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Pairing correlations in a generalized Hubbard model for the cuprates
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Using numerical diagonalization of a 434 cluster, we calculate on-sites, extended-s, anddx22y2 pairing
correlation functions~PCF’s! in an effective generalized Hubbard model for the cuprates, with nearest-
neighbor correlated hopping and next-nearest-neighbor hoppingt8. The vertex contributions to the PCF’s are
significantly enhanced, relative to thet-t8-U model. The behavior of the PCF’s and their vertex contributions,
and signatures of anomalous flux quantization, indicate superconductivity in thed-wave channel for moderate
doping and in thes-wave channel for high doping and smallU.
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I. INTRODUCTION

Since the discovery of high-temperature superconduc
ity, much effort has been devoted to studying the proper
of the Hubbard model, thet-J model, and modifications o
them. While these studies have helped to clarify seve
optical and magnetic properties of the cuprates,1,2 the super-
conducting mechanism remains unclear. Studies in gene
ized t-J models suggest a magnetic origin of sup
conductivity,3–7 but the numerical results seem to requ
either a superexchangeJ, or a three-site term,4,7 which is
beyond the realistic range for the cuprates. In addition,
constraint of no double occupancy in these models redu
the mobility of the superconducting pairs.8,9 On the other
hand, the search for signals of superconductivity in the H
bard model have been negative so far.1,10,11This fact stimu-
lates the study of modifications of the Hubbard model wh
represent more closely the physics of the cuprates.12 Re-
cently an effective modified Hubbard model for the cupra
derived earlier13 has been studied.12 The model includes a
nearest-neighbor~NN! correlated hopping which depends o
the occupation of the two sites involved and next-NN ho
ping t8. Within a mean-field approximation,12 the correlated
hopping has been found to originate pairing, the underly
mechanism being similar to that provided by a super
change couplingJ.12,14 The shape of the Fermi surface an
the positions of the van Hove singularities~vHS!, modified
with t8, influence the magnitude and the symmetry of t
order parameter. The expected instability for moderate d
ings, isd-wave superconductivity in concurrence with a sp
density wave~SDW! near half-filling.

Here we report results on pairing correlation functio
~PCF’s! and spin-correlation functions for this effectiv
model, obtained by numerical diagonalization of a squ
cluster containingL516 unit cells. We find evidence o
strong superconducting correlations withdx22y2 symmetry in
the doping regime of interest for the cuprates. Furtherm
in contrast to the case of the ordinary Hubbard model,
find indications of anomalous flux quantization~AFQ!, char-
acteristic of superconductivity,15 in most of the explored re
gion of parameters. Our numerical results support the me
field picture. The size of the cluster and the inclusion oft8
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made the calculation particularly difficult. To our know
edge, even witht850, no exact PCF’s have been so f
reported in this cluster allowing doubly occupied sites.

The model is briefly explained in Sec. II. Section III co
tains our main results. In Sec. IV we present spin correlati
which bring useful complementary information. Section
contains a short discussion.

II. THE EFFECTIVE MODEL

The effective one-band model for the cuprates is13

H5U(
i

ni↑ni↓2t8 (
^ i j 8&s

cis
† cj 8s2 (

^ i j &s
~ci s̄

†
cj s̄1H.c.!

3$tAA~12nis!~12nj s!1tBBnisnj s1tAB@nis~12nj s!

1nj s~12nis!#%, ~1!

where ^ i j &(^ i j 8&) denotes NN~next-NN! positions of the
lattice. The model was derived from a low-energy reduct
of the three-band model for the cuprates.U represents the
cost in energy of constructing a Zhang-Rice singlet from t
singly occupied cells.tAA represents the hopping of a Zhan
Rice singlet to a singly occupied NN cell. The terms wi
amplitudetAB correspond to the destruction of a Zhang-Ri
singlet and a nearest-neighbor cell without holes, crea
two singly occupied cells and vice versa.tBB describes the
movement of an isolated hole. WhileU lies between 3 and 4
eV, the magnitude of the correlated hopping terms is
times smaller, andtAB;10% larger than (tAA1tBB)/2 has
been estimated.13 However, for other parameters of th
multiband model, this ratio can be much larger, sincetAB is
linear in the Cu-O hoppingtpd , while tAA ,tBB;tpd

