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Carrier relaxation, pseudogap, and superconducting gap in high-Tc cuprates:
A Raman scattering study
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Research Institute for Solid State Physics and Optics, P.O. Box 49, H-1525 Budapest, Hungary

A. Erb, B. Revaz, and E. Walker
DPMC, Universite´ de Gene`ve, CH-1211 Gene`ve, Switzerland

H. Berger and L. Forro´
EPFL, Ecublens, CH-1015 Lausanne, Switzerland

~Received 27 July 1999!

We describe the results of electronic Raman-scattering experiments in differently doped single crystals of
YBa2Cu3O61x and Bi2Sr2(CaxY12x)Cu2O8. The data in antiferromagnetic insulating samples suggest that at
least the low-energy parts of the spectra of metallic samples originate predominantly from excitations of free
carriers. We therefore propose an analysis of the data in terms of a memory function approach which has been
introduced earlier for the current response. Dynamical scattering ratesG(v)51/t(v) and mass-enhancement
factors 11l(v)5m* (v)/m of the carriers are obtained. It is found that a strong polarization dependence of
the carrier lifetime develops towards low doping. InB2g (xy) symmetry selecting predominantly electrons
with momenta along the diagonals of the CuO2 planes the Raman data compare well with the results obtained
from dc and dynamical transport. InB1g (x22y2) symmetry projecting out momenta along the Cu-O bonds
the dc scattering rates of underdoped materials become temperature independent and considerably larger than
in B2g symmetry. This increasing anisotropy is accompanied by a loss of spectral weight inB2g symmetry in
the range between the superconducting transition atTc and a characteristic temperatureT* of the order of room
temperature which compares well with the pseudogap temperature found in other experiments. The energy
range affected by the pseudogap is doping and temperature independent. The integrated spectral loss is ap-
proximately 25% in underdoped samples and becomes much weaker towards higher carrier concentration. In
underdoped samples, superconductivity-related features in the spectra can be observed only inB2g symmetry.
The peak frequencies scale withTc . We do not find a direct relation between the pseudogap and the super-
conducting gap.
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I. INTRODUCTION

Cuprate systems show a unique doping-temperature p
diagram, and the normal metallic~NC! and superconducting
~SC! phases evolve from an antiferromagnetic~AF! insulat-
ing one upon increasing carrier concentration. For a w
doping range AF fluctuations are observed in the NC and
states.1–3 Especially at low doping, the normal state does n
behave like a simple metal, and two if not three temperat
ranges with qualitatively different properties have been id
tified below some 500 K.4

One of these ranges exists between the supercondu
transitionTc and a temperatureT* and is characterized b
the opening of a pseudogap which is well pronounced in
underdoped part of the phase diagram and disappear
overdoped samples.2,5–13 Although the phenomenon ha
been investigated with various methods, the critical dop
for its disappearance is not clear at the moment. Conside
its origin several aspects have been discussed without, h
ever, leading to a generally accepted picture. There are
main directions:~i! The pseudogapD* is a precursor of su-
perconductivity. Its characteristic energy is then expected
scale with the magnitude of the superconducting gapD, and
its momentum dependence should exhibit the same sym
PRB 610163-1829/2000/61~14!/9752~23!/$15.00
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try properties.10,11,14–19~ii ! The pseudogap is a signature
the electronic interactions aboveTc but is not directly related
to the SC pairing correlations. Then it can show independ
scaling behavior and energy scales.4,8,20 This means that the
relationship between the pseudogap and the supercondu
gap and its evolution with doping is of particular importan
for the understanding of the cuprates.

The underdoped range of the phase diagram is remark
not only because of the pseudogap but also for the increa
anisotropy of the carrier properties in the normal state. T
is consistently observed ink-sensitive experiments such a
angle-resolved photoemission spectroscopy21 ~ARPES! and
electronic Raman scattering22,23 ~ERS! even if the details of
the interpretation are not completely clear yet. In order
understand the anisotropy momentum-dependent electr
interactions are being considered. AF fluctuations, for
stance, could lead to the observed characteristics as the
strong at low doping and tend to disappear somewhere in
so-called overdoped range. In an oversimplified but intuit
way the momentum dependence emerges directly if one
calls that nearest- and next-nearest-neighbor spins are
dered in an AF and ferromagnetic way, respectively, in
AF lattice. This basic idea and physically more elabor
versions of it have been worked out in some detail.24,25 At
9752 ©2000 The American Physical Society
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the same time the microscopic foundations such as Hub
andt-J models have been studied intensively.26–29The nest-
ing properties of the Fermi surface can also lead to the
served phenomenology.30

In the present situation it is not only important to compa
theoretical predictions and experimental results but also
relate results from different experiments to each other. St
ing from a microscopical model the respective respo
functions can be calculated directly. In the case of Ram
scattering a modified density response function is to be
termined which has been done explicitly only for a few sp
cial cases.25,30,31However, the calculations become increa
ingly complicated along with the complexity of th
electronic interactions studied. On the other hand, a mor
less quantitative comparison of the results of different
periments is practically impossible in this way. Therefore
seems worthwhile to derive more commonly used functio
from the spectra instead. Such a procedure is standar
infrared ~IR! or optical spectroscopy. There, apart from t
conductivity, particle lifetimest(v,T) or scattering ratesG
51/t and mass-enhancement factors 11l(v,T)
5m* (v,T)/mb with mb the band mass are derived from th
reflectivity32 following the relaxation or memory function
approach proposed by Go¨tze and Wo¨lfle.33 We will demon-
strate in detail below that the method can be adapted for
analysis of the ERS data. We will apply it to our results a
utilize it even beyond a simple comparison of results fro
various experiments. It is important to note, however, t
the different methods cannot be expected to return iden
results for the quantities under consideration as they mea
different correlation functions. The interaction between
system and a certain experimental probe is described by
vertex which can well have a nontrivial dependence on
ergy, for example, due to renormalization,34 and influence
the response considerably. IR and Raman scattering are
particle excitations being~essentially! described by current
like and densitylike response functions. In most of the ca
the vertices can be expressed to a good approximatio
terms of the one-electron energies in the conduction b
e(k) as j a}]e(k)/]ka and g(k)}]2e(k)/]ka]kb , respec-
tively. ARPES and electron tunneling spectra reflect the
sponse of single-particle excitations. Therefore, only a qu
tative comparison can be achieved. Nevertheless, a b
understanding of the interrelation of the different experim
tal methods is very useful as they are complementary
many senses. They couple, for instance, to different exc
tions and have different energy and momentum resolutio
A similar step in the direction we want to pursue here
Raman scattering has recently been accomplished for
ARPES data in that the electron self-energyS(k,v) has
been derived.35

In ERS the energy resolution is fairly good and there
also a limited momentum resolution. In addition, the den
tylike coherence factors in the superconducting state al
one to clearly distinguish between the occurrence of a
and of phase coherence among the pairs. This leads to q
tatively new conclusions in the analysis of the SC gap a
the pseudogap. The momentum resolution has its origin
thek dependence of the Raman vertexgk which depends on
the polarizations of the incoming and scattered photoneI

andeS and, in the most general case, on the full band str
rd
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ture en(k). As outlined abovegk is often approximated by
the second derivative of the conduction band contracted w
the polarization vectors~effective-mass approximation!. In
any case,gk can be decomposed into its symmetry comp
nentsFL

m(k) where L denotes the order of expansion an
where the symmetry is indexed bym5B1g , B2g , A1g , and
A2g . As the symmetries correspond to certain light polariz
tions a relation between momentum and configuration sp
is established which allows one to weigh out different pa
of the Fermi surface or of the Brillouin zone with differen
polarization combinations.36–38 Using this k resolution of
ERS the anisotropy of the superconducting gapD(k) has
been studied in the cuprates.36

Normal-state anisotropies were already inferred from E
results a while ago22 without, however, mapping them ontok
space. The static lifetime as obtained from the Raman spe
was compared to ordinary transport.39 More recently, we
have investigated normal-state anisotropies systematic
for different doping levels in Bi- and Y-based compounds23

For momenta along the principal axes~parallel to the Cu-O
bonds in the planes! as opposed to those parallel to the d
agonals the quasiparticle lifetimes in the static limit (v
50) seem to become extremely short in underdoped,
metallic, and SC samples. In contrast, there is almost
anisotropy in the overdoped range. Independent of dop
the ERS data atB2g symmetry compare well with ordinary
transport.23

One purpose of the present paper is to extend the stud
finite energies and to derive dynamical scattering rates fr
the Raman data. The rangevÞ0 must be analyzed with eve
more care than the dc limit since in a Raman experim
coupling to almost all excitations in a solid is possible. Fo
derivation of the carrier dynamics other contributions such
phonons or magnons must therefore be identified and e
tually be subtracted. Fortunately, selection rules and re
nance studies using various energies for excitation allow
relatively safe distinction. Nevertheless, we do not think
are already in a position to subtract contributions com
from other than carrier excitations. We rather realize t
carrier excitations dominate at low energies and will the
fore confine ourselves to the range up to 1000 cm21. The
method for the determination of dynamical properties will
derived in detail. We show that the influence of energ
larger than 1000 cm21 leads only to logarithmically smal
corrections. The data for the scattering rate and the m
renormalization will be compared to the IR results. In ad
tion, we will calculate reflectivities for a few examples.
careful study of the dynamical response as a function of te
perature allows us also to better understand the pseud
state. As a result, we can extrapolate the normal-state be
ior observed atT.T* to the range betweenT* andTc and
obtain a better estimate of the full influence of the pseudo
on the spectra as a function of temperature and doping. T
finally, leads to a comparison of superconducting a
pseudogap states. We find clear indications for two differ
energy scales.

