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Resonant Rayleigh scattering from a disordered microcavity

D. M. Whittaker
Toshiba Research Europe Limited, 260 Cambridge Science Park, Cambridge CB4 OWE, United Kingdom

~Received 23 September 1999; revised manuscript received 9 November 1999!

The problem of Rayleigh scattering from a microcavity containing a disordered quantum well is treated both
analytically and numerically. The results show that the effect of the microcavity is to act as a filter for the
Rayleigh scattering which occurs in the quantum well. This simple model works because multiple scattering
between microcavity polariton modes is strongly suppressed due to their low density of states.
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Over the last few years, an understanding of how quan
well disorder affects the line widths in microcavity reflecti
ity spectra has been developed.1–6 The model which is now
established, theoretically5 and experimentally,6 includes dis-
order scattering of the exciton to all orders, producing
broadened distribution of optically active exciton states1,2

but neglects scattering between polariton modes with dif
ent wave vectors. This approximation has been describe
the linear dispersion model.6 It works because the low mo
mentum polaritons have an effective massmp;1025me , so
their density of states~DOS! is very small, which effectively
suppresses scattering between polariton modes.3,4 As a re-
sult, reflectivity line widths are determined by scatteri
from the optically excited polariton modes to the much larg
DOS of effectively uncoupled high momentum excito
states. It is only in structures with very small exciton lin
widths, where there are no exciton states resonant with
polariton features, that scattering between polariton mo
becomes important. However, in this limit the quantum w
disorder contribution to the reflectivity line widths, estimat
as ;1024 meV,5 is negligible compared to the homog
neous broadening,>0.1 meV, due to the finite cavity pho
ton lifetime.

The linear dispersion model of microcavity disorder a
pears to be completely adequate to describe reflectivity
widths in present day microcavity structures. However,
effects of disorder are probed more directly by another t
of experiment, resonant Rayleigh scattering~RRS!.7 RRS in-
volves the detection of photons scattered into directi
other than that of the specular reflection, a process wh
requires the presence of disorder. Thus microcavity R
~MC-RRS! measures the scattering between polariton mo
with different wave vectors, which necessitates a treatm
beyond the linear dispersion model. The theoretical res
presented in this paper show that MC-RRS is well descri
by a model which includes disorder scattering of the exci
to all orders, but involves only a single scattering betwe
polariton modes. This approximation works because, o
again, scattering between polariton modes is strongly s
pressed by their low DOS. Of course, unlike in specular
flectivity, a single scattering has to be included to descr
the change in wave vector involved in a RRS measurem
A consequence of being able to neglect multiple scatterin
that, in the frequency domain, the microcavity acts as
simple filter, controlling the strength of the contribution
the quantum well RRS~QW-RRS! signal at a particular en
PRB 610163-1829/2000/61~4!/2433~3!/$15.00
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ergy. The filter function can be determined using parame
obtained from measurements of specular reflectivity spec

The filter model of MC-RRS described in the previo
paragraph can be expressed more formally in terms of
exciton and polariton Green’s functions. Figure 1 shows d
grammatically how the off-diagonal polariton Green’s fun
tion is built up. The interaction between the exciton and
quantum well disorder potential is fully described by t
diagonal, Ge(k;v), and off-diagonal,Ge(k,k8;v) exciton
propagators, which include scattering by the disorder pot
tial to all orders. The diagonal polariton propagato
Gp(k;v), includes only diagonal exciton terms, so the ph
ton wave vector is conserved. This approximation leads
the linear dispersion model for the polariton.5 The filter
model of MC-RRS is obtained by including in the of
diagonal polariton propagator,Gp(k,k8;v), just one dia-
gram, which contains only a single change in photon wa
vector. All other contributions involve two or more chang
in polariton wave vector, and so are strongly suppressed
the reasons discussed above.

It is now possible to make clearer the previously rath
arbitrary distinction between exciton and polariton scatt
ing: polariton scattering requires a change in the wave ve
of the photon part. Thus the approximation toGp(k;v) does
not involve any changes in polariton wave vector, ev
though it is made fromGe(k;v), which describes exciton
scattering to all orders.

