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Effects of isotopic disorder on the Raman spectra of crystals: Theory an@b initio calculations
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We present a method to study the effects of isotopic composition on the Raman spectra of crystals, in which
disorder is treatedxactlywithout resorting to any kind of mean-field approximation. The Raman cross section
is expressed in terms of a suitable diagonal element of the vibrational Green’s function, which is accurately and
efficiently calculated using the recursion technique. This method can be used in conjunction with both semi-
empirical lattice-dynamical models and with first-principles interatomic force constants. We have applied our
technique to diamond and germanium using the most accurate interatomic force constants presently available,
obtained from density-functional perturbation theory. Our method correctly reproduces the light scattering in
diamond—where isotopic effects dominates over the anharmonic ones—as well as in germanium, where
anharmonic effects are larger.

[. INTRODUCTION In this paper we show how the effects of isotopic disorder
on the Raman spectra of crystals can be treated essentially

The striking successes met by the quantum theory of solwithout any approximations, besides those used for the cal-
ids over the past 70 years are mostly due to a careful exploisulation of the interatomic force constants. To this end, we
tation of the symmetry properties displayed by crystals befirst express the Raman cross section in terms of the vibra-
cause of translational invariance. The effects of isotopidional Green's function of the crystal, and then we calculate
composition on the vibrational spectrum of an otherwise perthe latter by using the recursion method. Section Il contains
fect crystal are possibly the simplest manifestation of theour theoretical formulation, while in Sec. Il we present the
phenomena which occur when translational invariance igesults that we have obtained by applying our theory to dia-
broken by disorder. From a theoretical point of view, themond and germanium crystals, and usial initio inter-
study of these effects is particularly appealing because disatomic force constants.
order does not affect the interactions between atoms—which
can therefore b_e calculate_d with high accuracy using tech- Il. THEORY
niques appropriate for periodic systems—but only the mass
distribution in the dynamical matrix. On the experimental In the specific case of the Raman spectrum and in the
side, the optical properties of isotopically enriched semiconadiabatic approximation, the cross section for the nonreso-
ductor samples, particularly germanium samples, have rgaant inelastic scattering of a photon polarized alongéhe
cently received a considerable attention motivated and trigéirection to a final state polarized along teg, direction is
gered by the ability to separate and to alloy different isotopegiiven by
of a given element and to produce either isotopically pure or
intentionally disordered high-purity crystdis.

The effects of substitutional disorder on the vibrational
properties of crystals are usually treated by some kind of
approximation aimed at defining an effective periodic dy-
namical matrix whose resolvent is the average Green’s func-
tion of the systenti.e., the Green’s function averaged over
the different realization of the disordér The simplest of WwhereE; andE; indicate the energies of the initié) and of
such approximations is the virtual crystal approximationthe final (f) vibrational states of the systen®; and ®; the
(VCA) in which the fluctuations in the variables which de- corresponding wave functionB, the thermal distribution of
termine the randomness in the systéhe nuclear masses in initial states,u the vibrational coordinates, arg(u) is the
the case of isotopic disordeare simply neglected and these static electronic polarizability tensor of the system expressed
variables replaced by their average value. Several improveas a function of the nuclear coordinates. Let us assume that
ments exist over the VCA—such as, notably, the coherentthe system is initially in its ground stat&@ £ 0). By expand-
potential approximatiotCPA)—in which fluctuations in the ing x in powers ofu up to linear order and making the
mass distribution are treated in the mean-field approximatiotarmonic approximation for the lattice vibrations, the cross
at different levels of sophisticatich. section reads

o(w)ocz P(E))8(w—E¢+E))
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) 5 where Greek letters indicate Cartesian coordinates,1,2}
o(w)* 2, 5(w—w,,)|2| X1 6.4P,|Q,|P0)|% (2 indicates the two equivalent atomic sites in the unit cell, and
. € is the Levi-Civita totally antisymmetric unit tensbric-
where |®,) is the vibrational ground state of the system,cording to Eq.(4), if the incoming light is polarized, say,
|@,) the state with one phonon emitted in théh normal ~ @long thex axis and the scattered photon is observed along
mode' QV and §|,V the Corresponding normal coordinate they direction, then)(" is proportional to the diSplacement
and displacement pattern &(,=du,/dQ,), and y/  Vector of a zone-center optical phonon polarized alongzthe
— o[ €, x(U) - €,1/du;, . In Eq (2)’and in the following the direction. Equation(3) states that the Raman cross section is
" . .

subscript labels an individual nuclear coordingte specified  9\Ven by the diagonal matrix element of the vibrational
by the position of the unit celR, by the atomic position Green’s function of the disordered crystal, calculated with

within the unit cells, and by direction of the displacement respect to this lattice periodic vector. The most efficient
from equilibrium a: u,=u, ,(R)]. Taking into account that method known to date to calculate diagonal matrix elements
D U=Ug g .

