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Microwave conductivity due to impurity scattering in a d-wave superconductor
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The self-consistentt-matrix approximation for impurity scattering in unconventional superconductors is used
to interpret recent measurements of the temperature and frequency dependence of the microwave conductivity
of YBa2Cu3O6.993 crystals below 20 K. In this theory, the conductivity is expressed in terms of a frequency
dependent single particle self-energy, determined by the impurity scattering phase shift which is small for weak
~Born! scattering and approachesp/2 for unitary scattering. Inverting this process, microwave conductivity
data are used to extract an effective single-particle self-energy and obtain insight into the nature of the
operative scattering processes. It is found that the effective self-energy is well approximated by a constant plus
a linear term in frequency with a small positive slope for thermal quasiparticle energies below 20 K. Possible
physical origins of this form of self-energy are discussed.
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Microwave surface resistance measurements on h
quality YBa2Cu3O6.993 ~YBCO! crystals provided some o
the early evidence for unconventional superconductivity
the high-Tc cuprates. The observation of a broad peak in
conductivity versus temperature, well belowTc ,1 was inter-
preted in terms of a rapid drop in the scattering rate due
the disappearance of the inelastic scattering which c
pletely dominates the transport nearTc . At the lowest tem-
peratures, the conductivity is determined by scattering du
static disorder. In the context of a generalized two-flu
model, the low-frequency conductivity is proportional to t
product of a scattering timet and a density of thermally
excited charge carriersnn(T). This conductivity was ob-
served to decrease roughly linearly withT. Based on this
observation, it was conjectured2 that t saturated at some
large low-temperature value, implying thatnn(T) varies
roughly linearly withT . Subsequently, it was observed3 that
the penetration depth@and hence the superfluid densi
ns(T)5ns(0)2nn(T)] varies linearly at low-T, so that the
low-T behavior of s(T) and nn(T) are consistent with a
constant scattering rate.

However, the conjectured temperature-independent l
temperature scattering time is difficult to understand from
theoretical perspective.4 When vertex corrections are ne
glected, the transport scattering rate 1/t is essentially equa
to twice the one-electron self-energy. Within the context
the self-consistentt-matrix approximation for quasiparticle
with line nodes, the one-electron self-energy is not expec
to be constant at low energies,4,5 and hence one would expe
the low-temperature transport scattering rate to be temp
ture dependent. Quite recently, the UBC group has repo
measurements of the temperature dependence of the m
wave conductivity of a high-purity YBCO crystal at five fre
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quencies in the range of 1 to 75 GHz.6 These measurement
both confirm and extend their earlier results. Not only are
observed temperature dependences consistent with an a
frequency and temperature-independent scattering rate in
impurity-dominated regime below 20 K, but the frequen
dependence of the conductivity at fixed temperature is c
sistent with this same scattering rate.

The confirmation of the simple picture of an energy ind
pendent scattering rate is problematic and raises ques
about our understanding of the nature of excitations from
high-Tc superconducting ground state. This is particularly
because the crystals under study are so clean that one m
expect theories based on perturbation theory to apply. N
ertheless we will show that the weak energy dependenc
the scattering rate obtained from the microwave conductiv
is inconsistent with standard simple pictures of scattering
d-wave quasiparticles from point impurities, and we will di
cuss various possible physical interpretations of this ene
dependence. We also suggest that the introduction of s
quantities of Zn impurities could be used to test the pred
tions of standard ‘‘dirtyd-wave’’ theory.

We begin by comparing the microwave conductivity da
to the standard model written in terms of the energy dep
dent single particle lifetime. Following the work of Hir
schfeldet al.5 the conductivity may be written as

sxx~V,T!5
ne2

m* D

3E
2`

`

dvS tanhS bv

2 D2tanhS b~v2V!

2 D
2V

D
3F~v,V!, ~1!
9088 ©2000 The American Physical Society
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PRB 61 9089MICROWAVE CONDUCTIVITY DUE TO IMPURITY . . .
whereV is the microwave frequency, andF(v,V) is related
to the electronic current polarization function, correspond
to the excitation of an electron-hole pair with energyV,
internal frequencyv, and total momentum of zero in th
superconductor. A more complete definition is given in t
Appendix.

The prefactorne2/m* D is related to the temperatur
dependence of the penetration depth 1/@m0lxx

2 (T)#
5ns(T)e2/m* . The integral over V of sxx(V,T)
2sxx(V,0) is equal to 1/@m0lxx

2 (0)#21/@m0lxx
2 (T)#. Thus

the prefactor can be determined from the slope of the inve
penetration depth at lowT. The result is ne2/m* D
52(1/2 ln 2m0)]@1/lxx

2 (T)#/]T'106 V21 m21 for the
a-axis conductivity data of Ref. 6. It is shown in the Appe
dix that this corresponds to a value ofvF /v157.6, wherevF
is the Fermi velocity andv1 is the slope of the gap at th
nodes.

