-temperatu
value as given by the experimental data and the result of
calculations. The growth of the relaxation rate at low te
peratures is due to fast growth ofj. As the system ap-
proaches the QCP one starts to see the crossover from R
the QC regime where thej grows like 1/T leading to slower
growth of the relaxation rate. This behavior is clearly seen
the data forx50.11, where growth is very slow from 80
down to 400 K. The agreement between data and theor
again quite reasonable.

The 3D Néel order can be obtained from the weak inte
plane couplingJ' and it is given by1,21,27

kBTN.J'P`~x!S j~x,TN!

a0
D 2S Ms~x!

M0~x! D
2

~7!

which is a transcendental equation forTN(x). The interplanar
coupling constant is insensitive28 to doping because the
change in lattice parameters is negligible.29 In the undoped
case the Ne´el temperatureTN(0) is of order of 315 K. The
initial suppression rate of the Ne´el temperature with doping
I 52d ln„TN(x)…/dx, when x→0 can be directly obtained
from Eq. ~7! and, due to quantum fluctuations it is muc
faster than in the Ising case~dashed line on Fig. 4!. We find
I'4.7 in good agreement with the data. Indeed, in Fig. 4
show our theoretical results in comparison with various d
ferent experimental measurements. The critical concentra
xc , for which the system loses long-range order by mov
from the RC region to the QD region, is approximate
0.305, in agreement with the loss of long-range order at z
temperature as given in Eq.~5!. Finally, it is also easy to

e
FIG. 3. The Cu 1/T1 normalized to the undoped case at hig

temperatures (T5900 K). The lines from top to bottom are forx
50 ~solid!, x50.025 ~long dash!, x50.08 ~short dash!, and x
50.11~dotted dash!. x50 @solid circles—NQR data~Ref. 17!# and
x50.025 ~open triangle!, x50.08 ~open square!, and x50.11
~cross! @NQR data~Ref. 18!#.
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show using the procedure given in Ref. 30 that the topolo
cal term will lead to induced moments close to the impu
ties. These moments interact through a random magnetic
change of orderJe2(a0x)/j(x,T). This effect can lead to orde

FIG. 4. Néel temperature normalized to the undoped case. S
line: 7; dashed line: Ising result. Experimental data
La2Cu12xZnxO4: Solid and open circles are the NQR andmSR
data, respectively~Ref. 18!; the straight and upside-down triangle
are the magnetic susceptibility data~Ref. 31!; crosses are the mag
netization data~Ref. 33!.
,
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-
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of the induced moments in the paramagnetic phase, as
experimentally.31,32

In conclusion, we have proposed an effective QNLsM to
describe the magnetic diluted QHAF. Our model combin
the result of classical percolation theory and the quant
fluctuations of the Heisenberg model. Although our mode
fairly simple it gives a good quantitative description of th
magnetism in La2Cu12xMxO4. The success of our model i
describing the physics of the RC regime is due to the f
that the 2D correlations are very long at finite temperatu
and the effect of disorder in the critical behavior is rath
weak. Disorder induces quantum fluctuations in the sys
which lead to the final destruction of LRO atxc . This effect
is not found in classical magnets where LRO is solely de
mined by the percolation problem. Finally, our argume
indicate that an alternative approach is required in the
and QD regions where the NLsM is probably not applicable.
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