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Negative thermal expansion coefficient and isostructural transition in fcc cesium
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The equation of state of solid cesium in the face-centered-cubic~fcc! structure is examined theoretically by
means ofab initio calculations. The electronic energy is calculated within density-functional theory, whereas
vibrational contributions to energy and entropy are calculated within the quasiharmonic approximation. The
thermal expansion coefficient is predicted to be negative for pressures above 3.5 GPa and up to the end of the
stability range of the fcc phase forall T. The fcc phase becomes unstable around 4.3 GPa, where a transverse
phonon mode with a wave vector along~110! becomes soft. According to the calculations an isostructural
transition doesnot occur.
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Cesium undergoes a number of structural phase tra
tions under pressure. Six phases are known to exist at r
temperature: I~bcc!, II ~fcc!, III ~fcc ??!, IV ~tetragonal!, V
~orthorhombic!, and VI ~double hexagonal close packed!.1–5

The pressure-driven electronics→d transition6 in cesium is
believed to play a major role in the structural behavior,
least for pressures up to about 15 GPa corresponding to f
fold compression.7–10 One of the remarkable features of th
structural sequence is the occurrence of the tetragonal p
IV ~4.4–12 GPa! which is only eightfold coordinated.2 The
unusual decrease of the coordination number with increa
pressure from 12 in fcc to 8 in Cs-IV has been interpreted
terms directional bonding induced by thes-d transition.10,11

Beyond phase IV the coordination number increases w
pressure. The recently determined orthorhombic structur
Cs-V ~12 to '70 GPa! has two nonequivalent crystallo
graphic sites with coordination numbers of 10 and 1
respectively,3 and thisCmcastructure is the same as that
Si-VI.12,13

The Cs-II phase, which is the one studied here, was fo
experimentally to exist1 from 2.3 GPa up to 4.2 GPa. Th
following phase, Cs-III, exists only in a narrow pressu
range, 4.2–4.4 GPa, and until recently it was believed
have the fcc structure. The experiments by Hallet al.1 indi-
cate that an isostructural fcc→fcc transition occurs, and the
oretical calculations seemed to confirm this.9,11 Recent
experiments3 have not been able to confirm that Cs-III h
the fcc structure. The existence of an isostructural transi
would be interesting, in particular because this would im
that the ‘‘normal’’ metal, Cs, would undergo a transform
tion similar to thea→g transition in Ce, which is due to th
4 f electrons ~see, for example, Ref. 14 and referenc
therein!.

Previous calculations,9,11 as well as the present, show th
the s→d transition in Cs does not produce a van der Wa
loop in the pressure-volume relation for fcc-Cs obtain
from total-energies of the electrons alone. But such effe
PRB 610163-1829/2000/61~6!/3764~4!/$15.00
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could be caused by the phonons, and therefore their co
butions to the free energy must be included. The work
Ref. 9 used a Debye model for the phonons together with
approximative description of the overall Gru¨neisen param-
eter in order to estimate the phonon contribution to the pr
sure. For certain choices of parameters in the model, a
der Waals loop did occur. However, an evaluation of t
rather small phonon contributions requires much better p
cision. Therefore we calculate full phonon spectra for
relevant volumes, and together with the electronic energ
this then leads to free energies as functions of pressureP),
volume (V), and temperature (T). This allows not only a
study of the phase transition, but also calculations of therm
dynamical quantities, like the thermal expansion coefficie
Furthermore, using the present methods, we can examine
dynamicalstability of the structure vsP and T. The earlier
calculations9,11 used electronic total energies obtained with
the atomic-spheres approximation15 ~ASA! ~with spherical
charge distributions inside atomic spheres! which cannot
yield energy changes associated with symmetry-break
distortions. Therefore, such calculations could neither
used to obtain elastic shear constants nor phonon freq
cies. This requires methods without shape approximation
potentials and charge densities. Specifically, the ASA ca
lations would not predict the dynamical instability of fcc-C
as we describe below. Furthermore, the Debye model ca
lead to the peculiar variation of the thermal expansion co
ficient with P andT which is predicted here for fcc-Cs.

