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Proposal for a quantum Hall pump
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~Received 10 January 2000!

A device is proposed that is similar in spirit to the electron turnstile except that it operates within a quantum
Hall fluid. In the integer quantum Hall regime, this device pumps an integer number of electrons per cycle. In
the fractional regime, it pumps an integer number of fractionally charged quasiparticles per cycle. It is pro-
posed that such a device can make an accurate measurement of the charge of the quantum Hall effect
quasiparticles.
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The basic idea of a parametric pump is that some par
eters of a system are varied slowly and periodically such
after each full cycle the system returns to its initial state w
the net effect being that some amount of a fluid is transfer
from a source to a drain. There are many examples of s
pumps in a very wide range of contexts — from the hum
heart to a firemens’ bucket brigade. Over the past few ye
there has been increasing interest in parametric pumpin
charge in mesoscopic systems both theoretically1,2 and
experimentally.3–5 One particularly interesting example of
parametric pump is the electron turnstile—a device t
transfers a single electron per cycle from a source to a dr
Such devices seem quite promising as metrological cur
and capacitance standards.4,5 In this paper, I propose a devic
very similar to the electron turnstile that operates in
quantum Hall regime. Similar to the electron turnstile, wh
operated adiabatically at low temperature in the inte
quantum Hall regime, the number of electrons pumped i
single cycle is quantized. However, in the fractional quant
Hall regime, it is an integer number offractionally charged
quasiparticlesthat is pumped in each cycle. Thus, this dev
has the potential to make measurements of the fractio
charge of quantum Hall quasiparticles.

Description of the Device. The structure of the propose
device, shown schematically in Fig. 1, is quite similar to t
devices used in Refs. 6–9.

A full pumping cycle is shown in Fig. 2. Throughout th
cycle, the source-drain voltage may be held at zero.10 The
cycle can be described as the following steps:

~a! Begin in a state where the edges are far from
antidot. In this state, tunneling from the antidot to either
right or left edge is forbidden~i.e., the tunneling amplitude is
very close to zero!.

~b! Move the left edge state close to the antidot~by charg-
ing the left gate negatively! such that the tunneling amplitud
between the left gate and the antidot becomes large~com-
pared to the pumping frequency!.

~c! Negatively charge the central gate such that the siz
the antidot grows. Here, as the potential of the central g
increases, particles~or quasiparticles! that were occupying
states near the edges of the antidot are shifted above
Fermi energy. As they cross through the Fermi energy, t
tunnel out to the left edge~they cannot tunnel to the righ
edge because the right edge is insulated from the dot b
large region of quantum Hall fluid!.
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~d! Move the left edge state back to its original positio
far from the antidot~by uncharging the left gate! such that
tunneling from the antidot to either the right or left edge
once again forbidden.

~e! Move the right edge state close to the antidot~by
charging the right gate negatively! such that the tunneling
amplitude between the right edge and the antidot beco
large.

~f! Uncharge the central gate such that the antidot
comes smaller. As the potential on the central gate decrea
the quasiparticles from the right edge tunnel back to the
gion near the edges of the antidot, filling states that w
above the Fermi energy.

~a! Move the right edge back far away from the antid
~by uncharging the right gate! to return the system to the
original state.

Similar to the electron turnstile, the charge pumped in t
cycle is given by the difference between the charge on
antidots in steps~a! and ~d!. It is important to note that in
stages~a! and~d!, when the tunneling to both edges is turn
off, the charge on the antidot is quantized either in units
the electron charge~in the integer regime! or in units of the
quasiparticle charge~in the fractional regime!. Thus, we ex-
pect that the charge pumped in a cycle will similarly
quantized, at least at low temperature. More rigorous ar
ments for this quantization will be made below.

If we then imagine that we fix the central gate voltage
stage~a! and measure the charge pumped per cycle a
function of the central gate voltage at stage~d!, at zero tem-
perature, we would obtain a step-like curve, illustrated as
solid line in Fig. 3.