2 .12 In the
mean field, fortAB.tAA ,tBB , superconductivity in thes- and
d-wave channels is obtained.12 Near half filling, d-wave su-
perconductivity competes with the SDW. Ift850, the SDW
takes place atn51 while finite t8 destroys perfect nesting
and for doping such that vHS lie near the Fermi lev
d-wave superconductivity coexisting with short-range an
ferromagnetic fluctuations is expected. Instead,s-wave su-
perconductivity develops for smallU and sufficiently small
particle densitiesn. Although vHS are not well defined in a
9686 ©2000 The American Physical Society
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small cluster,t8 introduces changes in the distribution of th
particles ink space and conclusions concerning the tend
cies in the behavior of the PCF can be extracted. We res
to the electron-hole symmetric casetAA5tBB51 and large
tAB>2, in order to render more noticeably the effects of t
correlated hopping. We also investigatet850,20.45.16

III. PAIRING CORRELATION FUNCTIONS

The PCF’s are

Pa~ i !5^Da
†~ i !Da~0!&, ~2!

where for on-sites pairing Dos
† ( i )5ci↑

† ci↓
† , while Da

†( i )
5(d f a(d)@ci 1d↑

† ci↓
† 2ci 1d↓

† ci↑
† #/A8, with f es(d)51 for ex-

tended s pairing, and f d(d)51@ f d(d)521# when d
56(1,0) @d56(0,1)# for dx22y2 pairing. We normalize
Da

†( i ) in such a way thatuDa
†( i )u0&u251, to facilitate com-

parison among the different PCF’s.17 To compute the vertex
contribution to the PCF,18 denoted asP̄a( i ), the quantity
(^cl

†cj&^cm
† cn&2^cl

†cn&^cm
† cj&) is subtracted for every term

in Eq. ~2! of the form ^cl
†cm

† cncj&. For a BCS ground state

P̄a( i ) is positive and proportional to the square of the ord
parameter. The results we show for the correlation functi
correspond to ‘‘optimum’’ boundary conditions~OBC’s!,
which could be periodic~PBC!, antiperiodic, or mixed
~MBC!, i.e., periodic in one direction and antiperiodic in th
other, according to those which lead to the minimum grou
state energy. The computation has been made possibl
exploiting all symmetry operations of the space group of
square lattice19 plus time reversal~256 operations in the clus
ter!. Half of these operations are lost for MBC, and the
ported PCF’s are averages over equivalent distances in
periodic system.

To give an idea of the expected magnitude of the PC
and in order to establish a criterion to interpret our resu
we analyze the behavior of the PCF’s and the vertex con
bution for the usual attractive Hubbard model with a qu
large attractionU525, in which case superconductivity i
well supported by several calculations.20 These quantities are
displayed in Fig. 1 forN510 particles and distances larg
than one lattice site.21 As in the case of previous Mont
Carlo results,11 Pa(r ) shows oscillations with distancer,
while P̄a(r ) exhibits a smoother behavior. It is clear th
P̄os(r ) dominates over the other PCF, which is in agreem
with s-wave superconductivity~predominantly on-site! in the
model.20 In light of these results, we establish the followin
criterion to extract information from our numerical data: w
conclude that superconducting correlations in thea channel
are present in the model when both quantities,Pa and P̄a ,
are enhanced at large distances relative to the nonintera
case.

