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Kondo time scales for quantum dots: Response to pulsed bias potentials
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~Received 23 February 2000!

The response of a quantum dot in the Kondo regime to rectangular pulsed bias potentials of various strengths
and durations is studied theoretically. It is found that the rise time is faster than the fall time, and also faster
than time scales normally associated with the Kondo problem. For larger values of the pulsed bias, one can
induce dramatic oscillations in the induced current with a frequency approximating the splitting between the
Kondo peaks that would be present in steady state. The effect persists in the total charge transported per pulse,
which should facilitate the experimental observation of the phenomenon.
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The theoretical predictions1 of consequences of th
Kondo effect for the steady state conduction through qu
tum dots began a decade ago. At low temperatures, a na
resonance in the dot density of states can form at the Fe
level, leading to a large enhancement of the dot’s cond
tance, which is strongly dependent on temperature, bias,
magnetic field. Many of these effects have been recently
served by a set of experiments by several groups.2 These
successes, supplemented by the anticipation that time de
dent experiments3 are not far behind, have spurred a numb
of theoretical groups4 to consider the effects expected wh
sinusoidal biases or gate potentials are applied. Surprisin
the application of steps or pulses, which can provide a
ambiguous measure of time scales, have not been consid
until very recently;5 the latter work considered the time d
pendent change in linear response conductance whe
stepped potential was applied to a gate, thereby shifting
dot into the Kondo regime. In the present work we consi
the response of a dot already in the Kondo regime to a s
den change of the bias potential across the dot. We show
the physics is qualitatively different from the latter cas5

leading to a different range of characteristic times and ph
cal phenomena.

While Ref. 5 studied the time scale for the system to
from one equilibrium configuration to another, we study he
the time scale to go from an equilibrium configuration to
nonequilibrium one; and then back to equilibrium again. W
find that these latter two times scales are very different fr
each other, the first being much shorter—and also m
shorter than the time scale of Ref. 5. Furthermore, if o
applies a rectangular bias pulse large enough to split
Kondo resonance, then there appear current oscillations6 at a
frequency characterizing the splitting between the Kon
peaks. We show that these current oscillations cause osc
tions in the charge transported through the dot as a func
of pulse length, thus providing a clear experimental sig
ture. The damping of the oscillations provides an additio
time scale which also can be measured directly.

We model the quantum dot by a single spin degene
level of energyedot coupled to leads through tunnel barrier
as illustrated schematically in the inset to Fig. 1. The C
PRB 610163-1829/2000/61~20!/13341~4!/$15.00
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lomb charging energyU prevents the level from being dou
bly occupied. We apply a time-dependent potential acr
the leadsv(t)5v0 for 0,t,t and zero otherwise, so tha
the energyEk of an electron in a lead is time dependen
Herek represents all lead quantum numbers other than s
including the labels, left and right, specifying the lead
question. Then we haveEk5Ek(t)5ek6 1

2 ev(t), the sign
depending on which leadk refers to, whereek is the band
energy. The system may be described by the follow

FIG. 1. The instantaneous currentI (t,t) induced by a bias pulse
of height ev050.01 beginning att50 and ending att5t5600
~heavy solid line!. The portion fort.t is translated back to the
origin and inverted~light solid line! so that the rise time and fal
time can be easily compared. The area between these curves r
sents the excess charge forced through the dot above what w
flow @G(v0)t# if the response tov0 were instantaneous. The valu
of v0 is small, and these curves represent the very beginning of
nonlinear response regime. Asv0 increases further, the rise tim
becomes shorter@}1/v0#, while the fall time remains long. The
dashed line represents the extent to which the Kondo state wou
formed ~at zero bias! if the Kondo coupling were to be suddenl
turned on att50 ~see text!. Inset: Schematic of the quantum do
during a pulse.
R13 341 ©2000 The American Physical Society
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Anderson Hamiltonian:

(
s

edotns1(
ks

@Ek~ t !nks1~Vkcks
† cs1H.c.!#, ~1!

with the constraint that the occupation of the dot cannot
ceed one electron. Herecs

† creates an electron of spins in
the quantum dot, withns the corresponding number oper
tor; cks

† creates an electron in the leads.
The general features of the static equilibrium spectral d

sity when the dot levele is sufficiently below the Fermi leve
~taken at zero here! are well known. There is a broad res
nance of half-width;Gdot,

7 at an energy;edot, plus a
sharp temperature sensitive resonance at the Fermi leve~the
Kondo peak!, characterized by the low energy scaleTK ~the
Kondo temperature!, TK.D8exp(2puedotu/Gdot), where D8
is a high energy cutoff.8 Throughout this work, energies an
temperatures are given in units ofGdot, and times in units of
1/Gdot, with \51. Specifically, the calculations in this pap
were made withedot522, which leads to a Kondo tempera
tureTK;0.0025. We present results only for a dot with le
right symmetry.