The diagrams of Fig. 1 are readily summed to give a

FIG. 1. The hierarchy of Green’s functions describing the fil
model of microcavity resonant Rayleigh scattering.Ge(k,k8;v) is
the bare exciton propagator, including its interaction with the qu
tum well disorder potential.Gp(k,k8;v) is the polariton propagator
which accounts for the exciton-photon interaction to all orders,
only the lowest order scattering between polariton modes of dif
ent wave vectors.
R2433 ©2000 The American Physical Society
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proximations to the diagonal5 and off-diagonal microcavity
polariton Green’s functions

Gp~k,v!5
1

\v1 i\g2dk2~\V/2!2Ge~k;v!
~1!

and

Gp~k,k8;v!5Gp~k;v!Ge~k,k8;v!Gp~k8;v!. ~2!

Here g is the photon homogeneous width,\V the vacuum
Rabi splitting energy, anddk the detuning for wave vectork.

The amplitude of the RRS signal at energy\v is propor-
tional to G(k,k8;v) wherek, k8 are the in-plane wave vec
tors corresponding to the excitation and detection directio8

Hence the MC-RRS spectrum,I p(k,k8;v) is given by

I p~k,k8;v!}uGp~k;v!u2uGe~k,k8;v!u2uGp~k8;v!u2

5uGp~k;v!u2I e~k,k8;v!uGp~k8;v!u2, ~3!

whereI e(k,k8;v)}uGe(k,k8;v)u2 is the QW-RRS spectrum
Figure 2~a! shows a typical example of ofI e , obtained

from the numerical simulations discussed below. It
strongly dependent on the particular disorder potential in
calculation, which determines the details of the speckle
parent in the spectrum. The speckle is an interference ef
a result of the random phases of the Rayleigh signal from
various areas of the structure which contribute significan
at a given frequency.

To obtain the MC-RRS spectrum,I p , the QW-RRS spec-
trum is multiplied by the functionsuGp(k;v)u2, uGp(k8;v)u2

FIG. 2. ~a! Typical quantum well resonant Rayleigh scatteri
spectrum, showing the effects of speckle. Also plotted are
smoothed configuration averaged Rayleigh spectrum, and, for c
parison, the exciton absorption spectrum.~b! The microcavity filter
function, and the corresponding absorption spectrum. The calc
tion is for a Gaussian correlated disorder potential with amplitu
V055.0 meV, and correlation lengthl c5100 Å. The exciton mass
is Me50.25me and a homogeneous broadening of\g50.1 meV is
used. The vacuum Rabi splitting is\V55.0 meV, and the cavity
detuning is chosen to put the cavity and exciton on resonancedk

50) for the incident angle of 24°. In the RRS calculation, t
detection direction is at the same angle to the normal, but differ
azimuthal angle by 28°.
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describing the filtering effect of the cavity for the excitatio
and detection directions.uGp(k;v)u2 is related to the micro-
cavity absorption spectrum which is proportional
Im$Gp(k;v)%. Unlike I e , in the limit of large system size i
is a smooth function,9 independent of the microscopic detai
of the disorder potential, so it is justified to describe its effe
as simply filtering the underlying QW-RRS spectrum. Figu
2~b! shows the calculated filter functionuGp(k;v)u2, for the
same disorder potential as Fig. 2~a!, comparing it to the ab-
sorption spectrum Im$Gp(k;v)%. Although both curves are
peaked at the polariton energies, the ratio of the strength
the peaks is not the same for the two functions—the low
energy, narrower peak is more enhanced in the filter tha
the absorption spectrum. More precisely,Gp(k;v) looks ap-
proximately like the sum of two Lorentzian features, so
the vicinity of a peak, Im$G%'(G/ f )uGu2, wheref andG are
the strength and width of the corresponding Lorentzian.

Equation~3! shows that in order to observe strong MC
RRS, it is necessary to find an energy matching a polar
feature in both excitation and detection directions, so that
overlap of the filter spectra is significant. This is most eas
achieved by chosingk and k8 to have the same magnitud
but different directions—that is, the same angle to the s
face normal, but different azimuthal angles. Then the in
and output filter functions are the same, so their overlap
maximized. It is, of course, also possible to find combin
tions of angles such that one peak in the excitation direc
coincides with the other peak in the detection direction. A
other consideration is the need to choose an energy\v such
that the QW-RRS signal,I e(k,k8;v), is large. It is apparen
from Fig. 2~a! that the averaged QW-RRS spectrum diffe
significantly from the corresponding exciton absorpti
spectrum: although they are similar on the low energy si
the high energy tail of the RRS falls off much more rapid
than the absorption. Indeed, the perturbation treatment w
is valid for high energies predicts the RRS to fall off
;v24, compared tov22 for the absorption.10 This means
that, close to resonance, the MC-RRS will be much stron
for the lower energy polariton feature.