In Fig. 2, we show the effect oftAB andt8 for U50. The
PCFPa(r ) ~not shown! display the same qualitative beha
ior as those in Fig. 1~a!. We conclude that for these param
eters the model has strong signals ofs-wave superconductiv
ity in both on-site and NN channels. This agrees with
mean-field calculations.12 For N512 particles, the values o
P̄a(r ) ~not shown! are reduced in;0.01, but the qualitative
behavior remains the same. Fort850, the PCF’s are also
-
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strongest in thes channel. ForN512, P̄es(A8) is approxi-
mately one half of the corresponding value forN510. For
both densities, a negativet8 enhancesP̄es,os(r ) relative to
the case witht850. According to Ref. 12 whenU over-
comes a certain value,s-wave superconductivity is replace
by a SDW whent850 and byd-wave superconductivity for
finite t8. Keepingt8520.45, tAB52, and increasingU, we
find a decrease in thes-wave PCF’s and an increase in th
d-wave ones. The latter dominate already forU54 andN

510, with P̄d(r );0.015 and values significantly larger tha
those fortAB51.

For U510, with tAB52, the PCF’s are much larger in th
d-wave channel. The behavior ofPd(r ) and P̄d(r ) for dif-
ferent densities (N/L50.625, 0.75, and 0.875), is shown
Fig. 3, for t850,20.45. To simplify the figure, we do no
show the values ofPd(r ) for tAB51 and for the noninteract
ing case. ForN510,12, with tAB52 and t8520.45, the
values P̄d(r );0.02,0.03 @Fig. 3~d!# at distancesA2<r

<A8 are roughly half of the values ofP̄os(r ) for the Hub-
bard model with strong on-site attraction~Fig. 1!, and very

FIG. 1. ~a! Pairing correlation functions and~b! vertex contri-
butions to them as functions of distance forU50 ~open symbols!
andU525 ~solid symbols!, with tAB51, t850, N510, and PBC.
Triangles, circles, and squares correspond to on-sites, extended-s,
anddx22y2 PCF, respectively. Open symbols coincide in~b!.

FIG. 2. Vertex contribution to the PCF fortAB52, t8
520.45t, U50,N510, and PBC. FortAB51 ~open circles!

P̄a(r )50. Symbols are the same as in Fig. 1.
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similar to those of Pd(r ) for a short-range resonance
valence-bond wave function which by construction has
perconducting off-diagonal long-range order.4,17 These re-
sults are strong indications ofd-wave superconductivity. We
should also note that the superconductingd-wave pairs in the
model, have an internal structure which extends beyond
and with only a partial overlap withDd

†( i ). Thus, ourd-wave
PCF’s are reduced with respect to the optimum normali
PCF’s by the square of this overlap.8

For N510,12, the effect of a negativet8 is to enhance the
vertex contributionP̄d(r ). Instead, forN514, both Pd(r )
and P̄d(r ) are large for the case witht850, while they are
very small for t8520.45. Note that in all the cases wit
sizable pairing correlations, the values ofP̄d(r ) correspond-
ing to tAB52 are significantly larger than those correspon
ing to tAB51, with the same values oft8 andU. In addition,
in these cases, the noninteractingPd(r ) lie below the dis-
played ones fortAB52 in Fig. 3~a!. The remarkable large
values of P̄d(r ) observed in Fig. 3~c! for the case withN
514 particles could be somewhat exaggerated due to
ticular finite-size effects.22 In fact, when tAB51,P̄d(r ) in
Fig. 3~c! is large while the values ofPd(r ) are smaller than
those of the noninteracting case. The mean-field treatme12

predicts a maximum of the superconducting gap withd-wave
symmetry at half-filling for t850, when the SDW is not
taken into account. The concurrence between supercon
tivity and the SDW near half-filling manifests itself in th
cluster when different BC are used. ForN514, t850, tAB
52, U510, spin-spin correlations~not shown! are much
stronger for PBC than for MBC, while in the first~latter!
casePd(r ) is weaker~stronger! than in the noninteracting
case. In any case, as expected,6,7,12the maximum of the PCF
with doping shifts to higher doping ast8 increases.