The current into the dot depends on the timet and para-
metrically on the pulse lengtht, and is given by

I in~ t,t!5 ie(
ks

Vk^cks
† ~ t !cs~ t !&1c.c. ~2!

It may be divided into contributionsI left(t,t) and I right(t,t)
by respectively restricting thek summations to the appropr
ate lead. The transport current is thenI (t,t)5 1

2 @ I left(t,t)
2I right(t,t)#. We calculate the Keldysh propagators cor
sponding to the angular-bracketed expectation values in
~2! for each lead, and hence obtainI (t,t). A more experi-
mentally accessible quantity, the total charge transpor
Q(t)5*0

`dt I(t,t) is also calculated. Our calculations u
the noncrossing approximation~NCA!, which is reliable for
temperatures down toT,TK .9 Its time-dependent formula
tion has been developed elsewhere.10 The finite bias on the
leads is taken into account by introducing a time-depend
phase inVk in Eq. ~1!.

In Fig. 1, we show the response to a long, weak b
pulse, which illustrates some features that will persist for s
stronger pulses. The most important feature is that the
time of the current is shorter than the decay time, leading
a greater charge transport than would have occurred if
response at each end of the pulse had been instantaneo

Another comparison can also be made: how does this t
scale for turning on the current compare with how long
takes to form the Kondo state itself? The latter was obtai
in Ref. 5, by calculating the turn-on of the linear respon
current when the parameteredot was suddenly switched into
the Kondo regime. This is illustrated by the dashed curve
Fig. 1, which is the calculation of Ref. 5 for the prese
parameters, with the abscissa scaled to make the curve
incide at saturation~larget and larget, with t,t). It is clear
that the formation time for the Kondo state is significan
longer.

A closer look at Fig. 1 reveals that approximately a th
of the initial rise~in both curves! when the bias is turned o
~and the same fraction of the initial fall when the bias
-
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turned off! occurs essentially instantaneously on the scale
the graph. This fast response occurs on the time scalt0
[1/Gdot. This represents the part of the conductance aris
from the fact that the dot level has finite width which ove
laps the Fermi level, and would be present even in the
sence of the Kondo peak.

The Kondo derived features from switched pulses can
partially understood by reference to thesteady statespectral
densities for a dot with a fixed bias equal tov0. Onceev0
@max(TK ,T), the Kondo peak becomes split, with a pe
separation associated with the potential6 1

2 v0 of each re-
spective lead, as discussed by Wingreen and Meir.1 Such
spectral densities for increasing valuesv0 are illustrated in
Fig. 2. This splitting should provide a sharp excitation fr
quencyv;ev0 for the dot, with an electron being excite
from the lower peak at energy2 1

2 v0 to the upper peak a
1 1

2 v0. We should therefore expect current oscillations
this frequency to be induced by the rapid turn on of t
voltage pulse. For largerv0’s than in Fig. 1, the frequencyv
provides a fast characteristic rise timet15p/2v, and we
may expect that the rise time depicted in Fig. 1, is a prec
sor to this effect. Figure 3, showing the results for a mu
larger v0, not only confirms this interpretation, but show
how dramatic the current oscillations can be. In what f
lows, we refer to them assplit Kondo peak (SKP) oscilla
tions.

How can one experimentally distinguish SKP oscillatio
from those reported11 for the resonant level model (U50),
which occur as each lead adjusts to its new chemical po
tial ~NCP!? Our calculations show that, unlike the SKP o
cillations which occur robustly at a frequency;ev0, the
NCP oscillations are sensitive to the details of the excit

FIG. 2. Steady state spectral densities for different values of
bias. The left panel shows the whole spectral function for the b
equal to thev0 of Fig. 1, with the Kondo region expanded in th
inset; the equilibrium spectral function is also shown. The th
right panels show just the Kondo region for increasing biases.
heavy curves represent the total spectral density, while the l
curves represent the occupied portion. The oscillations that we
in the next two figures presumably represent transitions from
lower Kondo peak in the occupied spectra to the upper peak in
unoccupied spectra~i.e., the difference between the pairs of curve!.
Note that the vertical scale factors for all four panels~but, not the
inset! are identical.T50.0015 everywhere.
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pulse. First, with the resonant level at the Fermi level
simulate a Kondo peak, the NCP oscillation frequency
equal toev0 only in the special case that a pulse of mag
tude uev0u is applied to a single lead, with the other held
the original Fermi level. For equal amplitude pulses
6ev0/2 to the respective leads, the oscillation frequency
on the other hand,ev0/2. In a more general case of asym
metrically applied pulses there aretwo oscillation frequen-
cies, one associated with the new chemical potential of e
lead. If in addition, the resonant level is not at the origin
Fermi level, the oscillations are even more complicated, w
multiple frequency components.