In order to address the question of whether the data ca
described within the self-consistentt-matrix approximation
we need an expression for the functionF(v,V) for a general
form of the quasiparticle self-energy. Given this expressi
one can, in principle, invert the data to extract the ene
dependence of the scattering rate, using Eq.~1!. We have
derived an expression for the functionF(v,V) which is
similar to that of Ref. 5. This calculation is presented in t
Appendix. Working in the ‘‘node approximation,’’ expand
ing the quasiparticle dispersion relations around the f
d-wave nodes, and neglecting the real part of the quasip
cle self-energy, we find

F~v,V!5
1

2p
ReH 2v2V1 i @G~v!2G~v2V!#

V1 i @G~v!1G~v2V!#

3F logS v2V2 iG~v2V!

v1 iG~v! D1 ipG
2

2v2V1 i @G~v!1G~v2V!#

V1 i @G~v!2G~v2V!#

3 logS v2V1 iG~v2V!

v1 iG~v! D J , ~2!

whereG(v) is the imaginary part of the quasiparticle se
energy. TheV→0 limit of this expression is

F~v,0!5
v

pG~v!
tan21

v

G~v!
1

1

p
. ~3!

Inserting Eq.~3! into Eq. ~1! in the limit of T→0 gives
sxx→ne2/pm* D, the universal limit,7 provided that the first
term in Eq.~3! vanishes whenv→0. Assuming thatG(v)
andV are both much less thanv gives Eq.~4! below with
1/t52G(v).

F(v,V) is a complicated function of the two frequenci
and of the complex quasiparticle self-energies. Hirschf
et al.4 derived the simplified form

F~v,V!5Im$uvu/@V2 i /t~v!#% ~4!

which is a good approximation when the microwave f
quency and the scattering rate are both small comparedT
and all three energies are small compared toD.
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Surface resistance measurements are converted to con
tivities, using the expression

Rs~v,T!5
1

2
m0

2v2l3~v,T!s1~v,T!. ~5!

The temperature dependence of the penetration depth
GHz is taken from measurements made at that freque
For higher frequencies there is a small frequency-depen
contribution to the penetration depth which we obtain se
consistently from our fits to the point-scattering model. T
surface resistance data of Hosseiniet al.6 for T< 20 K are
reproduced in Fig. 1. The solid lines in the figure are qu
dratic fits which allow interpolation and extrapolation toT
50. The T50 extrapolations of these data, converted
conductivities, are shown in Fig. 2.8 All of the extrapolated
data are substantially larger than the expected ‘‘unive
limit,’’ 7 and it has been suggested9 that this discrepancy is a
real effect due to vertex corrections which enhance the u
versal conductivity atT50. In the Born limit, it is enhanced
by a factor of (t tr /t)2 where t tr is the transport lifetime.
The physical origin of these corrections is the fact that,
low T, scattering within a node does not change the elec
current whereas internode scattering does. The vertex co
tions take the momentum dependence of the scattering
tential into account by correctly weighting scattering amo
the nodes.

FIG. 1. Best fit parameters to individual data sets using the p
scattering model.
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Experimentally it appears that, in addition to a large c
rection at lowT, there is also a frequency dependence to
T50 limit, with the conductivity exhibiting a low frequenc
peak and a slow roll-off at higher frequencies. Theoretica
it is unclear what to expect for the frequency dependenc
the conductivity atT50. At present there are no calculation
available for the frequency dependence of the vertex cor
tions. If vertex corrections are neglected, then one exp
the T50 conductivity to roll off at a frequency which de
pends on the type of scattering. For unitary scattering,
roll-off is at a rather high frequency, some fraction ofTc .11

For a frequency-independent scattering rate 1/t we find that
theT50 conductivity falls to half its zero frequency value
about 2.6/t. Thus, this frequency dependence seems to
sensitive to the detailed nature of the scattering mechan

The data for the temperature dependence of the mi
wave conductivity are shown in Fig. 3. The data are appro
mately linear inT at all five frequencies, although there is
small downward curvature in the lowest frequency data an
comparable upward curvature at the highest frequency in
dition to the clear nonzero intercepts. The result of Eq.~1!
for a frequency independent scattering rate, using the sim
fied form, Eq.~4! for F(v,V) given above, is

sxx~V,T!5
ne2

m*
t

11V2t2

~2ln2!T

D
. ~6!

For the low frequency data,sxx at 20 K is about 50ne2/m* D
which implies that 1/t is about 0.5 K.