The paper is organized as follows: In Secs. II and
details of the samples and of the experiment, respectiv
will be described. The experimental results are compiled
Sec. IV where we focus on raw data only. The analysis
terms of the memory function will be summarized in Se
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V A and described in more detail in the Appendix. In Se
V B dynamical scattering rates and mass renormalization
tors will be derived from the data presented in Sec. IV us
the method described in Sec. V A. The discussion~Sec. VI!
is split into four subsections. In Sec. VI A the derived qua
tities will be analyzed with respect to their low-frequen
limits and to their symmetry dependence. They will be co
pared to results from other methods, specifically opti
transport, in Sec. VI B. The pseudogap and its relation to
superconducting gap will be discussed in detail in Secs. V
and VI D, respectively. We present data for two groups
compounds and at least four doping levels for each one.
implications will be summarized in Sec. VII.

II. SAMPLES

The YBa2Cu3O61x ~Y123! crystals were grown in
BaZrO3 crucibles.40,41 BaZrO3 has been shown to be com
pletely inert and to facilitate the preparation of samples w
a purity of better than 99.995%. All crystals were posta
nealed in pure oxygen and quenched. Temperatures and
gen partial pressures were adjusted according to the cal
tion of Lindemer et al.42 The resulting oxygen
concentrations were approximately 6.1, 6.5, 6.93, and v
close to 7.0 for the samples we call AF insulating, und
doped, optimally doped, and overdoped, respectively, in
following. The determination of the doping level through t
annealing conditions proved to be extremely reliable in Y1
with stoichiometric cation composition. Using nondestru
tive methods the oxygen concentration cannot be meas
as precisely. There exists a relationship between the oxy
doping and the position of the Raman-active vibration of
apex oxygen along thec axis.43 For the metallic samples w
obtained 6.53, 6.93, and 6.96. Given the uncertainty of
Raman-based determination of approximately60.05 the re-
sults must be considered consistent, and they show inde
dently that the oxygen content in the surface layer studie
close or identical to the nominal one. In the AF sample
phonon could not be observed for the polarizations stud
The magnetically determined respectiveTc values ~mid-
points! and transition widths~10%–90%! of the supercon-
ducting samples were 53.5 K (DTc53 K), 91.5 K (DTc
50.3 K), and 87.0 K (DTc51.0 K). TheTc of the under-
doped sample when being illuminated by the laser shifts
by several degrees. For the power and the exposure
used the saturation limit applies, and the actualTc is close to
60 K.44

The Bi-based samples Bi2Sr2 (CaxY12x)Cu2O8 ~Bi2212!
were prepared in ZrO crucibles. In crystals close to optim
doping ~without Y or, equivalently,x51 and appropriately
adjusted oxygen content! the resistively measuredTc was
generally above 90 K withDTc,2 K. According to trans-
port and Raman results the sample withTc592 K is slightly
underdoped. If Ca21 is replaced by Y31, holes in the CuO2
planes are filled in andTc is reduced. The samples we us
contained 38% Y and 100% Y, respectively. The superc
ducting sample~38% Y! was well in the underdoped rang
of the phase diagram with aTc of 57 K (DTc55 K). Over-
doping was achieved by annealing the crystals in oxyge
the appropriate partial pressure resulting inTc’s of 81.6 K
(DTc50.5 K) and 58 K (DTc55 K) for the samples we
.
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used. It has been shown for several compounds thatTc de-
pends in a unique way on the effective dopingp as Tc

5Tc
max@1282.6(p20.16)2#.45 This relation is used to deter

mine the respectivep’s from the transition temperatures
Given the uncertainty inTc andTc

max the typical error for the
doping is Dp50.01. The doping levelsp for our ~SC!
samples are then 0.09 (Tc557 K), 0.15 (Tc592 K), 0.16
(Tc590 K), 0.19 (Tc581.6 K), and 0.23 (Tc558 K).
The doping level of the AF sample is close to zero but h
not been determined independently. TheTc of the sample we
call optimally doped is smaller than that of the slightly u
derdoped one due to a higher degree of disorder. The
crease with time of the maximally obtainableTc is a gener-
ally observed phenomenon which can be traced back to
improved crystallographic structure and higher purity. The
fore the samples are sometimes classified in ‘‘generation
In this nomenclature the optimally doped sample comes fr
the second generation (Tc

max.90 K) while the slightly un-
derdoped one is out of the third generation (Tc

max.93 K).
Bi2212 is not stable at the stoichiometric composition a

there is always excess Bi in the crystals~typically Bi2.1 in-
stead of Bi2),46,47 which is found predominantly in the C
~Y! position. In addition, a small amount of Sr may be r
placed by Ca or Y. In general, it cannot be expected
Bi2212 that a crystal quality comparable to the one of Y1
is obtainable. By partially substituting Bi with Pb the mod
lation along the crystallographicb axis can be changed o
even suppressed completely.48 In the sample we used, th
Laue pattern still showed an indication of a twofold symm
try but it is reasonable to assume that the distortion is sma
than in Pb-free samples. If the doping is changed by vary
the oxygen content, the ratio of the metal atoms play
crucial role for the stability, and underdoped material m
become unstable and disintegrate.

III. EXPERIMENT

The experiments were performed in pseudo backsca
ing geometry with an angle of incidence close to 65° and
sample surface perpendicular to the crystallographicc axis.
Due to the large real part of the refractive index (n.2), the
light propagates almost parallel to thec axis inside of the
sample. For the analysis of the scattered light we use
double monochromator with single-channel detection. F
constant slit width the resolution depends on the wavelen
of the scattered light. The slits were set at 550mm; hence
the spectral resolution is approximately 10, 6, and 3 cm21

in the violet, the green, and the red range of the spectr
respectively. All spectra are given in units of photon cou
per second~cps! and are proportional to the cross sectio
They are corrected for the sensitivity of the instrument b
not for the frequency dependence of the optical consta
However,n andk do not change by more than a few perce
in the region of interest.49 For excitation an Ar1 laser was
used, and for most of the experiments the line at 458 nm
selected. In a few cases the lines at 476 and 514 nm w
used. In order to keep the laser-induced heating low (5
,DT,15 K typically! the power was set between 1 an
4 mW depending on the thermal conductivity of the samp
The actualDT and hence the spot temperature were de
mined in any individual case via the ratio of the Stokes to
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anti-Stokes intensity. Energy gain and loss spectra fit v
well. Therefore, in addition to a well-defined measuring te
perature, we have strong experimental support for
fluctuation-dissipation theorem to apply. The beam was
cused to a spot of approximately 503150 mm2. The polar-
izations of the incoming and outgoing photons were alw
parallel to the planes. The coordinate system is locked to
Cu-O bonds withx5@100#, x85@110#, etc. All symmetries
refer to a tetragonal point group.B1g andB2g excitations can
be projected out separately withx8y8 and xy polarizations,
respectively. Excitations transforming asA1g cannot be ac-
cessed independently. All configurations with the incom
and the outgoing photon polarizations being parallel pro
out theA1g contribution with angle-dependentB admixtures
which have to be subtracted accordingly. Typically, one u
xx2x8y8 andx8x82xy. As described in detail in other pub
lications there exists a relationship between electronic m
menta and light polarizations through the symmetry prop
ties of the Raman vertex: AtB1g and B2g symmetry
electrons with momenta along the principal axes and the
agonals, respectively, are weighed out predominantly.36 If
one is interested in sorting out contributions which transfo
like A2g it is necessary to use circularly polarized light
addition to the linear polarizations.50,51

The samples are mounted on the cold finger of a He fl
cryostat with the temperature adjustable between 1.5
330 K. The vacuum the sample surface is exposed to
pumped cryogenically and is better than 1026 mbar. For re-
moving surface layers accumulating at low temperature
sample is heated to 250 K once a week. Then the experim
tal conditions are stable and the spectra are fully reprod
ible. As a general feature in the cuprates the scattering in
sity at \v@kBT becomes constant. In Fig. 1 we plot th
average intensity between 800 and 1000 cm21 ~correspond-
ing to 1100–1400 K!. A variation within67% of the mean
value is found. Obviously, there is no systematic depende
on temperature. This is confirmed by linear regression an
sis which produces the horizontal lines shown in the figur
they are not the ordinary average of the data. The statis
scatter of the data comes from several sources which ca
be controlled sufficiently including the influence of adsorb
surface layers. Since there is no trend, it is safe to ass
that the overall sensitivity varies accordingly without exh
iting a spectral dependence. To correct for those small va
tions all spectra shown below are adjusted to the mean v
by a multiplicative constant between 0.75 and 1.25.

IV. RESULTS

Figure 2 shows a compilation of Raman results in Y123
three doping levels, close to 6.0, 6.5, and 7.0. The pure s
metry components are plotted in order to specifically clar
the role of theA1g symmetry. As a consistency check th
differencesxx2x8y8 and x8x82xy can be compared. Th
observed phonon lines are in complete agreement with
published literature.43,52 The high intensity ratio of the
phonons to the continuum independently proves the v
high crystal quality. The line at approximately 585 cm21

which is induced by disorder in the chains43,52 is present in
all samples, even in the undoped and the fully doped o
This means that a few oxygen atoms are still missing
ry
-
e
-

s
e

g
ct

s

-
r-

i-

w
nd
is

e
n-
c-
n-

ce
y-
s;
al
ot

e

a-
ue

t
-

e

ry

s.
n

Y123~7.0! and some are left over in Y123~6.0!.
There are several new features of the continuum wh

have not yet been shown or discussed in previous publ
tions. Particular attention should be paid to the AF insulat
sample@Figs. 2~a!, 2~d!, and 2~g!# where all intensities of the
continuum are generally smaller than in the metallic crysta
theB2g intensity vanishes almost completely. At present it
not clear whether or not the residual 0.5 photon counts
second and mW are intrinsic or due to surface degradatio
contamination. A similar intensity is also found in the supe
conducting state at very low frequency at all doping lev
~see Fig. 7 below!. The cross section atB1g symmetry is
higher by a factor of 3, but once again approximately t
same residual intensity is found in superconducting sam
close to optimal doping~see Ref. 53!. It seems, however
qualitatively clear that at least theB2g intensity is very close
to zero in undoped samples. This is plausible since theB2g
channel apparently samples the carriers at all doping le
studied.8,9,23 The intensities we found for the undope
sample are also considerably smaller than those observe
Katsufuji et al.54 for comparable La22xSrxCuO4 ~LSCO!.
The difference between Y123~6.5! and Y123~7.0! is, to
within the experimental error, the same as already found
lier by Chen and co-workers.55