Quantization of pumping: integer case. A general ap-
proach to understanding quantized charge pumping is re
niscent of Laughlin’s argument for quantized Ha
conductance.11 Consider the Corbino geometry shown in Fi
4. In the integer quantum Hall regime, at low temperatu
the ground state of the system is unique and gapped a
times in the pumping cycle. If the deformation is made ad
batically, the system simply tracks the ground state12

~‘‘Adiabatic’’ here is defined to mean that the system trac
the ground state!. Thus, at the beginning and end of th
cycle, the system is in the same state and the only net e
is that an integer number of electrons could have been tr
ferred from the inside to the outside edge of the annulus~or
vice versa!.
R16 327 ©2000 The American Physical Society
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For the simple case of noninteracting electrons, one
write the dynamics in terms of a simple time depend
Schroedinger equation. This can be integrated explicitly~ex-
actly, or perturbatively! to demonstrate the quantization
pumped charge as claimed above. This explicit approac
useful in that it allows us to study the effects of nonadia
ticity in detail. Such a study is a subject of current resea
and will be reported elsewhere.

Fractional case. In the case of the fractional quantu
Hall effect, the Laughlin argument must be modified to a
count for fractionalization of charge.13 It now becomes pos
sible to transfer a single fractionally charged quasipart
across the system.~As usual, increasing the charge on t
antidot by a fractional amount results in the decrease of
charge on the edges of the system by the same amount, b
that the bulk is incompressible and the total charge of
system is conserved!. The argument given in the abov
section—which would seem to require transfer of an inte
number of electrons per cycle—fails in the fractional H
effect case because the ground state becomesq-fold
degenerate,13 with q a small integer related to the quasipa
ticle charge and the quantum numbers of the particular qu
tum Hall state. For example, for the simple case of a J
n5p/(2p11) state, there areq52p11 degenerate groun

FIG. 1. Cartoon schematic of the proposed quantum Hall pu
The lightly shaded region in the center is quantum Hall fluid. T
black areas are gates. Arrows at the edges of the fluid indicate
state propagation direction. The side gates can push the edges
fluid closer to or further from the central antidot. The small gate
the center can change the size of the antidot.

FIG. 2. A full cycle of pumping~a-b-c-d-e-f-a!. Each frame is a
top view of the device at a different point in the pumping cycle.
frame ~a!, the direction of edge state propagation is also sho
This pumping cycle transfers charge from the the source~bottom! to
the drain~top! at zero applied source-drain voltage. Note that
antidot does not connect to both edges simultaneously, so at
moment during the cycle the quantized Hall fluid~shaded! connects
the source to the drain and the source-drain conductance is q
tized. Analogous to the electron turnstile, the antidot picks
charge~holes! from the left edge, moves over to the right edge, a
then releases the charge~and then repeats the process!. Since the
amount of charge carried by the antidot is quantized, so is
resulting pumped current per cycle. In the integer regime,
charge on the antidot~and hence the pumped current per cycle! is
quantized in units of the electron charge, whereas in the fracti
regime it is quantized in units of the fractionally charged quasip
ticle.
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states@and the quasiparticle charge ise/(2p11)]. Because
of this ground state degeneracy, the system need not retu
the same ground state after each pumping period, but
instead cycle through theq ground states. As a result, it is th
number of electrons transferred across the system inq cycles
that is quantized, rather than the number transferred i
single cycle. Thus, the average charge transferred in a si
cycle is quantized in units ofe/q, which is the quasiparticle
charge. Indeed, it is known that adiabatic transfer of a q
siparticle across such a Corbino system does indeed cycle
degenerate ground states.13

Other than this minor modification of the above Laughli
like argument, we expect that the same considerations a
the above integer case will apply for all fractional quantiz
Hall states. We also expect that, as above, the tempera
scale at which the quantization is smeared out is roug
given by the single quasiparticle addition energy. For a m
detailed calculation, we expect that chiral Luttinger liqu
theory14 can be used to calculate the pumped current exp
itly. This, too, is a subject of current research, and will
reported elsewhere.