In contrast to the cases without correlated hopping,
find signs of AFQ in most of the explored parameter spa
AFQ consists of a periodicity of half a flux quantum in th
ground-state energyE(F) as a function of a fluxF thread-
ing the system in a toroidal geometry, and it is a necess
but not sufficient condition for superconductivity.15 In finite
systems, a tendency to AFQ is indicated by a crossing

FIG. 3. Pd(r ) andP̄d(r ) for U510 andtAB51 ~open symbols!
and tAB52 ~solid symbols!. Circles, squares, and triangles corr
spond toN510,12,14, respectively.
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energy levels with different total wave vector asF is varied,
and the presence of two relative minima inE(F) with a
difference ofF in p ~usually atF50 and F5p) in the
interval @0,2p). In Fig. 4 we show the dependence onF of
the lowest energy levels of the system for several value
the parameters in which the level crossing occurs. Fig
4~a! and 4~b! correspond to dominants-wave PCF’s. In the
other cases shown, thed-wave PCF’s are the largest one
For t850,N510 we found a very similar behavior ofE(F)
to that observed in Fig. 4. Due to the fact that the introd
tion of a flux breaks the space-group symmetry and increa
considerably the size of the irreducible subspaces, we h
not constructedE(F) curves forN.10.

IV. SPIN STRUCTURE FACTOR

We have also calculated charge and spin-correla
functions. The spin structure factor S(q)
5( i j ^Si

zSj
zeiq(Ri2Rj )&/L2 for N512 is shown in Fig. 5. In

the absence of correlated hopping~Hubbard model witht8),
there is a peak near (p/2,p/2) which is inconsistent with
experiments. ForN510, moderatetAB and some values o
U, the peak is at (p,p/2). This result is consistent with neu
tron measurements in La22xSrxCuO4, which indicate that the

FIG. 4. Lowest relevant energies as a function of flux fort8
520.45t, N510 and several values ofU andtAB . The valueE(0)
is subtracted. Only half of the interval@0,2p) is shown because
E(F)5E(2F)5E(2p2F).

FIG. 5. Spin structure factor as a function of wave vector
t8520.45t, U510, N512. Open ~solid! circles denote tAB

51(tAB52).
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position of the incommensurate peak moves from (p,p) to-
wards (p,0) with dopingx, and the magnitude of the dis
placement is 2px.23 For lower dopings, the increase oftAB
tends to restore a peak at (p,p), which is rather broad, in-
dicating the presence of short-range antiferromagneti
similar to that found for a resonance-valence-bond~RVB!
state with superconducting off-diagonal long-range ord4

For the caseN514,t850,tAB52,U510S(q) exhibits a
broad structure at (p,p) for MBC, while largePd(r ) is ob-
tained, as discussed above. Instead, for PBC a much
rower peak, suggestive of longer-range antiferromagn
correlations is observed inS(q) while Pd(r ) are weaker than
those of the noninteractive case. These results suggest
the broad peak inS(q) and enhancedPd(r ) have the same
physical origin, possibly the establishment of an RV
ground state.

V. DISCUSSION

In summary, we have shown that correlated hoppi
which arises naturally in a low-energy reduction of mul
band models for the cuprates,13 leads to pairing correlation
of magnitude similar to that observed in the same cluster
states for which superconductivity is well established. F
low to moderate doping, the favored symmetry isdx22y2 for
finite U and t8.
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For weak coupling, the three-site term of the effecti
one-band Hamiltonian reduces to the sum of three two-b
interactions:12,14,24an exchangeJ, a nearest-neighbor repu
sionV, and a hopping of on-site pairsW. It is the effect ofJ
which favors singlet superconductivity.12,14 This agrees with
recent studies of pairing correlation functions int-U-J lad-
ders, which also obtain enhancedd-wave pairing.9

In one dimension~1D!, there is analytical and numerica
evidence that for smallU and largetAB , the ground state a
half filling consists of singlet dimers, and singlet PCF
dominate when the system is doped.14 The natural extension
of this scenario to 2D, seems to be a short-range RVB-
state at half filling, which turns into a singlet superconduc
as the dimers acquire mobility with doping. While we expe
long-range antiferromagnetism in the half-filled case, our
sults for pairing correlation functions and spin structure fa
tor are consistent with this scenario as the system is dop
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