The electronic energy of the electrons for a given cho
of atomic coordinates is calculated within approximations
the density-functional theory, the local approximation~LDA !
as well as a generalized gradient approach~GGA!. The LDA
calculations lead to a non-negligible overbinding in Cs. T
results presented here were obtained with the GGA, and
used the Perdew-Burke-Ernzerhof scheme.18 We did, how-
ever, choose the parameterk to be 0.45~in accordance with
R3764 ©2000 The American Physical Society
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previous estimations19!, i.e., smaller than the ‘‘standar
value,’’ 0.806,18 and applying that we found20 for bcc-Cs a
theoretical equilibrium volume atT5300 K only slightly
larger ~by '2%! than observed.

The solution of the effective one-electron equations w
performed by means of the linear muffin-tin orbital~LMTO!
method15 in the full-potential version.16,17 The semicore
states, Cs-5s and25p, were treated aslocal orbitals21,22 in
the same energy window as the valence states. The b
structure calculations were scalar relativistic, i.e., all rela
istic effects, except spin-orbit splitting, were included. Co
cerning the band-structure method, approximations
exchange correlation, and basis set, the present calcula
are then similar to, and consistent with, those us
earlier13,5,20 for the high-pressure phases of Cs.

We have estimated the finite-T contributions to the elec
tronic free energy~energy as well asTS terms,S being the
entropy!, and found that they can be neglected in compari
to the phonon terms. The phonon contributions to the f
energy are calculated within the quasiharmonic approxim
tion, i.e., the dispersion relations are derived as in usual
monic approximations, but the force constants~and thus fre-
quencies! vary with volume. We decided to use a meth
quite similar to the one suggested by Sharma and Joshi,23 in
which the elements of the dynamical matrix are related to
elastic shear constants. These are obtained from electr
total-energy calculations as described above and in Refs
and 20.~Our final equations and arguments leading to th
differ somewhat from those of Ref. 23. For example, t
dynamical matrix fulfills in our version the symmetry re
quirements inq space.25,20! The phonon-dispersion func
tions, f (q), are calculated on a dense mesh of volumes,
in terms of the phonon density-of-states functions we ob
the contributions to the thermodynamical functions,F, E,
and S, Helmholtz free energy, the energy, and the entro
respectively.

Figure 1 shows three examples of the dispersion relat
obtained for fcc-Cs. It is seen that a compression of the
tice fromV/V050.80~dash-dotted lines! to V/V050.50~full
lines! leads to an increase of the frequencies in all mod
This is the ‘‘normal’’ behavior, since usually a crystal har
ens under compression. (V0 is the experimental equilibrium

FIG. 1. Phonon-dispersion relations for fcc-Cs for the volum
V/V050.376 ~dotted curve!, V/V050.50 ~full line!, V/V050.80
~dash-dotted curves!.
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volume of bcc-Cs at room temperature, and it correspond
a lattice constantabcc56.05 Å.! The dotted curves in Fig. 1
show that atV/V050.375 all frequencies arelower than
those found forV/V050.50 ~full lines!. In addition we find
that one mode, the lowest transverse mode with wave ve
q along~110! becomes soft in the long-wavelength limit. A
V/V050.375 it already drops below the corresponding cu
for V/V050.80, and further compression would~formally!
lead to imaginary frequencies. This is the volume ran
where the fcc structure of Cs becomes unstable, and it tr
forms to Cs-III and then on to Cs-IV, etc. The softening
fcc-Cs under compression is also clearly seen in the ca
lated elastic constants, see Fig. 2.

Having calculated both electron and phonon contributio
to F(V) for various temperatures, we derivedP(V,T), and
the thermal~volume! expansion coefficient,a, was then cal-
culated as a function of bothP andT. Figure 3 shows thata
decreases if, at a fixed temperature, the pressure is incre
and it goes through zero at a single value ofP ~3.5 GPa!
irrespectiveof the temperature. This is a consequence of
mode-Gru¨neisen parameters vanishing at a specific volum20

in fcc-Cs. At this volume the phonon contribution to th
pressure vanishes. This is also evident from the calcula
isotherms, Fig. 5, which coalesce nearV/V050.5.

Yet another way of illustrating the extremal behavior
the phonon frequencies consists in examining the zero-po
motion energy,Ezp , and the Debye temperature,QD , as
functions ofV, as is done in Fig. 4.