the matrix element of),, is proportional to (2,) 2, Eq. of this form is the Haydock’s r_ecursion method. _
(2) can be recast into the very simple form: v ' In order to apply the recursion method to the calculation
' of the matrix element, Eq.3), we first rewrite it as

1
o-(w)“;lm% X1 *Gy()x, 3) U(w)“|m<§0

wz—i §0> ’ (5)
where G=(Mw?—K) ! is the vibrational Green’s function \yhere
of the systemK the matrix of the interatomic force con-
stants, andV is the (diagona) matrix which specifies the K=M~Y2kMm~1/2, (6)
atomic mass distribution. In E@3) it is assumed thab has
an infinitesimal negative imaginary part. Equati@ states
that the nonresonant Raman cross section is essentially given |£o) = M~ y 7)
by the imaginary part of a certain diagonal element of the 0 X7
vibrational Green’s function, calculated with respect to theApplication of standard techniquekeads to the continued-
vector of the partial derivatives of the electronic polarizabil-fraction expansion
ity with respect to all the nuclear displacements.

In the adiabatic approximation, the electronic ground- 1
state wave function of a crystal is lattice periodic and is o(w)=Im b2 ' ®
unaffected by isotopic disorder. Because of periodicitf/, w’—ag—
= xs.(R) cannot depend on the position of the unit dell
In the absence of isotopic disordé€3(w) is also lattice pe-
riodic and the density of statéBOS) projected over a lattice
periodic vector can only be nonvanishingifcoincides with ~ Where thea and b coefficients are given by the recursion
one of the zone-center vibrational frequencies of the systenthain
Thus, we recover the well known selection rule that, in the

an

2
2 b>
o°—a;— —

absence of disordgiand ignoring anharmonic effegtRa- £-1)=0,
man lines are delta functions centeredgatO vibrational —
frequencies(further selection rules may obviously hold be- bn|€n) = (K—an-1)[én-1) —bn-1/én-2), 9

cause of point symmetyylsotopic disorder is often said to gnq

allow lattice vibrations with a finite wave vector to be ex-

cited in the scattering process. Inspection of &j.suggests an:<§n|§|§n>, bn:<§n|ﬂ§nfl>- (10)

a complementary picture: the momentum transferrevisy

ible or infrared light to the crystal is always vanishingly  The recursion method is almost invariably used asa-

small, as dictated by kinematic selection rules or, equivaspacetechnique, mainly to calculate the local density of

lently, by the fact thay’ is lattice periodic. The broadening states and related properties in disordered systehhsw-

of the Raman lines may be seen as due to the fact that in theyer, this method can be applied as well in any representa-

presence of disordeall the vibrational eigenstates have a tion where the matrix-vector product appearing in Ej—

nonvanishing component over the lattice-periogicvector.  which is the time-consuming step of the algorithm—can be

Of course, in the weak-disorder limit, it is expected that onlyefficiently calculated. In the present case, this is most conve-

those vibrational eigenstates whose frequency is close 0 ently done using spectral techniques. In facts the prod-

Raman-active mode of the virtual crystal may have an appregct of matrices which are either diagonal in real spad, (

ciable projection ovey’, so that in this case Raman spectra gy p|ock-diagonal in reciprocal spack), The recursion vec-

still consist of well defined individual lines which are broad- 55 can be kept stored in either representation, and the

ened by disorder. For crystals with the diamond structurepayrix-vector products performed in the representation

point symmetry dictates that where the matrix is(block) diagonal. The transformation
from one representation to the other is most efficiently done

4) using fast Fourier transform techniquésFT). In this way,
once the force-constant matrickgq) are calculated on a

aXaB
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_ FIQ. 1. Ramgu_w intensities in diamond, calculated for different o 0.2 0.4 0.6 0.8 1
isotopic compositions. x

o
o

regular mesh ofq vectors (using either a semiempirical ~ FIG. 2. Raman shiftupper pangland linewidth(lower pane)
model or first-principles techniqueshe calculation of the in diamond as functions of°C. Experimental data are from Ref. 7

Raman cross section using E@8)—(10) can be easily car- (filled diamond$ and Ref. 23triangles. The resolution of the spec-
ried out. trometer is included in the experimental linewidth and has been

estimated to 1.8 cmt.®
Ill. RESULTS . . .
The recursion chain, Eq$9),(10), has been implemented