The accuracy of the approximations in the developmen
the filter model are confirmed by numerical simulations
the MC-RRS process. The simulations use the method in
duced in Ref.~5! to calculate specular reflectivity spectra f
microcavities. Taking a particular instance of the disord
potential, the evolution of an initial plane wave photon sta
of wave vectork, is followed by solving the time-dependen
Schrödinger equation for the coupled exciton-photon syste
The temporal development of the Rayleigh sign
Gp(k,k8;t), is obtained by calculating the overlap of th
state with a plane wave photon of wave vectork8.
Gp(k,k8;t) is then transformed into the frequency domain
means of a discrete Fourier transform. Using a similar
proach for the bare exciton, it is possible to calculate ex
RRS spectra both for the quantum well, as in Fig. 2~a!, and
for the microcavity, with the same disorder potential in ea

A typical simulated MC-RRS spectrum is shown in Fi
3~a!. It is calculated for the same parameters and an ident
disorder potential to the QW-RRS spectrum in Fig. 2~a!. Fig-
ure 3~b! shows, for comparison, the results of multiplying th
QW-RRS spectrum,I e(k,k8;v), of Fig. 2~a! by the micro-
cavity filter functionsuGp(k;v)u2, uGp(k8;v)u2, as in Eq.
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~3!. The two spectra are clearly very similar, with, crucial
the same speckle pattern apparent in each. This compa
with the exact result confirms the accuracy of the filter mo
in describing MC-RRS. Note that there are some small
ferences between the spectra, particularly in the height
the strongest peaks. It is possible that these discrepan
indicate small contributions due to higher order scatter
processes, which might be expected to be significant w
the first order scattering is strong. However, it is difficult
rule out completely the alternative possibility that the diffe
ences are due to numerical errors in the simulations.

MC-RRS has also been discussed by Citrin,11 in connec-
tion with scattering experiments which measured a cohe
signal in the normal direction after excitation at a fin
angle.12 The formalism of Ref.~11! is similar to the presen
work, and though quite different approximations have be
made, the results derived here should not be considere
contradicting the conclusions of that paper. Indeed, Eq.~4!
of Ref. ~11! reduces to a form very similar to Eq.~2! of the

FIG. 3. ~a! The calculated microcavity resonant Rayleigh sc
tering spectrum for the same parameters and disorder potenti
Fig. 2. ~b! The quantum well resonant Rayleigh scattering spectr
filtered by the microcavity, as in Eq.~3!. The parameters for the
calculation are given in the caption to Fig. 2.
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present paper, if the termP12P21 in the denominator of the
polariton Green’s function is dropped. This term, when e
panded in a power series, leads to some of the multiple s
tering processes which have here been shown to be n
gible. However, to obtain the filter model, the ke
approximation that still needs to be made is to equateP to
the off-diagonal exciton Green’s function, thereby neglect
all other polariton intermediate states.

There is not yet a great deal of experimental MC-RR
data with which the theory in this paper can be compar
The ideal experiment, measuring RRS from the same Q
inside and outside a microcavity, would be hard to perfor
As well as the investigations of Norriset al. mentioned
above,12 Hayes and co-workers13 have measured the detun
ing dependence of the Rayleigh signal, but discuss it only
the time domain. Most relevant is a very recent paper
Freixanetet al.,14 who performed angular dependent MC
RRS measurements. Their results are in good qualita
agreement with the present work, in that they observ
strong Rayleigh signal round the ring which corresponds tk
and k8 having the same magnitude. More quantitative
their expression for the width of this ring is exactly what
implied by the filter theory: if the peak in the filter functio
has width \G, then the change ink required to lose the
overlap of the excitation and detection functions is justDk
5\G/(dE/dk), as in Eq.~1! of Ref. ~14!.

To conclude, resonant Rayleigh scattering is a pheno
enon which requires a theoretical treatment beyond the lin
dispersion model of microcavity disorder. However, using
similar approximation of neglecting, as far as possible, d
order scattering between polariton modes leads to an ana
model in which the microcavity acts as a filter for Rayleig
scattering in the quantum well. The accuracy of this mo
has been confirmed by numerical simulations. The fil
model is applicable in the same regime as the linear dis
sion model—that is, when the exciton line width is comp
rable to the vacuum Rabi splitting, a condition which is s
isfied in most present day microcavities. In very high qual
structures, multiple scattering of polaritons by the disord
will need to be considered. However, like the disorder co
tribution to the reflectivity line widths, the Rayleigh scatte
ing in such microcavities will be extremely weak.
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