To make things more quantitative we will focus on tho
parts of the spectra which are not subject to trivial chan
due to the thermal Bose-Einstein function, i.e., on the ene
range\v@kBT. As demonstrated in the experimental se
tion ~Fig. 1! the intensity between 800 and 1000 cm21 does

FIG. 1. Average intensities in the constant part of the spe
(800–1000 cm21) for differently doped Y123 atB2g symmetry as
a function of temperature. The size of the dots approximately r
resents the statistical error. The shaded area is the variance o
average.
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FIG. 2. Compilation of Raman results for Y123 at characteristic doping levels. Shown are the pure symmetries as indicated in th
In order to demonstrate the reliability of the subtraction procedure which is required to obtain pureA1g we show bothxx2x8y8 and
x8x82xy. Except for the overdoped sample~i! with the strongest orthorhombic distortion the discrepancies are of the order o
experimental error. In the overdoped sample, although twinned, there is preferential orientation.
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not depend on temperature below 300 K in a systemat
fashion. For the study of the doping dependences of the
tensities at the three main polarizations we will therefo
compare the average scattering cross sections measure

FIG. 3. Average intensities in the frequency- and temperatu
independent part of the spectra (800–1000 cm21) for differently
doped Y123~a! and Bi2212~b! as a function of symmetry. In Y123
~a!, A1g is apparently the direct sum ofB1g 1 B2g . The Bi2212
samples come from different sources and ‘‘generations;’’ he
there is more uncertainty in the data. The qualitative behavior s
as the maximum inB2g symmetry is reproducible.
al
n-
e
be-

tween 800 and 1000 cm21 ~Fig. 3!. The B1g intensity de-
creases continuously upon the reduction of carriers whil
kind of kink is found for bothA1g andB2g symmetry. More-
over, theB2g intensity is peaked at an oxygen content of 6
in Y123 @Fig. 3~a!# and close to optimal doping in Bi221
@Fig. 3~b!#. In this context, it should be mentioned that th
optical constants for visible light depend only weakly o
doping,49 and the internal cross section is expected to v
by less than a factor of 2 when changing the oxygen con
from 6.0 to 7.0 in Y123. We did not correct the spectra f
the change of the optical constants. Nevertheless, trivial
fects such as an increase of the intensity on doping can
excluded as the variation of the cross section is monoton
only in the B1g symmetry but exhibits a maximum at 0.
,p,0.15 for theB2g channel. If theB1g and theB2g inten-
sities are added the doping dependence of the sum is
similar to that inA1g symmetry. This is noteworthy since a
lowest order the variation of the magnitude of theA1g vertex
on the Fermi surface resembles closely that of the sum of
B1g and B2g vertices. The results in Bi2212 are similar
those described for Y123. The advantage here is that
have also data for strong overdoping. The ratio of theB1g to
theB2g intensity has been studied in great detail in LSCO
Naeini et al.56 and is found to be in full agreement with th
data presented here.

For a clarification of the nature of the excitations it
instructive to study an extended energy range.B2g spectra of
differently doped Y123 are plotted in Fig. 4. As we ha
already seen in Fig. 2 the spectra are almost constant in
low-energy part. Between 1000 and 2000 cm21 the slope
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FIG. 4. B2g spectra for differ-
ently doped Y123 at large energ
transfers.
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changes and the cross section starts to increase substan
The same trend is found for theB1g symmetry where scat
tering from two-magnon excitations is superimposed on
linear continuum at all doping levels.1,57,58In contrast, inA1g
symmetry the intensity at high energy transfers decrea
continuously and extrapolates to zero between 10 000
12 000 cm21 as already observed a while ago
Gd2CuO4.50 Spectra for Y123~6.0! at energy transfers be
tween 6000 and 15 000 cm21 show similar trends and, in
addition, structures in the range between 1.5 and 1.8
~12 000 and 15 000 cm21).51 The complete results we ob
tained at high energy transfers will be published elsewhe

As already pointed out by Reznik and co-workers,59 there
is a relatively strong contribution to the cross section wh
is almost independent of doping. Here we find a we
resolvable gap for that excitation of some 1500 cm21

~200 meV! for Y123~6.0! and Y123~6.5! and one of the orde
of 1000 cm21 ~150 meV! for Y123~7.0!. Superimposed on
this so far unidentified continuum~see, however, Ref. 51!
there are contributions from scattering off carriers at energ
down to zero, from spin excitations between 1000 a
4500 cm21 and, of course, from phonons in the range up
800 cm21. The gapped continuum hasA2g symmetry as it
can be observed with comparable intensity at bothB1g and
B2g symmetries. This can be checked with circularly pol
ized light but will not be the subject of this publication. F
a thorough understanding of inelastic light scattering in
lly.
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cuprates the origin of all contributions must be clarified.
seems, however, safe to attribute the low-energy part of
B2g continuum to scattering from carriers as already sho
earlier8,23 and to neglect an interaction with other contrib
tions such as spin excitations. In the following we will ther
fore assume theB2g continuum for energies below
1000 cm21 to consist of a single component. Apparent
the situation is more complicated inB1g symmetry where no
superconductivity-induced features can be found at l
doping.8,9,23,55,56

We turn now to the temperature dependence of the spe
and focus on theB2g response in metallic samples in th
range 0.09,p,0.23. In this context we have to recall th
according to the fluctuation-dissipation theorem the Ram
cross section and, consequently, the number of inelastic
scattered photons registered per unit time,Ṅgg(v,T), are
proportional to the imaginary part of the Raman respo
function xgg(q.0,v,T),

Ṅgg~v,T!5Rgg$11nB~v,T!%xgg9 ~q.0,v,T!, ~1!

where$11nB(v,T)% is the Bose-Einstein function. The re
sponse functionxgg(v)5xgg8 (v)1 ixgg9 (v) for inelastic
scattering of light from electrons in metals is equivalent to
correlation function of the effective density60 and is strongly
polarization dependent through the vertexg. To a very good
approximation we can take the limit of zero momentu
t.
FIG. 5. B2g spectra for Y123 at different doping levels as indicated forT.Tc . The upper panels~a!–~c! show spectra atT.T* . In the
lower ones~d!–~f! spectra close toTc,T* are compared to those atT.T* . For clarity the spectra of the optimally doped~b!,~e! and the
overdoped~c!,~f! samples have been multiplied by a factor of 2. The shaded areas indicate the anomalous loss of spectral weigh
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FIG. 6. B2g spectra for Bi2212
at different doping levels as indi
cated forT.Tc . The shaded ar-
eas indicate the anomalous loss
spectral weight.
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transfer,q50. Frequency-independent factors such as
density of states at the Fermi energy and units are include
Rgg . For simplicity we will drop the momentum dependen
and the polarization~vertex! indicesg and use a dimension
less version of the response function in the following.

Figure 5 shows the spectral response of Y123 in the n
mal state after division by the Bose factor according to E
~1!. For clarity two temperature ranges are plotted separa
Above a characteristic temperatureT* 61 the variation of the

FIG. 7. B2g spectra for superconducting Y123 at different do
ing levels as indicated.
e
in

r-
.

ly.

spectra is conventional@Figs. 5~a!–5~c!# in the sense that no
intensity anomalies occur: Spectra with a larger slo
]x9(v)/]v in the limit v→0 lie above those with smalle
slope or, more physically, shorter lifetimet. For T,T*
spectral weight is lost in the range below 800 cm21 @Fig.
5~d!–5~f!#. At the same time]x9(v)/]v continues to in-
crease. Therefore, spectra at low temperatures cross tho
T.T* . It seems that for the observability of the effect
higher doping levels the samples have to be very pure
well ordered. The anomaly associated with the pseudo
could actually not be identified unambiguously in samp
from earlier generations.8 In the present samples the anoma
is still very weak beyond optimal doping but can be resolv
clearly in the data. Consequently, in the almost perfec
ordered overdoped sample with an oxygen content clos
O7.0 the pseudogap can be seen better than in the optim
doped one with oxygen vacancies and clusters.63 In the same
way two-magnon scattering is seen only in Y123~7.0!. Given
the influence of disorder in the various samples the res
obtained for Bi2212~Fig. 6! are in qualitative agreemen
with those for Y123.

Spectra for the superconducting state are plotted in Fig
and 8. Here the data are shown as a function of energy u
normalized to the respective transition temperatures in o
to demonstrate the scaling of the peak maxima withTc . The
maxima are at approximately 6 and 7 in units ofkBTc for
Y123 and Bi2212, respectively. The gain in intensity in t
range from 3kBTc to 12kBTc is generally higher in Y123
although there are differences depending on the doping.
cording to theoretical considerations64 this is most likely re-
lated to the degree of disorder which certainly varies fro
sample to sample and which is expected to be highe
Bi2212 with various sources of imperfections. Somewhat
expectedly but reproducibly,55,56 no pair-breaking peaks ar
found at theA1g and B1g symmetries in the underdope
samples~Figs. 9 and 10!. Moreover, we hardly find any tem
perature dependence of the continua at these symmetrie
the entire range between 10 and 300 K. However, a coupl
phonons gain considerably in intensity upon cooling.9,65,66
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V. ANALYSIS

The purpose of this section is to analyze the electro
Raman spectra of metallic samples at frequencies up to
proximately 1000 cm21 in a more complete way than don
previously. As discussed in the preceding section we h
good reasons to assume that the cross section in this en
range comes predominantly from carrier fluctuations. He
we can obtain information about the carrier dynamics.
date only thev50 limit has been considered. For the stu
of the dynamical response we adopt a method which
been introduced by Go¨tze and Wo¨lfle33 for the current-
current correlation function and which has been used su
quently for the analysis of infrared data.13,32 In this method
the relaxation rateG51/t is replaced by2 iM where

FIG. 8. B2g spectra for superconducting Bi2212 at differe
doping levels as indicated.
ic
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e
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M (v)5vl(v)1 iG(v) is the complex memory function
G(v) and 11l(v) are the ~Raman! relaxation rate and
mass-enhancement factor, respectively. The conditions
the applicability are discussed in Ref. 33.