Scattering matrix approach. A rather elegant, more for
mal, argument for quantization is based on the scatte
matrix approach to adiabatic parametric pumping.2 In this
approach, one writes the charge pumped in one cycle (t var-
ies from 0 tot) as

Q5eE
0

t dt

2p (
b

(
aPsource

ImFSab* ~ t !
d

dt
Sab~ t !G , ~1!

whereSab(t) is the scattering matrix at timet from channel
a to channelb. HereS(t) is to be calculated as if the pa
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FIG. 3. Pumped charge as a function of central gate voltagesVd

at step~d! in the pumping cycle~schematic!. It is assumed that the
other parameters of the pumping cycle—and in particular the c
tral gate voltage at step~a! are held constant asVd is changed. The
solid line is zero temperature, whereas the dashed line is fi
temperature withT roughly 10% of the single particle addition en
ergy.

FIG. 4. Quantum Hall pump in a Corbino geometry.
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rameters of the system are frozen at timet, anda is summed
only over channels at the source. In the quantum Hall
gime, so long as there is no direct tunneling across the qu
tum Hall bar~i.e., as long as the antidot is not simultaneou
connected to both edges!, the structure of the scattering ma
trix is trivial—anything that comes into the left edge at t
source~bottom left of each frame of Fig. 2! must follow that
edge all the way to the drain~upper left!. If we have a quan-
tum Hall state with only a single edge channel (n51, for
example! the scattering matrix has only two nonze
elements–each with unit magnitude~one element for the
edge state leaving the source on the lower left side and
ing up at the upper left, and one leaving the drain at
upper right and ending up at the source at the lower rig!.
Only one of these two nonzero elements~the one represent
ing the state leaving the source! enters into Eq.~1!. We write
this relevant unit magnitude@U(1) valued# element aseif(t),
such that we have the charge pumped per cycle asQ
5e*0

t(dt/2p) (df(t)/dt). In the integer quantum Hall re
gime, the system must return to its original state after a
cycle. Thus,f(t) must return to its original value modul
2p. The pumped charge is then just the number of timef
wraps by 2p per cycle. In this way we see that the pump
charge is quantized as a result of being a topological qu
tity!

This quantization argument can be generalized to the c
of m copropagating channels per edge. In this case, thm
edge channels can mix with each other as long as they a
directly along the edge from the source to the drain and
not cross the Hall bar. The relevant nonzero terms of
scattering matrix then form aU(m)5U(1)^ SU(m) matrix.
It can be shown that theU(1) part is again the only impor
tant piece~representing the total charge! and the pumped
charge per cycle is again quantized as described above.

This scattering matrix formalism is easily extended to
nite temperature2 ~at least for the integer case!. One needs
only to define scattering matricesS(E,t) as a function of
incoming energy. Equation 1 becomesE dependent resulting
in a charge transferQ(E) which is then smeared by a Ferm
function to give the charge transfer:Q5*dE Q(E)
@dnF(E)/dE# with nF the Fermi function. In Fig. 3 this
smearing by a Fermi function is shown as the dashed line~in
the figureT is taken to be 10% of the antidot single partic
addition energy!.

For the noninteracting electron~integer! case and for
some simple interacting cases, it is possible to solve for
scattering matrix explicitly~given the energies of eigenstat
on the antidot and the tunneling matrix elements as a fu
tion of time!. Indeed, it can be established, as claimed abo
that the charge pumped per cycle atT50 is quantized and is
equal to the difference in the charge on the antidot betw
steps~a! and ~d!.
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To generalize this scattering matrix approach to the fr
tional quantum Hall regime, we imagine connecting a fra
tional Hall sample to integer Hall leads in a smoo
fashion15, so that one can still ask about the scattering ma
for electrons injected into the system. Here, due to the ab
mentioned ground state degeneracy,13 the system need no
return to its original state after a single pumping cycle. In t
case of havingq degenerate ground states, the system
cycle through the ground states returning to the original s
only after q full periods of pumping. Thus, the pumpe
chargeQ in Eq. ~1! need only be quantized in units of th
electron charge afterq cycles, so the pumped current p
cycle is quantized in units ofe/q.