We have applied the formalism presented above to diaby generating a random distribution of nuclear masses in the
mond and germanium for which a good deal of experimentahbove mentioned supercell, corresponding to any given iso-
information is available. Natural diamond form a bingg-  topic composition. The chain was truncated after 600 steps
topic alloy composed of 98.9% of’C and 1.1% of*3C. The  of recursion, and the results averaged over 5—10 independent
Raman spectrum of artificially*3C-enriched samples has mass distributions corresponding to a same isotopic compo-
been determined for different concentratioi€.”~® Natural  sition. Ghoststates may appear while generating such long
germanium has a more complex composition with 22% ofchaing® due to the numerical loss of orthogonality among
OGe, 28% of "°Ge, 8% of "°Ge, 35% of "“Ge, and 6% of different recursion vectors. The existence of these ghosts,
8Gel The Raman spectra of pure isotopes as well as that diowever, does not affect the value of the Green’s function
the binary alloy “Ge :s'°Geys have also been we are interested in, as it was explicitly verified by reor-
determined:0-12 thogonalizing the chain vectors. Anharmonic effects on the

The force-constant matrices(q) have been calculated Raman line shape were taken into account semi-empirically
using density functional perturbation theof®FPT) (Ref. by evaluating the Green’s function at the complex frequency
13) on a regular(8,8,9 grid of g points in the reciprocal w—il'y,,, wherel'y,, is the inverse lifetime of the LTO
space of the face-centered cubic lattice. These matrices hazene-center phonon, as determined theoretically using third-
then been Fourier-interpolated onto(32,32,32 grid, fol-  order DFPT?
lowing the same procedure as in Ref. 14. The real-space In Fig. 1 we display the Raman lines calculated in dia-
image of such a grid is a supercell containingk2®  mond for different isotopic compositions. The main effect of
=65536 atoms. We have used the plane-wave pseudopotetiie variation of the™C concentratiorx is that the position of
tial method with norm-conserving pseudopotentials fromthe peak is inversely proportional to the square root of the
Ref. 15 for C and Ref. 16 for Ge. Plane waves up to aaverage mass, as predicted by the VCA. Awaries, the
kinetic-energy cutoff of 40 and 16 Ry were used for C andwidth of the peaks changes from a minimum corresponding
Ge, respectively, and the Brillouin-zone integrations wereto the two pure-isotope limitsx0 andx=1)—where only
performed using 10 specid points. All the calculations anharmonic effects contribute to the phonon lifetime—to a
were done at the theoretical equilibrium crystal volume, cor-maximum occurring neax~0.7 where effects of disorder
responding to 11.1 and 43.7 %&for diamond and germa- are the largest. In Fig. 2 we display the dependence of the
nium, respectively, and the slight dependence of the volumeisorder-induced frequency shift and linewidth upd?C
on the isotopic compositidfihas been neglected. The result- concentration. Formally these two quantities coincide with
ing optical frequencies at zone center are 1309 and 303 ¢m the real and imaginary parts of the disorder-induced phonon
in diamond and germanium, respectively—when calculategelf-energy. The former is obtained by subtracting the pre-
with a value of the mass equal to the natural average—to bdiction of the VCA from the position of the maximum of the
compared with the experimental values of 13®ef. 18 line, whereas the latter is increased by twice the theoretical
and 304(Ref. 19 cm L. anharmonic inverse lifetime in order to compare with experi-
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FIG. 3. Raman intensities ifGe, "°Ge, _,, calculated for dif- W
ferent isotopic compositions 0.0 0 0.2 0.4 0.6 0.8 1

ments. We see that, while the accuracy of our calculated X

force constants limits the absolute precision of our predic- FIG. 4. Raman shiftupper panéland line width(lower pane)
tions to~20 cm ! (which is the error in the prediction of in 6Ge, 7°Ge,_, as functions ok. Experimental data are from Ref.
the zone-center optical frequency at natural isotopic compot1. Pure’°Ge and’®Ge have a theoretical anharmonic linewidth of
sition), the dependence upon composition of the disorder0.67 cni 1%

induced frequency shifts and linewidths are very well repro-

duced by our calculations. In particular, in agreement withthe self-energy but increases the imaginary part by a factor as
experiment$ and with previous calculations based on thelarge as 2. Then we believe that both the inaccuracy of
CPA and on a semiempirical force fiéldhe maximum of calculated DOS and the experimental resolution—estimated
the disorder-induced self-energy is shifted towards heavieto be ~1.8 cni' ! (Ref. 9—do explain the discrepancy be-
average massesx{0.7). The scattering probability is tween the theoretical and experimental linewidths, but not
roughly proportional to the vibrational density of states andthe whole discrepancy on the Raman shifts.

the self-energy is enhanced at lovieighep frequency when So far, we have compared our theoretical Raman shift and
the perturbing atoms ar€C (*°C) 822 Therefore, maximum broadening to the Raman-scattering experiment of Ref. 7. A
effects are found at a composition for which the averageecent investigation of the isotopic effects on the frequency
mass is heavier than that corresponding #00.5, for which ~ shift both by cathodoluminescence and Raman measure-
the mass disorder is maximufifig. 2). We note that, at ment$? estimates the value of 0.5 me¥ cm™ 1) as an upper
variance with our data which are obtained treating disordebound for the shift of the LTQ frequency within the[x
exactly, the bowing of the Raman shift curve is strongly=0,x=0.5] concentration range for th&*C,*?C,_,. Our
reduced when the CPA is used in conjunction vdthinitio  theoretical Raman shifts are in better agreement with those
interatomic force constantg. measurementgFig. 2).