We will give a summary of the relevant expressions h
and then analyze the data presented above. A complete
scription of the formalism can be found in the Appendix.66,67

A. Model

With all vertex indicesg dropped the complex Rama
response functionx(v) in terms of the memory function
M (v) is given by37,66

x~v!5
M ~v!

v1M ~v!
; ~2!

hence the imaginary part describing the spectra@see Eq.~1!#
reads

x9~v!5
vG~v!

$v@11l~v!#%21@G~v!#2
. ~3!

FIG. 9. Raman spectra for underdoped Y123 forT.Tc and T
!Tc at all main polarizations.
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9760 PRB 61M. OPEL et al.
We define the functionI (v,T) which is related to the mea
sured Raman spectraṄ(v,T) by

I ~v,T!5
Ṅ~v,T!

v$11nB~v,T!%
, ~4!

and obtain expressions for the Raman relaxation rateG(v)
and the mass-enhancement factor 11l(v),

G~v!5R
I ~v!

@ I ~v!#21@vK~v!#2
, ~5!

11l~v!5R
K~v!

@ I ~v!#21@vK~v!#2
. ~6!

vK(v,T) is the Kramers-Kro¨nig ~KK ! transform ofI (v,T);
hence

K~v!52
2

p
`E

0

vc
dj

I ~j!

j22v2
, ~7!

and the normalizing factorR is fixed by a sum rule,

FIG. 10. Raman spectra for underdoped Bi2212 forT.Tc and
T!Tc at all main polarizations.
R5
2

pE0

vc
dvI ~v!. ~8!

Since in our caseI (v) approaches a constant in the dc lim
and decays approximately as 1/v at high frequencies, the
integral for K(v,T) @Eq. ~7!# converges fast as long as th
upper cutoff frequencyvc is larger thanv ~a factor of 3–5 is
satisfactory according to our tests!. R depends onvc only
logarithmically. For the study of carrier properties a typic
value forvc is the bandwidth, here 1 eV,\vc,2 eV. G
has the same unit asv.

Several remarks seem appropriate.
~i! The choice ofvc can be cross-checked by looking

the frequency dependence of 11l(v). The mass enhance
ment should asymptotically approach 1 at large energies
particular it cannot be smaller than unity in a system of no
localized carriers. The strongest influence on 11l(v) origi-
nates from the constantR which, in turn, is the only quantity
with a measurable dependence onvc . So there exists a sec
ond constraint forR.

~ii ! If the spectral dependence ofG(v) and 11l(v) re-
sulting from the analysis cannot be described by sufficien
smooth functions, the physical meaning of the analysis
questionable.33 There are no restrictions as to the hig
energy behavior ofG(v) and 11l(v). The only require-
ment is a sufficiently rapid convergence of the integrals~7!
and ~8!.

~iii ! Due to the vertices, the Raman memory function c
be quite different from the one for the conductivity as int
duced by Go¨tze and Wo¨lfle.33 The respective corrections ar
discussed in the literature.31 It should be noted that the ver
tices themselves can well have different frequency dep
dences.

~iv! The analogy between Raman and conductivity do
not exist any more belowTc since the superconducting co
herence factors68 are densitylike and currentlike, respe
tively. Nevertheless, the carrier lifetime can still be deriv
from the optical conductivity7 and from the Raman
spectra37,69 in a two-fluid approximation. As compared to IR
the analysis is more complicated for Raman and has not b
attempted yet.

~v! The complex conductivitys(v)5s8(v)1 is9(v)
can be expressed in terms ofM (v),33

s~v!5 i«0vpl
2 1

v1M ~v!
, ~9!

with

vpl
2 5

ne2

«0m
. ~10!

Here e and m are the electronic charge and mass, resp
tively. n is the density of carriers and«0 is the permittivity of
vacuum. It is well known that a sum rule can be obtained
the real part of the conductivity~see also the Appendix!,

2m

pe2E0

`

s8~v!dv5n. ~11!

The conductivity sum rule, Eq.~11!, holds strictly, in par-
ticular, at the transition to the superconducting state wh
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FIG. 11. Dynamical relaxation
rates \G(v,T)5\/t ~a!–~f! and
mass renormalization factors 1
1l(v,T) ~g!–~i! for Y123 as de-
rived from the B2g spectra via
Eqs. ~5! and ~6!. For all tempera-
tures the samples are not supe
conducting.
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the number of Cooper pairs can be determined from the
of spectral weight at finite frequencies. At first glance, s
rule ~8! indicates the existence of a similar conservation l
for the Raman response. However,R in contrast to the num-
ber of carriersn is not a conserved quantity, because t
Raman response function derives from the generali
density-density correlation function60 which, as opposed to
the usual density operator, does not commute with the in
action part of the Hamiltonian. In the superconducting sta
completely new scattering channel opens up andR can in-
crease considerably. In the normal state, too, there is no
son forR to be, for instance, temperature independent. Ho
ever,R does not change significantly forTc,T,330 K. In
the limit v→0 the Drude expression for the dc resistivi
r0(T) is recovered from Eq.~9!,

r0~T!5
G0~T!

«0vpl
2

, ~12!

whereG0(T) is the scattering rate in the static limit.

B. Application to the Raman data

We calculate now dynamical scattering rates and ma
enhancement factors using the procedure described in
previous section. First, however, the phonons have to be
tracted out. This is a straightforward procedure in most of
cases as they depend only weakly on temperature. Only
B1g phonon at 340 cm21 in Y123 requires an individua
treatment, and additional noise resulted from that manip
tion occasionally. InB2g symmetry, which we are predom
nantly interested in, the contributions from vibrational mod
to the spectra are generally small and can be dealt with
ily.

In Fig. 11 we plot dynamical relaxation rates and ma
ss
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enhancement factors for differently doped metallic samp
of Y123 which have been determined from the spectra us
Eqs.~5! and~6!. For the KK transformation to be performe
the response below 15–30 cm21 is linearly extrapolated to
zero as inevitably required by the antisymmetry ofx9(v).
The spectra beyond 1500 cm21 were extrapolated by a con
stant since the observed increase does apparently not c
from carrier excitations~see Fig. 4 and Sec. VI!, the cutoff
frequency was set at\vc510 000 cm21. The influence of
the extrapolation and of the cutoff on the magnitudes ofG
and 11l is of the order of 10%. The spectral shape at\v
<1000 cm21 is not resolvably affected for \vc
>3000 cm21.

For clarity, the temperature ranges above and belowT*
are plotted separately.G(v,T) has little structure and is es
sentially increasing linearly with frequency. ForT.T* the
relaxation ratesG(v,T) differ only by a constant offset
which is approximately proportional to the temperature, a
can be well represented by

G~v,T!5av1G0~T!, ~13!

wherea is a constant varying between 0.4 and 1.5 for t
samples studied.G0(T) is the static scattering rate, and
optimal doping one finds\G0(T)5bkBT. b is of order 2, in
satisfactory agreement with ordinary transport and ear
Raman results.23 For underdoped samples the static rela
ation rate does not extrapolate to zero for zero tempera
andG0(T→0).0. If the temperature is reduced belowT* ,
G(v,T) starts to develop a kink at approximately 400 cm21

which is more pronounced for the underdoped sample@Fig.
11~d!# but also clearly visible at higher doping. The rela
ation rate forv→0, G0, continues to decrease in a simila
way as aboveT* , i.e., linear in temperature. Forv
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FIG. 12. Dynamical relaxation
rates\G(v,T)5\/t ~a!–~c! and
mass renormalization factors 1
1l(v,T) ~d!–~f! for Y123 as de-
rived from the B1g spectra via
Eqs.~5! and ~6! at T.Tc .
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.500 cm21 the temperature dependence becomes m
weaker.

The mass enhancement 11l(v,T) has little dependence
on temperature aboveT* and has structure only at low en
ergies while approaching a value between 1 and 2 ab
500 cm21 @Figs. 11~g!–11~i!#. This demonstrates that th
approach and, in particular, the normalization through
sum rule, Eq.~8!, return qualitatively correct results in th
far IR range as interactions can only enhance the band m
implying l(v)>0. The behavior for\v<20 cm21 is not
quite clear since the quality of the data is reduced close to
laser line. It appears that there is a weak~logarithmic! diver-
gence atv50. Sincevl and G are KK related, this is a
direct consequence of the linearity ofG(v) down tov50.
Indeed,l(v50) is finite only if G(v→0) is ‘‘rounded off’’
or more precisely if]G(v→0)/]v50. This, however, can-
h

ve

e

ss,

e

not be decided on the basis of the existing data. ForTc,T
,T* a substantial increase of 11l(v,T) is found in the
low-energy range.