Experiments. This experiment can thus be used as a m
surement of the charge of the fractional quantum Hall q
siparticle. Although, a number of previous works have m
sured the fractional charge of quantum Ha
quasiparticles,8,9,16,17 it is quite possible that the currentl
proposed pumping experiment will be the theoretically cle
est measurement yet.

The main experimental problem in carrying out this e
periment appears to be that temperature must be sufficie
low that the current steps~see Fig. 3! are not too smeared
out. As discussed above, this temperature scale is mo
determined by the single~quasi!particle addition energy for
the antidot. It is thus quite useful to note that this ener
scale has in fact been measured for several similar exp
mental systems in both the integer and fractional regimes6–9

Although the precise addition energy depends on the part
lar sample in question, the authors of Refs. 6–9 were abl
achieve addition energies on the order of several hund
mK for both then51 andn51/3 states. For the case ofn
52/5, however, this energy seems to be somewhat low8

but may still be high enough to successfully perform t
proposed pumping experiment.

Another experimental issue is how fast one can pump
system and expect to have the pumped charge quant
This somewhat subtle issue is a subject of current resea
However, as estimates, one can expect that the tunne
time from the antidot to the edge should set one time sc
the single particle addition energy sets another time sc
and the dissipation time yet another time scale. It is qu
safe to say that pumping at a rate slower than all of th
time scales will remain quantized. The effects of pumpi
faster will be discussed in a forthcoming paper.

I am indebted to B. Spivak for encouraging me to thi
about pumping in quantum Hall systems, and to C. Mar
for encouraging me to turn these ideas into a paper. Hel
conversations with N. Zhitenev, R. de Piccioto, L. Levitov,
K. Jain, A. Moustakas, and C. Chamon are also ackno
edged.
1See, for example, F. Zhou, B. Spivak, and B. Alshuler, Phys. R
Lett. 82, 608 ~1999!; B. Spivak, F. Zhou, and M. T. Bea
Monod, Phys. Rev. B51, 13 226~1995!; I. L. Aleiner and A. V.
Andreev, Phys. Rev. Lett.81, 1286~1998!; F. Zhou, cond-mat/
9905190~unpublished!.
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sonet al., Surf. Sci.305, 453 ~1994!.
8V. J. Goldman and B. Su, Science267, 1010~1995!; V. J. Gold-

man, Surf. Sci.361, 1 ~1996!; I. J. Maasilta and V. J. Goldman
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ments. However, in such an arrangement a~large! Hall current
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current must be distinguished from it. This presumably can
done with an approriate four point measurement technique.~The
author thanks C. Chamon for pointing this out.!
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by M. Stone~World Scientific, Singapore, 1992!, and references
therein. The fractional quantum Hall ground state is trulyq-fold
degenerate for a torus geometry. For Corbino geometry, th
areq sectors of the Hilbert space—distinguished by the num
of quasiparticles that have been moved across the system.
lowest energy state of each theseq sectors are not precisel
degenerate, but differ by a small energy associated with
slope of the confining potential.

14See for example, C. L. Kane and M. P. A Fisher, inPerspectives
In Quantum Hall Effects, edited by S. Das Sarma and A. Pin
zuk ~Wiley, New York, 1997!.

15D. B. Chklovskii and B. I. Halperin, Phys. Rev. B57, 3781
~1998!; C. C. Chamon and E. Fradkin,ibid. 56, 2012~1997!.

16M. Reznikovet al., Nature~London! 399, 238 ~1999!; R. de Pic-
cioto et al., ibid. 389, 162 ~1997!; L. Saminadayaret al., Phys.
Rev. Lett.79, 2526~1997!; S. I. Dorozhkin, R. J. Haug, K. von
Klitzing, and K. Ploog, Phys. Rev. B51, 14 729~1995!.

17An important issue that arises is the question of whether the
periment measures the quasiparticle charge or just the quan
numbern ~related to the quantized Hall conductance! ~Ref. 16!.
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same, so any measurement of this state is ambiguous in
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properly pump charge quantized in units ofe/5.