The full line in Fig. 4 showsEzp as derived from the limit
of F or E asT→0. The dashed curve was obtained from

Ezp5
9

8
kBQD , ~1!

whereQD is obtained from the low-T limit of the specific
heat~phonons only!:

s

FIG. 2. The elastic constants of fcc-Cs. The lines are lea
squares fits to a series of functions ofV. B is the bulk modulus,
squares denote the calculatedC44 value, while those of 2C85C11

2C12 are denoted by circles.@Note that Cs is a very soft metal, an
the elastic constants are particularly small. The total-ene
changes associated with the imposed strains are thus very sma~10
mRy range!, and we needed to include'14 000 points in the irre-
ducible Brillouin zone. Still some scatter remains, and the cur
drawn represent least-squares fits to a series of functions ofV21/3.#
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CV5
12p4

5
nkBS T

QD
D 3

, ~2!

wheren5N/V is the concentration of atoms. A compariso
of the two sets of results in Fig. 4 further shows that t
frequently used approximate relation Eq.~1! yields a rather
good estimate of the zero-point energy.

Neither the isotherms shown in Fig. 5, nor any other i
therms which we calculated for fcc-Cs exhibit a van d
Waals loop even down toV/V050.37. We do find that the
phonons cause a softening of the lattice leading finally
thermodynamical instability, but we do not find a first-ord
fcc→fcc transition.

The phonon contribution to the pressure as calculate
Ref. 9 is

Pph53nkBTg~V!, ~3!

whereg(V) is theoverall Grüneisen parameter. This was n
easily estimated9 within the Debye model. From our calcu
lations we can estimateg as a function ofV from its relation

FIG. 3. Thermal-~volume! expansion coefficient of the fcc phas
for the temperatures 10, 20, 30, 200, and 290 K.

FIG. 4. Energy,Ezp , associated with the atomic zero-point m
tion in fcc-Cs vs volume. The results shown with a full line we
obtained directly from theT→0 common limit ofF andE @Eq. ~1!#,
whereas the dashed line represents those calculated in a D
model@Eq. ~1!# with QD deduced from the low-temperature limit o
the phonon contribution to the specific heat.
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to a ~note: volume expansion coefficient, i.e., three times
linear coefficient! and the bulk modulus,B:

a5
gCV

B
. ~4!

Using the high-temperature values ofa ~Fig. 3, 290 K!,
together with Eq.~4!, one obtains~with CV53nkB) theg vs
V as shown in Fig. 6. This can be compared to Fig. 5 of R
9, where a minimum ing is found nearV/V050.4, the mini-
mum value being between22 and 212 depending on ap
proximation. This should be compared to the value20.5 in
Fig. 6 here. Inserting this value in the model of Ref. 9, t
van der Waals loop would also disappear. But the pres
calculations also differ from those of Ref. 9 with respect
the prediction thatg should increase whenV/V0 is reduced
below 0.4. Such an increase is necessary in order to stab
an fcc structure with smaller volume. Our calculations sh
that g almost exhibits a minimum atV/V050.4, but just
below V/V050.4, g decreases rapidly, and below 0.37 t
fcc phase becomesdynamicallyunstable, and also unstab
towards shears (C8 becomes negative!.

Solids with negative thermal-expansion coefficients
not unknown. Diamond- and zinc-blend-type semiconduct

bye

FIG. 5. Isotherms for the fcc phase for the temperatures 0, 2
and 290 K.

FIG. 6. Overall Gru¨neisen parameter,g, as a function ofV.
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exhibit negativea at about 100 K; see for example Ref. 2
and the theoretical analysis by Biernacki and Scheffler.27 The
behavior found here for fcc-Cs is different becausea is pre-
dicted to be negative atall temperatures for pressures abo
3.5 GPa and up to the pressure at which the fcc structur
dynamically unstable~around 4.3 GPa!. So far no experi-
ments have been performed against which this prediction
be tested. As some evidence for reliability of the pres
results, it is mentioned that the thermal-expansion coeffic
calculated20 for bcc-Cs at ambient conditions is 3.
31024 K21 . This agrees with experimental values cited
standard tabulations, and the Debye temperature of bcc-C
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V5V0, 39.5 K, agrees with the value 39 K obtained from t
calorimetric data by Filby and Martin.28

Thus, Cs-II~fcc! softens as the applied pressure exceed
GPa, but according to the present calculations a van
Waals loop does not form in the isotherms for two reaso
~i! the decrease in phonon pressure upon compression
V/V050.4 is too small to compete with the increase in ele
tronic contribution, and~ii ! at the volumes where an uptur
of the phonon pressure should have stabilized an fcc st
ture with ‘‘collapsed’’ volume, we find that fcc-Cs has be
comedynamicallyunstable. This would suggest that Cs-I
has a structure different from fcc.
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