The results for theB1g symmetry are shown in Fig. 12. In
contrast to theB2g symmetry not only the zero-frequenc
extrapolation value and its temperature dependence but
the frequency dependence changes. If we assume thatG(v)
still varies approximately linearly with frequency accordin
to Eq. ~13!, the parametera changes from 1.4 in the under
doped sample to 1 and 1.5 in the optimally doped and
overdoped one, respectively. In addition to thatG(v) shows
the tendency to saturate for\v.500 cm21 in the over-
doped sample@Fig. 12~c!# while still increasing linearly in
the underdoped and the optimally doped samples@Figs. 12~a!
and 12~b!#. In the dc limit the relaxation ratesG0(T) de-
crease withT in the overdoped and in the optimally dope
FIG. 13. Dynamical relaxation
rates \G(v,T)5\/t ~a!–~f! and
mass renormalization factors 1
1l(v,T) ~g!–~i! for Bi2212 as
derived from theB2g spectra via
Eqs. ~5! and ~6! ~see text! at T
.Tc .
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FIG. 14. Static~dc! relaxation rates\G0(T) for Y123 for B1g ~a!–~c! and B2g ~d!–~f! symmetry atT.Tc . The error bars are
approximately 10%. Open symbols represent the data derived via Eq.~14!; solid symbols show the zero-frequency extrapolation values
the dynamical relaxation rates plotted in Fig. 11. The data are scaled to each other. Typical differences are of the order of 30% or
dashed lines in~d! and ~e! are relaxation rates calculated from the resistivity of comparable samples through Eq.~12! ~Ref. 71!. The
~renormalized! plasma frequencies are taken from Ref. 49.
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samples. In the underdoped oneG(v,T) generally increases
with decreasingT, and the overall magnitude is larger b
more than a factor of 2. In optimally doped Y123 in bothB2g
and B1g symmetries the relaxation rates at 112 K devi
slightly from the general trend@Figs. 11~e! and 12~b!, respec-
tively# as doesG0 later on@see Fig. 14~e! below#. Most likely
this is an artifact due to surface contamination. As an eff
of the phonon-subtraction procedure and of the influence
the laser line the results for the mass enhancement bec
noisy, in particular at small energies. Above som
200 cm21 they are qualitatively similar to those atB2g sym-
metry at low and optimal doping@Figs. 12~d! and 12~e!#. In
the overdoped samplel seems to be close to zero in th
e

ct
of
me

whole frequency range@Fig. 12~f!#. Neither forG(v,T) nor
for 11l(v,T) characteristic changes can be found arou
T* .

The B2g results for differently doped Bi2212 samples a
compiled in Fig. 13. They exhibit qualitatively similar fea
tures as those in Y123. Generally, the structures relate
the pseudogap are weaker and found at somewhat hi
energies at approximately 600 cm21. On account of the
larger number of phonons in Bi2212 the data for
1l(v,T) are less stable than in Y123@see Figs. 13~g!–
13~i!#, and the qualitative change in the pseudogap stat
not seen as clearly as in underdoped Y123@cf. Figs. 11~g!
and 13~g!#. We suspect that the presence of structures rela
re.
Eq.
a

FIG. 15. Static relaxation rates\G0(T) for Bi2212 forB1g andB2g symmetry atT.Tc using the same symbols as in the previous figu
The error bars are approximately610%. The dashed lines in~a!, ~b!, and~d! are relaxation rates calculated from the resistivity through
~12!. In ~a! and~b! the resistivitiesr(T) have been measured for the respective samples; in~d!, r(T) is taken from Ref. 72 as are all plasm
frequencies.
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9764 PRB 61M. OPEL et al.
to the pseudogap can be suppressed by imperfections in
sample, and it is very likely that Y doping of Bi2212 affec
the CuO2 planes stronger than oxygen deficiencies in Y1
In the superconducting state we will observe consistently
pair-breaking structures to be less pronounced in Y-do
Bi2212.

VI. DISCUSSION

The physical quantities which can be obtained on the
sis of the proposed model allow additional insights into pro
erties of the cuprates. We will first focus on the static~dc!
limit and discuss the relationship to other experiments. La
on, we will try to arrive at a better understanding of t
pseudogap and the superconducting gap and their respe
evolution with doping and temperature.

A. Static limit

Static relaxation rates have already been derived from
Raman data.23,39,55,70 In order to obtain absolute numbe
model assumptions as to the spectral shape of the resp
were used such as a relaxation rateG(v,T)
5A@av#21@G0(T)#2 where G0(T)5G(v50,T).39,70 The
frequency dependence was limited toG while l was set
identical zero~see, e.g., Refs. 39 and 70!. This is a reason-
able guess as we find here 11l(v) to be constant and clos
to unity for a fairly large frequency range~see Figs. 11 and
13!. In addition, the influence ofl is very small in the limit
v50 @see Eq.~3!#. It is important to note, however, that th
form of G(v,T) returns realistic results only in the limitv
50 while failing for vÞ0. For finite v the correct fre-
quency dependence is rather described by Eq.~13! which, in
turn, does not at all allow one to fit the data withl[0. This
detail shows that the proper treatment leads to qualitativ
different results.

A reasonable estimate forG0(T) independent of the de
tails of the spectral shape ofx9(v) can be obtained directly
from an extrapolation of the scattering intensity tov50,
Ṅ(v→0,T), which is proportional tot0(T)5@G0(T)#21 in
the same way as]x9(v,T)/]v ~see Ref. 38!. If G(v)}v at
large energies@see Eq.~13!#, the missing constant of propor
tionality is given by the extrapolation value ofx9(v→`), in
any other case, including constantG, by the maximal value
of x9(v). All these numbers are close to 1/2 at the approp
ate frequencyv1/2. Then, for\v1/2@kBT, we have a rough
estimate of the constant, according to Eq.~1! R52Ṅ(v1/2),
and the zero-frequency extrapolation value of the relaxa
rateG0 is given by

\G0~T!5kBT
2Ṅ~v1/2!

Ṅ~v→0,T!
. ~14!

For the determination ofR we always took the average in
tensity between 800 and 1000 cm21, Ṅ1000, which was tem-
perature independent in all experiments~see Fig. 1!. These
arguments rest on quite general principles such as the
symmetry of the response function and illustrate that
low-energy part of the Raman spectra follows rules whi
even if qualitative, provide an idea of the trends and le
already to useful conclusions independent of the origin of
the
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intensity: Whenever the response is collision limited, i.
vF•q!G with vF the Fermi velocity andq the momentum
transfer, the slope of the low-energy part of the spectra sc
with the lifetime of the respective excitation.

The results for the static limit are consistent with tho
obtained in the previous section. The temperature dep
dence is reproduced almost identically. For the magnitu
discrepancies of 10% or 20% are typical. Figures 14 and
show the results for\G0(T) as obtained for Y123 and
Bi2212, respectively, from both the extrapolation of the
tensity according to Eq.~14! and the extrapolation of the
dynamical scattering rateG(v,T) to v50 as shown in Figs.
11 and 13. The magnitudes have been adjusted to facil
the comparison. The agreement with the old data70 is of simi-
lar quality, and we have to conclude that the relaxatio
behavior in the dc limit is a stable result. The most striki
fact is the difference between theB1g and B2g symmetries
being qualitatively similar in the two compounds: Towar
low doping theB1g scattering rates increase, and their var
tion with temperature]G0(T)/]T change sign from positive
to negative.

FIG. 16. Reflectivities as derived from theB2g dynamical scat-
tering ratesG(v,T) and mass renormalization factors 11l(v,T)
for overdoped and underdoped Y123 at various temperature
indicated. The~renormalized! plasma frequencies are taken fro
Ref. 49.

FIG. 17. Mass renormalization 11l(v) as calculated from the
B2g Raman response of overdoped Y123 in an extended en
range. Similar results are obtained for other doping levels.
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B. Other experiments

The properties of the carriers have been investigated
several other methods such as ordinary, Hall, and heat tr
port, optical ~IR! conductivity, electron tunneling, an
ARPES. Most of these experiments are indicative of a str
momentum dependence of the relaxation timetk(v,T) with-
out, however, converging into a unified picture.

As demonstrated in Figs. 14 and 15 the scattering ra
found here atB2g symmetry in the limitv50 show a similar
evolution with temperature and doping as ordinary transp
For comparison we plotted dc scattering rates as obta
from the resistivities through the Drude formula, Eq.~12!,
represented as energies\G0. For Y123 all resistivities and
for the Bi2212 part of the resistivities are taken from t
literature71,72 as are the plasma frequencies in general.49,72

Throughout the paper renormalized plasma energies
used. For Y123a-axis data have been selected as theB2g

Raman data are insensitive to chain contributions. The
crepancies between Raman and transport data are sm
than some 30%, and the qualitative change with dopingp,
e.g., the zero-temperature extrapolation valuesG0(p,T→0)
and the slopes]G0(p,T)/]T, of the relaxation rates are we
reproduced. Independently, very good agreement was fo
between ordinary and optical transport.6,7,73 Up to this point
we apparently wind up with a consistent picture, and theB2g
Raman response probes the relaxational behavior in the z
frequency limit as does IR and transport.

At finite energies, theB2g Raman results and the IR da
for G(v) agree also rather well up to energies of appro
mately 1500 cm21.6,7,73 As in IR spectroscopy the magn
tude of the scattering rates does not vary significantly w
doping, implying that the variation of the dc resistivity wit
doping is apparently not simply an effect of a change in
lifetime. It is rather a combination in that the zer
temperature offset is due to the lifetime while the increase
the slope originates from the change of the plasma freque
@see Eq.~12! and Ref. 49#. The differences between the I
and Raman results are more pronounced for 11l(v,T). The
qualitative change with temperature and the order of ma
tude are still similar~see, e.g., Ref. 32!; however, the range
in which the effective mass depends on energy is confine
some 500 cm21 in our experiment while being very wide i
IR.73

ERS and IR data can be directly compared when the
namic reflectivity is calculated from the light-scattering r
sults for G and l via the standard formula. In Fig. 16 w
show the results for underdoped and slightly overdop
Y123 using typical~renormalized! in-plane plasma frequen
cies vpl

a obtained from the reflectivity with light polarize
along thea axis. As the contribution of the chains is su
pressed the reflectivity is smaller than for random polari
tion but both the temperature and the frequency depende
are well reproduced, in particular for the overdoped sam
For the underdoped one the influence of the pseudogap
low T* .200 K manifesting itself as a kink in the IR reflec
tivity between 500 and 800 cm21 cannot be resolved in th
‘‘Raman reflectivity’’ while being very pronounced in the fa
IR.74 This difference is remarkable as the relaxation ra
obtained from Raman and IR scattering are quite simi
Apparently, the discrepancies in the ‘‘reflectivities’’ are r
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lated to the more pronounced differences in the respec
mass renormalizations which are not understood at the
ment. As already pointed out the present analysis neglect
details of the interaction between photons and electrons~ver-
tex corrections!, and one should probably start here for
better understanding. Nevertheless the similarities of
properties found by ordinary and optical transport andB2g
Raman scattering prevail in the range\v,1500 cm21.