The NCP oscillations are damped on the time sc
;1/Gdot. When this becomes shorter than the oscillation
riod, the oscillations become overcritically damped and
not appear. We find that they only occur forev0 /Gdot>1,
and not for the much smaller values of this ratio used in
largeU examples shown in this paper. SKP oscillations,
the other hand, occur only whenev0 /Gdot!1, and hence no
simultaneously with NCP oscillations. This explains the
bustness of the oscillations in the Kondo regime.

SKP oscillations can probably be excited by other typ
of applied waveforms, and a parametrically driven form
them is probably responsible for the resonances reporte
Schiller and Hershfield.4 However, we suspect that the wel
defined robust frequency for them provided by a squ
pulse, plus the lack of one for NCP oscillations, may prov
the key for unambiguous experimental identification.

Figure 3 shows an additional feature—the damping of
SKP current oscillations. This damping presumably ari
from the fact that the split Kondo peaks in the spectral d
sity have widths, giving rise to dephasing. These widths
substantially greater than the width of the Kondo peak
equilibrium, as the application of a bias begins to weaken
Kondo effect. The reason for this has been pin-pointed
Wingreen and Meir,1 in a model perturbation theoretic ca
culation whose essential feature is that the particle-h

FIG. 3. The instantaneous currentI (t,t) induced by a strong
pulse~an order of magnitude larger than the width of the zero b
Kondo peak! for several pulse lengthst. The units of botht and t
are both 2p/ev0, which is almost precisely the ‘‘period’’ of the
induced oscillations~although we see the frequency slightly d
crease fromv5ev0 as the bias is lowered towardsTK). Note the
reversal, for certain pulse lengths, of the direction of the insta
neous current after the end of the pulse.
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phase space restriction from the Pauli principle in the le
for incoherent spin processes is eased. For biasesev0@T,
this gives a rate enhancement factor of;ev0 /T relative to
the zero bias case. ForT,TK , one should replaceT by TK in
the above argument; in this case the width of the Kon
peak~s! would be proportional toev0 for ev0@TK , but
would saturate at;TK for ev0!TK . Translating this into
the damping timet2 of the oscillations, givest2}1/v0 at
large biases, but with a saturationt2;1/TK when ev0
,TK . The expected saturation as the split Kondo pe
merge removes the oscillations forev0,TK ~cf. Fig. 1!.

Figure 3 also shows the falloff in current after the volta
pulse has been turned off. After an initial drop due to the f
non-Kondo time scalet051/Gdot, the current falls very
slowly. Its decay does not follow single time scale, but it
clear that the total time required for the decay is very lon
While the initial falloff aftert0 is bias dependent and relate
to the time t1, the long tail has a characteristic timet3
;1/TK , the longest time in the problem. This is to be e
pected: the system is trying to regain an equilibrium wh
the Kondo peak is no longer split or broadened.

Although we only show the results for one temperatu
T50.0015;TK , we have made calculations for a number
higher and lower temperatures. The results are not very
sitive to temperature whenT<TK . At higher temperatures
the oscillation amplitude decreases, and each timet1 , t2, or
t3 shortens whenT gets large enough to equal the reciproc
of the time in question (T;1/t i). The falloff time t3 and
oscillation decay timet2 are the first ones affected. AtT
;ev0, the rise timet1 also shortens. However, the nonline
effects persist to temperatures much higher thanTK presum-
ably because of the logarithmic nature of the Kondo pea

How can these effects be seen experimentally? We s
gest that the quantityQ(t) ~the charge transported throug
the dot by a single pulse of lengtht) will contain sufficient
memory of the charge already transported at the timet when

FIG. 4. 1/v0 times the derivative with respect to pulse lengtht
of the total chargeQ transported during and after a pulse vst. The
curves go to the zero bias conductanceG(0) at t50, and each go
to the respective values of the finite bias conductanceG(v0) for
larget.
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the bias is turned off, to directly reflect the current oscil
tions and their damping.Q(t) is proportional to the averag
current transported by a series of successive pulses, prov
that the time between pulses is@t3; it thus corresponds to a
easily measured quantity. To restore the features to
prominence which was there before the time integration,
suggested thatdQ(t)/dt be measured. In Fig. 4 we displa
our predicteddQ(t)/dt plotted vst for a number of values
of bias amplitudev0. The information about the frequenc
and damping of the oscillations, and hence of the time sc
t1 and t2 is preserved. Similar oscillatory structure for fixe
t occurs in plots ofdQ/dv0 vs v0.

In conclusion, we have studied the response of a quan
dot in the Kondo regime to a large pulsed bias voltage ac
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the leads. We find that the rise time of the instantane
current is related to the period of current oscillations that
set up. These oscillations have a frequency correspondin
the energy difference between the split Kondo peaks. T
damping rate of these oscillations is related to the widths
the split Kondo peaks. The falloff of the current when t
pulse is turned off can take much longer than the rise, wit
tail of length approaching 1/TK . These effects may be stud
ied experimentally by measuring the total charge transpo
through the dot during and after a voltage pulse.
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