The self-energy predicted by our calculations is system- In Figs. 3 and 4 we display the shape of the Raman peaks
atically smaller than observed experimentally by Ramarand the magnitude of the disorder-induced frequency shifts
scattering. Self-energy effects are relatively large in diamondnd linewidths, as calculated for different isotopic composi-
because of the large density of states available for scatteririipns in "°Ge "%Ge, . In this case the effects of disorder
LTOr phonons off the zone cent®rThis large density of are of the order of 1 cm' and are much smaller than in
states is due to the overbending of the phonon dispersiodiamond, due to the fact that ti& o phonon lies at the
near the zone centét?* Actually, first-principles calcula- edge of the optical band, where the vibrational DOS
tions predict a maximum of the phonon DOS more than 20vanishes. Even though the comparison of our results with
cm ! above the LTQ frequency?* whereas according to experiments is for this reason extremely difficult and to some
second-order Raman experimefitshis maximum should be extent even questionable, our calculations are indeed able to
located only a few cm® above. This fact seems to be sup- describe some fine details of the observed line shape to a
ported by recent inelastic x-ray scattering measurements ofery high accuracy. This is illustrated in Fig. 5 which shows
the phonon dispersions in diamdfidvhich display a smaller how the two shoulders in the low-energy tail of the Raman
overbending than predicted by first-principles calculationspeak in "°Ge, 5%Ge, 5, corresponding to thé o and Xto
We conclude that first-principles calculations slightly over-critical points of the density of statésare well reproduced
estimate the overbending of phonon dispersions at zone ceby our calculations.
ter in diamond, and they also underestimate the vibrational In the germanium alloy the theoretical Raman shift is in
DOS near the LTQ frequency. very close—and somewhat fortuitous—agreement with the

However, increasing the DOS near the LT®equency sole measurement madeat0.5 (Fig. 4). Our theoretical
has little effects—when using the CPA—on the real part ofresults predict that the maximal effect is expected at that
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0.010 ' whole range of concentration. However, the smallness of this
effect does not allow us to make any quantitative meaningful
prediction about its dependence uporor x~0.5, the line-

o width reaches=0.9 which is~0.2 cnmi ! larger than the pure
3 anharmonic broadening occurring in the nondisordered case.
£ This figure is an order of magnitude larger than the experi-
§ mental value, as a 0.02 cm broadening is reporteiThis
& 0.005 | 1 discrepancy in the theoretical and experimental linewidths
B also appears on Fig. 5, where the experimental low-energy
E tail of the Raman line is slightly broader than the theoretical
5 one.
=
IV. CONCLUSIONS
B In conclusion, we present a theoretical method to investi-
000000 2700 2000 3100 3300  ss00  gate the effects of isotopic disorder on the lattice dynamics

Wave number (cm™) of crystals, which does not rely on any kind of mean-field
approximations. For diamond, our results are in reasonable
agreement with experiments although they depend sensi-
tively on the calculated vibrational DOS at the LfGre-
uency, which is presumably underestimated by the present
DFPT calculations. The effects for Ge are much weaker.
Nevertheless the agreement between our results and experi-

composition although the curve is not symmetric with re-Mment is still very satisfactory also in this case.
spect tox=0.5.

The linewidth of natural germanium is small and therefore
difficult to measure. Different values have recently been re- We would like to acknowledge useful discussions with
ported, ranging from 0.51Ref. 27 to 0.64(Ref. 28§ and to  J.M. Besson, A. Debernardi, P. Giannozzi, Ph. Pruzan, and
0.97 cm 4,19 while the theoretical estimate for the purely T. Ruf. Special thanks are due to M. Cardona for illuminat-
anharmonic contribution is 0.67 crmh?! The theoretical ing discussions and continuous encouragement. Part of this
broadening in the binary alloys is also small over the wholework has been done while one of (8.B) was at theCentre
range of concentration~ig. 4), and it is predicted to in- Europeen de Calcul Atomique et Malalaire (CECAM) in
crease with respect to the purely anharmonic width over thé&yon.

FIG. 5. Low-energy tail of the Raman line dfGe,s"%Ge,s.
The frequencies of thie;g andX+q critical points are marked by an
arrow. Experiment is from Refs. 11,12. The theoretical peak ha
been shifted so that the maximum of the peak coincides with th
experimental valu¢304.5 cm 1),
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