At high energies (\v.1500 cm21) Raman scattering
and IR results cannot be compared anymore which is m
strikingly demonstrated in a plot of the mass renormali
tion. 11l(v) as derived from Raman scattering drops s
nificantly below unity for\v.2500 cm21 after a plateau
extending over 500–1000 cm21 ~Fig. 17!. This is a clear
indication that the cross section cannot come from carr
only as already suspected earlier~see Fig. 4! since negative
l ’s are unphysical in a metallic system. It should be emp
sized that the magnitude of 11l is determined indepen
dently by the sum rule, Eq.~8!, in the same way as the
relaxation rateG which, in turn, is found to be consisten
with other experiments. Consequently, an absolutely n
trivial result is shown in Fig. 17. We arrive at the conclusi
that there is a lot of evidence for Raman scattering atB2g
symmetry to probe carrier excitations in a range up
1500 cm21. Beyond this range additional channels contr
ute to the inelastic cross section which essentially do
vary with doping.

We wish to point out again that IR spectroscopy and R
man scattering cannot be expected to return identical res
even if the same type of excitation is probed. First, differe
parts of the Fermi surface are projected out by the two me
ods. In a tetragonal system, for instance, the conductivit
completely isotropic in the basal plane. Apparently, ho
ever, theB2g Raman response, at least at small frequenc
and ordinary and optical conductivity emphasize simi
parts in momentum space, i.e., those along the diagon

FIG. 18. Extrapolated ‘‘normal’’ spectra for the pseudog
state,T,T* . As demonstrated in~a! the extrapolation procedure
works quite well aboveT* where the actually measured spectra c
be reproduced satisfactorily. In the pseudogap state~b! the devia-
tion from the expected ‘‘normal’’ behavior is very pronounced.
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Second, the bare response functions are renormalized in
different ways ~vertex corrections! which depend on the
probing energies. The exploration of the latter subject is
at the beginning.

It is obvious that theB1g data cannot be linked to ordinar
transport. If there exists a relationship to other transport
sults at all the dc limits of the ERS data are reminiscent
the Hall resistivity rxy(T,p),75–77 the transverse hea
transport78 ~Righi-Leduc effect! or c-axis transport.79 It has
indeed been argued that the characteristics of longitud
and transversal transport are being determined by car
with momenta along the diagonals and the principal ax
respectively.76,77 Alternatively, spin-charge separation ca
lead to different relaxation times.80 Then theB1g rate would
correspond to the spin degrees of freedom. Indeed, theB1g
channel samples magnetic excitations81 becoming more and
more dominant at low doping. Consistently, in strongly ov
doped Bi2212 with essentially no magnetic correlatio
present the scattering rates are almost identical in the
channels~see Fig. 15! while thea-c anisotropy is still very
large.79 So there are probably two sources for the anisotro
between theB1g and B2g channels in the Raman data, on
reflecting the in-plane anisotropy of electronic properties,
other one being related to thea-c anisotropy. The in-plane
component can be compared to ARPES results. There,
scattering rates derived for momenta close to (p,0) increase
strongly towards low carrier concentration.82 In conventional

FIG. 19. The pseudogap as a function of temperature and do
for Y123. Shown in the figure is the difference between the exp
mental and the extrapolated response functionRDx9(v,T,p).
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theory only electronic states lead to ARPES spectra like t
and Raman scattering would then just reflect the same st
in-plane anisotropy of carrier properties. It has been sho
recently that a strong interaction between electrons and
fluctuations or scattering of electrons on extended impuri
can lead to such properties.25 It is not clear at the momen
how the anisotropy found by Raman scattering can be rela
to the formation of stripes and the crossover from tw
dimensional~2D! to 1D behavior in the pseudogap phase
proposed by Moshchalkovet al.83 If one applies the same
argument as for the chains in Y123, theB2g in contrast to the
B1g response would not be expected to be sensitive to p
erties of stripes running along the Cu-O bonds. In this s
nario the similarity betweenB2g Raman scattering, IR spec
troscopy, and transport can only be explained if the over
between the stripes is substantial and not strictly perpend
lar to the bond direction.

We can summarize this section by stating that ordin
and optical transport andB2g Raman scattering at energie
below 1000 cm21 can be described consistently in a simp
Drude-like picture as long as we limit ourselves to tempe
tures aboveT* . At low temperature,T,T* , and low doping,
p<0.1, the scenario turns out to be oversimplified:~i! Quali-
tatively new behavior is observed in theB2g Raman spectra
but the related features are weaker than in IR spectrosc
~ii ! For both Y123 and Bi2212, as well as for LSCO,8,55,56no

ng
i-

FIG. 20. The pseudogap as a function of temperature and do
for Bi2212. Shown in the figure is the difference between the
perimental and the extrapolated response functionRDx9(v,T,p).
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signature of the superconducting gap can be observed aB1g

symmetry in underdoped samples withTc<0.7 Tc
max. There

is no significant change in the spectra either at the pseudo
temperatureT* . At present this observation cannot be link
to the ARPES results where the pseudogap is clearly see
momenta approximately parallel to the principal ax
equivalent toB1g in Raman scattering.

C. Pseudogap

For underdoped Y123 and Bi2212,B2g results in the
pseudogap state have already been described elsewhe8,9

Here, we will additionally focus on the doping and tempe
ture dependence and propose a method for the data ana

The pseudogap state is characterized by a loss of spe
weight in the frequency range between zero and appr
mately 800 cm21. This decrease of the scattering cross s
tion is clearly seen inB2g symmetry in underdoped but sti
superconducting material when the spectra taken atTc,T
,T* are compared to those at higher temperature. Howe
it would be more physical to relate ‘‘normal’’ an
‘‘pseudogap’’ spectra at the same temperature. Since the
state belowT* cannot be suppressed, we try to constr
spectra at the respective temperatures. From the temper
dependence atT.T* we have a fairly good idea of how th
‘‘normal’’ evolution of the spectra with temperature shou
look: The mass enhancement does not change significa
and the scattering rateG(v,T) is essentially linear in fre-
quency in the range of interest. With decreasing tempera
a constant offset is subtracted which is approximately p
portional to temperature@see Figs. 11~a!–11~c! and Eq.
~13!#. The constant offset is completely determined by
static limit G0(T). Therefore, we take 11l(v,T) and
G(v,T) from aboveT* , leavel unchanged, shiftG by an
appropriate constant in a way that it matches the experim
tal value of static limitG0(T,T* ) at the desired temperatur
T, and plug the quantities into the expression for the norm
state response, Eq.~3!. In this way we obtain an estimate o
how the normal responseRx9(v,T) should look at tempera
tures in the pseudogap state. The difference between the
trapolated and the measured spectraRDx9(v,T) is then a
more realistic approximation of the loss in intensity occ
ring for T,T* . The extrapolation procedure can be check
at high temperatures and is found to be fairly reliable~Fig.
18!.

We can now systematically study the dependence of
pseudogap on doping and on temperature. The results,

FIG. 21. Comparison of the characteristic temperaturesT* as
obtained from different experiments as a function of the numbe
carriers per CuO2 plane.
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the reduction of cross section, for Y123 and Bi2212 are p
ted in Figs. 19 and 20, respectively. For underdoped mate
close toTc the reduction of the response function as a res
of the pseudogap has the same order of magnitude as
response itself. The change of the spectra in the new s
becomes very small for higher doping levels but can still
observed even if theTc of the sample is already reduced b
more than 10% on the overdoped side~Fig. 20!. In Y123 the
effect of the pseudogap does not decrease monotonousl
wards higher carrier concentration and is stronger in
overdoped sample than in the optimally doped one. Since
know from magnetization measurements that the optim
doped sample we used here is less ordered than the o
doped one due to oxygen clustering,63 it is straightforward to
assume that the pseudogap state may escape detecti
even slightly disordered material. One of the reasons is
pronouncedk dependence of the pseudogap as observed
ARPES since scattering from impurities leads always to
mixing of different momenta, hence averaging out effe
confined to small parts of the Fermi surface. In a rec
ARPES experiment on Bi2212 the effect of disorder due
irradiation with electrons has indeed been studied84: With
increasing disorder first the gap in the superconducting s
is filled in, then the electronic states aboveTc are smeared
out. In addition, elastic scattering of carriers off defects lea
to an independent contribution to the Raman cross sec
which is not at all affected by the new state. This expla
consistently that the effect of the pseudogap~i! is weaker in
underdoped Bi2212 with Ca partially replaced by Y,~ii ! is
reduced in optimally doped Y123 with oxygen clusterin
and, simply because of the continuous improvement of
sample quality,~iii ! was not observed earlier in Raman sc
tering. From these considerations, too, we have to concl

f

FIG. 22. Peak\vpeak and merging\v0 frequencies forB2g

symmetry in differently doped Bi2212 samples. The dashed lin
a parabolic fit to the peak frequencies resembling closely the do
dependence ofTc as described in Ref. 45.
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that the Bi2212 sample withTc592 K is already on the
underdoped side of the phase diagram.

While the maximal amplitude of the spectral chan
RDx9(vps,T,p) is doping and temperature dependent b
the center of gravity\vps and energy rangeE* within which
the spectra are subject to changes belowT* are apparently
not. We observe them at approximately 200 and
800 cm21, respectively.RDx9(T,p) disappears at a doping
dependent temperatureT* (p). Due to noise and probabl
also for small instabilities in the measuring conditions,T* is
not very well defined but seems to approachTc at a not yet
clearly determined doping well beyond the optimal one.

The Raman data fit reasonably well to the results fou
with other methods as long as the characteristic tempera
is concerned~Fig. 21!. However, it is not yet clear to which
extent the results can really be compared. The energy sc
are different, and there exists no microscopic model
which allows a consistent derivation of the various corre
tion functions. The energyD0.500 K ~350 cm21) found in
ARPES close to (p,0) apparently related to the normal-sta
gap as it is also observed aboveTc . The difference between
D0 and the characteristic energyE* observed in ERS of
approximately a factor of 2,E* .2D0 can be understood
qualitatively if one recalls that ARPES and ERS are d
scribed by single- and two-particle correlation functions,
spectively. However, in contrast to Raman scattering wh
E* is constantD0}T* is observed in ARPES.85 A similar
discrepancy is found in comparison to electron tunnel
experiments10,11 where the energy of the normal-state g
scales with that of the superconducting one. In addition
that, the normal-state gap can even be observed at very
doping levels and temperatures.11 This has partially inspired
an explanation in terms of a charging effect in the insulat
layers between the CuO2 planes.86 On the other hand, in al
optical methods similar energy and temperature scales
observed7,87 although some details are different. The kink
G(v), for instance, is at 400–600 cm21 in Raman scattering
while it is at 800 cm21 in IR spectroscopy7 where we locate
E* .

Recently, Naeini and co-workers56 have studied LSCO by
Raman scattering at various doping levels. They foun
strong reduction of theB1g cross section at low doping, in
dependent of temperature~see also Refs. 9, 54, and 55! and
interpreted it by Fermi surface destruction as proposed,
instance, by Engelbrechtet al.88 or Furukawaet al.89 Since
no temperature dependence was found in this study,
apparent that different subjects are being discussed here
there which nevertheless can be related through a com
interaction such as spin fluctuations in a way suggested
Schmalian and collaborators.90,91

D. Superconducting gap and pseudogap

In the current discussion the relationship between
pseudogap and the superconducting gap plays a prom
role ~see, e.g., Refs. 13 and 20 and references therein!. Since
the Raman response is related to a density correlation f
tion, even-parity coherence factors68 are relevant. They give
rise to the occurrence of pair-breaking features in
spectra,60,92 thus clearly indicating the onset of phase coh
ence in the superconducting state. Consequently, the e
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tence of a gap or of pairs without phase coherence on the
hand and of coherent pair formation on the other hand le
to fundamentally different structures in the spectra. Hen
Raman scattering can provide qualitatively new informat
by clearly distinguishing between a normal state and a su
conducting gap in a way more similar to Andreev reflecti
experiments20 than to ARPES, IR, or electron tunneling.

The variation withk and the symmetry of the SC gap i
the cuprates have been discussed exhaustively, and a pre
ing dx22y2 contribution seems to be widely accepted not on
at optimal doping. The spectral dependence of the Ram
response is in quantitative agreement with thed-wave hy-
pothesis, at least close to optimal doping.34,36–38,55,93,94Com-
plications arise both in the overdoped and underdoped ran
of the phase diagram. At high doping levels the spectra se
to be supportive of a reduced anisotropy;95,96however, small
admixtures of ans-wave component can at least qualitative
explain the shift of the peaks.53 More importantly, the low-
frequency power laws clearly show a dominantdx22y2 com-
ponent. For low doping the situation is more complicated
pair-breaking features cannot be found neither atA1g nor at
B1g symmetry in samples with a substantially reducedTc
~Figs. 9 and 10!.8,9,23,55,56,97,98The pair-breaking peaks rathe
fade away closely below optimal doping.98 In contrast,
superconductivity-induced features can be observed re
ducibly in B2g symmetry at all doping levels.23,55,56,99For
both compounds Y123 and Bi2212, as well as for LSCO56

they can be shown to scale withTc ~Figs. 7 and 8!. For better
visualization normalized and absolute peak frequencies
Bi2212 are plotted in Fig. 22. The peaks are found at
proximately 7kBTc . In addition, the response increases li
early over an energy decade~in contrast to the convex shap
in the normal state! with the slope]x9(v,T.0)/]v scaling
with kBTc in the same way as the peak frequencies~Fig. 8!.
The energies\v0, where normal and SC spectra merge, e
hibit the same scaling behavior as\vpeak, thus demonstrat-
ing the spectral shape to be doping independent as well.
conclude, therefore, the gap to bed-wave-like at all doping

FIG. 23. Pseudogap and superconducting gap atB2g symmetry
for two characteristic doping levels in Y123. The results for Bi22
show the same trend.
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levels. Consequently, the energy scale relevant for the su
conducting state is of the order of 8kBTc at all doping levels
studied.

This is not at all a generally accepted conclusion as m
other experiments suggestD0 to scale withTc at best in the
overdoped range and to continuously increase in the un
doped part of the phase diagram whereTc decreases
again.10,102,103This raises the important question of what
actually measured in the various experiments.20,104 If low
energies,E!D0, are considered such as in measurement
the specific heatcp or of the magnetic penetration depthlab ,
the gap seems to scale withTc in the whole doping range
while typical high-energy probes,E.D0, such as ARPES
find a decoupling ofTc and of what is usually identified with
D0. In electron tunneling experiments both types of behav
seem to be observable, in that close toE50 there is
scaling104 while the position of the conductance peaks
creases continuously towards low doping.10,103 It has been
argued that the Raman peak frequencies atB1g symmetry
also continue to increase in the underdoped range,95,98resem-
bling the high values found by tunneling or ARPES.101 Al-
though most of the recent studies find the Raman peak
vanish rapidly below optimal doping,23,55,56,98the frequency
positions and, in particular, the interpretation are still a m
ter of debate. Part of the problem is related to the stro
sample dependence which is almost completely absen
B2g symmetry ~cf. Figs. 7 and 8!. At B1g symmetry we
found differences in the peak frequencies of occasion
100 cm21 for samples with the sameTc and doping level
just as a result of different annealing routes or sample qu
ties. For this reason we will not pursue the discussion of
B1g response here.

At present, agreement between the different methods
be achieved for small energies. Here, tunneling, penetra
depth, andB2g Raman scattering suggest the existence
nodes being characterized by a gap varying asD(dw)
5Cdw with dw the distance from the node on the diagon
In addition, the constantC seems to scale withTc . In An-
dreev reflection experiments 2C is found to be close to
6kBTc ,20 in satisfactory agreement with the data presen
here. For the limited resolution there are no reliable ARP
data close to the node. Apparently, theB2g Raman data are
consistent with the low-energy probes not only in the norm
state but also belowTc .

In B2g symmetry we can compare the energy scales of
pseudogap and of the superconducting gap directly. In
23 spectra for two doping levels are shown. In both ca
pseudogap data forT.Tc have been replotted from Fig. 19
For the superconducting state we show the differe
R@x9(v,T.0)2x9(v,Tc→T.0)# of the data at low tem-
perature and spectra extrapolated from those close toTc to
T.0 using the same procedure as described for
pseudogap~see preceding paragraph!. The respective raw
data can be found in Fig. 7. In the underdoped sample
difference RDx9 vanishes for energies larger than\v0
.500 cm21, well below E* 5800 cm-1. For Y123~7.0!,
\v0 andE* coincide. At the same time the superconducti
peak moves from 220 to 350 cm21 while the centers of
gravity of the pseudogap spectra\vps remain almost un-
changed at 200–250 cm21. This may demonstrate that w
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cannot find a scaling behavior of the two gaps.E* is appar-
ently an energy scale which is also observed in
spectroscopy7 where it seems to be as independent of dop
as here. SinceE* is approximately constant, it is tempting t
compare it with the magnetic exchange energyJ
.100 meV being of similar magnitude. There is no ener
scale which compares sufficently well with the magnitude
the spin gap@Dspin.160 cm-1 for underdoped Y123~Ref.
83!# to motivate an identification.\vps seems to be close in
energy but exhibits a different doping dependence.

VII. SUMMARY AND CONCLUSIONS

Electronic Raman spectra for the cuprate systems Y
and Bi2212 have been presented. We have studied the
pendence on polarization, temperatureT, and dopingp. T
varies between 10 and 330 K and 0,p<0.23 with p
50.16 being the doping at the maximalTc . For the analysis
of the normal-state data the memory function method
adopted for the Raman case. This enables us to calcu
dynamical lifetimest(v,T,p) and interaction parameter
l(v,T,p) of the carriers.

In the B2g channel, emphasizing electronic momen
along the diagonals of the CuO2 planes, we find almost quan
titative agreement with ordinary transport and IR results
the dc limit and at finite frequencies, respectively. All resu
are consistent. The relaxation ratesG5t21 do not vary sig-
nificantly with p. At B1g symmetry a strong doping depen

FIG. 24. Variation of pseudogap~dark gray! and superconduct-
ing gap~light gray! on the Fermi surface~heavy line!.
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dence ofG(v,T,p) is observed which has not been detec
previously. It is reminiscent of the strong in-plane anisotro
found with ARPES or derived from transverse charge a
heat transport. However, it shows also elements ofc-axis
properties since the anisotropy betweenB1g andB2g symme-
tries is quite different in Y123 and Bi2212.

Below a characteristic temperatureT* spectral weight is
lost in the B2g spectra for energies\v<E* where E*
.800 cm21.J with J the magnetic exchange energy. B
extrapolating the results of the dynamical response aT
.T* spectra forT,T* can be synthesized and compared
those obtained experimentally. This enables us to estim
the full effect of the pseudogap on the cross section an
determine its dependence on doping and temperature.E*
and the center frequency of the pseudogap neither depen
p nor onT in the doping range in which the pseudogap c
be resolved. The gap aboveTc is clearly observed in the
range p<0.20. Its influence on the Raman spectra is l
pronounced than on reflectivity measurements, a fact wh
might be related to the different averaging in the Fermi s
face integrals and to different vertices in Raman and IR sp
troscopy.

In the superconducting state pair-breaking features are
served inB2g symmetry at all doping levels. The spectra a
indicative of a gap withdx22y2 symmetry. The characteristi
energy scales with the transition temperatureTc in agree-
ment with low-energy probes such as the magnetic pene
tion depth or the tunneling spectra close to zero bias a
similarly as derived from Andreev reflection, is found to
close to 8kBTc .

According to these results it seems more likely that
superconducting gap and the pseudogap we observe in
man scattering are completely decoupled and thatE* is al-
most doping independent and close to the exchange eneJ
in agreement with IR results.E* is also the maximal energ
up to which normal and SC spectra differ at optimal dop
or, more physically, up to which SC correlations are effe
tive at the highestTc . The variation of the ‘‘gaps’’ on the
Fermi surface is sketched in Fig. 24 for two doping leve
Close to optimal doping@Fig. 24~b!# the pseudogap is con
fined to a small region ink space; the superconducting gap
well defined all over the Fermi surface and of the same m
nitude as the pseudogap. In underdoped material
pseudogap is extended over a large region in momen
space. In addition to that, the Fermi surface does appare
not exist any more@indicated by dashed lines in Fig. 24~a!#.
As a consequence the superconducting gap is well defi
only close to the nodes where the Fermi surface exists
well. Here, the magnitude of the gap scales withTc . Prob-
ably it is not very meaningful to speak of a superconduct
gap for momenta along the principal axes. This energy co
rather be interpreted as the maximal binding energy of
pairsDp .20

Apparently, there are more than two energy scales in
cuprates~subject to a highly fluctuating nomenclature!. The
most prominent and probably best defined one is the SC
which is sometimes also referred to as the coherence gaDc
and which exists only forT,Tc . There is increasing suppo
for Dc.4kBTc . The highest scale is set by an energyD* 85

or Dp ,20,87,103which is identified with the pseudogap or wit
the maximal binding energy of the electrons, respective
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They both decrease rapidly with doping and have a sim
dependence onp. We speculate therefore thatD* [Dp . In
IR and Raman scattering a third almost-doping-independ
energyE* .J is found which becomes effective forT,T* .
Finally, there is a gap in the spin excitation spectrumDspin
.T* .2,3,83 The relationship between the various energies
an important, so far open issue.
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APPENDIX

The imaginary part of the Raman spectral functi
xgg9 (v,T) is obtained from the rate of inelastically scatter

photonsṄgg(v,T) via Eq. ~1! as

xgg9 ~v,T!5
Ṅgg~v,T!

Rgg$11nB~v,T!%
. ~A1!

As in the main partnB(v,T)5(exp(\v/kBT)21)21 is the
Bose-Einstein thermal function, the polarization~Raman ver-
tex! indicesg will be dropped, and a dimensionless versi
of the Raman spectral functionx will be used.

Sincex is a causal function with the imaginary part d
scribing absorption processes,vx9(v)>0 holds andx9(v)
decays at high energies. In the complexz plane we can there
fore define a holomorphic functionx(z) by the integral

x~z!5
1

pE2`

`

dj
x9~j!

j2z
~A2!

for all nonrealz. Without further consequences the Ram
response functionx(z) may differ by an additive constan
from the Raman spectral functionx(v) defined as a corre
lation function of the effective density. The spectral functi
x9(v) is the analytical continuation ofx(z) to the real axis,

x~v6 id!5x8~v!6 ix9~v!, ~A3!

and the real and imaginary partsx8(v) and x9(v), repec-
tively, are related by the KK transformation

x8~v!5
2

p
`E

0

`

dj
jx9~j!

j22v2
, ~A4!

where ` denotes the principal value. We define now t
Raman memory functionM (z) in an analogous way as wa
proposed for the conductivity by Go¨tze and Wo¨lfle,33
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x~z!5
M ~z!

z1M ~z!
. ~A5!

Though the Raman memory functionM (z) is different from
the conductivity memory function, its analytical properti
are the same.M (z) is holomorphic for all nonrealz and
obeys the symmetry relationsM* (z)5M (z* ) and M (z)5
2M (2z). ThereforeM (z) can be represented by the spe
tral functionM 9(v) as

M ~z!5
1

pE2`

`

dj
M 9~j!

j2z
, ~A6!

whereM 9(v) is the analytical continuation ofM (z) to the
real axis,

M ~v6 id!5M 8~v!6 iM 9~v!. ~A7!

For real frequenciesv the symmetry properties ofM (z) im-
ply that M 8(v) is an odd andM 9(v) is an even function of
v; hence the KK relation reads

M 8~v!5
2v

p
`E

0

`

dj
M 9~j!

j22v2
. ~A8!

With the usual notationM (v)5vl(v)1 iG(v) both l(v)
andG(v) are even functions ofv. 11l(v)5m* /mb with
mb the band mass describes a frequency-dependent mas
hancement that measures the strength of the interactio
the electrons either among each other or with other exc
tions such as phonons. In a system of noninteracting or e
tically scattered electronsl is identical zero. In the high-
frequency limitl(v) generally approaches zero in a syste
of free carriers.G(v) can be interpreted as the inverse o
frequency-dependent~Raman! relaxation time, G(v)
5@t(v)#21. Of course,l(v) andG(v) depend on tempera
ture as well.l(v) and G(v) are also related by KK trans
formations as can be seen immediately from Eq.~A8!.
Though formally similar the memory functionM should not
be confused with self-energyS. While M is a two-particle
correlation functionS is a single-particle property in a
many-body system.

At first glance the memory functionM (v) can be ob-
tained directly from the measured Raman responsex9(v) by
calculating the real partx8(v) via the KK relation in Eq.
~A4!. However, the experimental spectra~see, e.g., Fig. 4! do
not decay but turn out to be constant or to even incre
slightly in the midinfrared range~up to a typical bandwidth
of the order of 1 eV!. This requires the introduction of a
upper cutoff frequencyvc in the KK integral, Eq.~A4!,
which turns out to influence the results seriously. In orde
overcome this problem we define a new functionx̄(z),

x̄~z!5
1

z1M ~z!
. ~A9!

Sincex(z)512zx̄(z), x̄(z) and x(z) have the same ana
lytical behavior. Foruzu→`, x̄(z) decays as 1/z, and can be
continuated to the real axis asx̄(v6 id)5x̄8(v)6 i x̄9(v).
-

en-
of

a-
s-

e

o

Obviously, x8(v)512vx̄8(v), x9(v)52vx̄9(v), and
x̄9(v)<0. Therefore x̄8(v) can be expressed throug
x̄9(v) as

x̄8~v!5
2v

p
`E

0

`

dj
x̄9~j!

j22v2
. ~A10!

We use now the KK relation forx, Eq. ~A4!, but expressx9

by x̄9,

x8~v!52
2

p
`E

0

`

dj
j2x̄9~j!

j22v2

52
2

p
`E

0

`

djS 11
v2

j22v2D x̄9~j!.

This is equal to 12vx̄8(v); hence

12vx̄8~v!52
2

pE0

`

djx̄9~j!2
2v2

p
`E

0

`

dj
x̄9~j!

j22v2
.

~A11!

With Eq. ~A10! we obtain the sum rule

2
2

pE0

`

djx̄9~j!51. ~A12!

Wheneverx̄9(v) decays faster thanv21 the convergence is
guaranteed. However, in any practical analysis a cutoff
quencyvc has to be introduced which is typically of th
order of the bandwidth. This is particularly important fo
Raman scattering since the cross section not only origin
from carriers which the analysis is tailored for. The depe
dence of the integral onvc is crucially related to the high-
energy variation of the response. It is logarithmical ifx̄9(v)
decays exactly asv21 or, equivalently, ifx9(v) approaches
a constant value.

The advantage of the new functionx̄ becomes apparen
when we return to the original goal, i.e., when we deri
M (v) from the Raman spectra. We start by defining a n
function I (v,T)52Rx̄9(v,T) which can be expressed i
terms of the measured Raman intensityṄ(v,T) as

I ~v,T!5
Ṅ~v,T!

v$11nB~v,T!%
. ~A13!

The sum rule, Eq.~A12!, fixes the value of the scaling facto
R,

2

pE0

vc
dv I ~v!5R. ~A14!

Additionally, we defineK(v)5Rx̄8(v)/v and express it
through the KK transform ofx̄8(v) given in Eq.~A10!,

K~v!52
2

p
`E

0

vc
dj

I ~j!

j22v2
. ~A15!
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As long asv<0.2 vc the convergence is very fast and th
dependence onvc correspondingly weak. By separating th
real and imaginary parts we can now determine both
Raman relaxation rateG(v) and the mass-enhancement fa
tor 11l(v),

G~v!5R
I ~v!

@ I ~v!#21@vK~v!#2
, ~A16!

11l~v!5R
K~v!

@ I ~v!#21@vK~v!#2
. ~A17!

We emphasize thatvc is the only adjustable parameter an
that not only the spectral shape but also the magnitude oG
and 11l is obtained. Due to the specific choice ofI (v) in
Eq. ~A13!, the spectral shapes ofG(v) and 11l(v) become
almost completely independent ofvc , and the scaling facto
R depends only weakly, in our case logarithmically, on t
cutoff.

The above formulas are general, and the conducti
s(v)5s8(v)1 is9(v) can be expressed in terms
x̄(v),33
a
.

.H

.

s.

y,
.

t-

.

.
y

e
-

y

s~v!5 i«0vpl
2 x̄~v!, ~A18!

wherevpl is the plasma frequency. If we plug that into E
~A12!, we obtain the well-known sum rule for the real part
the conductivity,

2m

pe2E0

`

dv s8~v!5n, ~A19!

with the definitions of the symbols used in Sec. V.
We can define a Raman conductivitysgg by Eq. ~A18!

using the Raman memory function. However, due to the
ferences of the vertices, the optical and Raman conductiv
should be considered as different quantities. Neverthel
they display similar physical properties. The Raman cond
tivity in terms of the Raman intensityI (v,T) is given by

sgg~v,T!5«0vpl
2 I gg~v,T!1 ivKgg~v,T!

Rgg
, ~A20!

whereRgg5Rgg(vc ,T) in the general case.sgg depends on
the polarizations and reflects thereforek dependent proper
ties.
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