This semiquantitative fit to a temperature-independ
scattering rate is unsatisfying in light of our theoretical p
ture of the scattering ofd-wave quasiparticles. If the scatte
ing is weak, as might be expected for crystals exhibit
quasiparticle mean free paths of microns, then one wo
expect a scattering rate linear inv ~Born scattering!. Indeed
the factor ofuvu in F(v,V) arises from the same source th
would lead to a linear scattering rate, namely the linear q
siparticle density of states. Alternatively, if the scattering
due to a very small density of unitary scatterers, then the
predicts a scattering rate proportional to 1/v. Of course,
there is always the somewhat unnatural possibility that so

FIG. 2. TheT50 extrapolations of the surface impedance d
converted to conductivities. Shown for comparison are the 1.2
data. The dashed line indicates the predicted universal limit.
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intermediate type of scattering might account for the da
The self-consistent equation for the quasiparticle self-ene
depends on the density of impurities and on their phase s
d, where d,,1 corresponds to Born scattering andd
'p/2 to unitary scattering. We have examined the possi
ity that an intermediate value of the phase shift could g
rise to an effectively energy independent scattering ra
What we find is that, regardless of the value ofd, a quasi-
particle self-energy with a magnitude on the order of 1023D
will have an energy dependence over the relevant rang
energies, 0,v,D/10, which is inconsistent with a constan
scattering rate.

Since the data show noticeable curvature and hence
not follow Eq. ~6! perfectly, we have fit the temperature d
pendent part of the microwave conductivity using a mo
general, frequency dependent form ofG(v). We model
G(v) as a linear combination of weak~Born! and strong
~unitary! scattering, and we also allow for the possibility of
frequency independent~Drude! component. ThusG(v) is
written as the sum of a linear termGBv/D plus a term of the
form GuD/Av21GuD which mimics the effect of unitary
scattering, plus a constant,GD . We found that it made little
difference in the fits whether Eq.~2! or ~4! was used, and so
we worked with the simpler expression, Eq.~4!, to fit the
temperature-dependent part of the conductivity@with
s(V,T50) subtracted off#. The best global fits, in which
data at all frequencies and temperatures were fit to a si
set of parameters, are shown by the solid lines in Fig. 3. T
fits provide a reasonable model of the evolution of the c

a
K

FIG. 3. The best global fit to the temperature-dependent par
the conductivity below 20 K.
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vature of s vs T as a function microwave frequency. Th
values of the parameters which gave the best global fit w
Gu50, GD50.33 K, andGB50.69 K.

In addition we performed individual fits to the temper
ture dependence of the conductivity at each frequency w
our model. The results for the best-fit parameters are sh
in Table I. Only the 75 GHz data were compatible with
nonzero value of the unitary scattering parameterGu and this
fit also required a large value of the linear parameterGB .
The frequency dependence of the one-particle self-ene
corresponding to each of these fits, is shown in Fig. 4.
conclude that the one-particle self-energy consists of a c
stant term plus a small but clearly positive slope. The m
notable features of this conclusion are the apparent abs
of a resonant peak centered at zero frequency that one w
expect from unitary scatterers, and the increase of the s
energy with increasing frequency.

It is relevant to review the common rationale for expe
ing unitary scattering to dominate the transport propertie
YBCO.12 Early measurements of the penetration depth
both crystals and films generally exhibited a relatively fl
temperature dependence at lowT, which reinforced the then
commonly held belief that the gap had ans-wave symmetry,
although the temperature dependence was more quad
than exponential.13,2 The observation of a linear temperatu
dependence of the penetration depth by Hardy
co-workers3 in very clean samples of optimally dope
YBCO, which provided strong evidence for ad-wave gap,
also demanded some consistent explanation of the ea
results. Hirschfeld and Goldenfeld12 pointed out that if the

TABLE I. Best fit parameters to individual data sets using t
point scattering model.

Frequency /GHz Gu /K GD /K GB /K

1.139 0 0.34 1.12
2.25 0 0.38 1.22

13.373 0 0.19 0.42
22.71 0 0.19 0.63
75.416 2.9731023 0 2.61
global 0 0.33 0.69

FIG. 4. The frequency dependence of the one-particle s
energy, as obtained from fits to individual data sets. The data
best described by a const1 linear self-energy.
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extra impurities in earlier samples were unitary scattere
then ad-wave gap was consistent with the approximate
quadratic temperature dependence observed at lowT in these
materials. By comparison, the amount of Born scattering
quired to give the observed range of quadratic tempera
dependence would also be expected to lowerTc drastically.
They also argued that unitary scattering accounted for
observed linear dependence of the lowT thermal conductiv-
ity in dirty samples.

Although the arguments given above account for the
havior of dirty samples, i.e., samples with a significant te
perature range over which the penetration depth is quad
in T, it is not at all clear that they should apply to the samp
used in these experiments, which are extremely pure
which exhibit a linear temperature dependence of the p
etration depth down to the lowest temperature studied. As
have seen, the transport scattering rate in these materia
less than 0.5 K at lowT, and the contribution obtained from
extrapolating the linear term in the scattering rate, from
fits above, toTc would be less than an additional 0.5 K
These rates are completely negligible compared to the ine
tic scattering rate atTc which is roughly 100 K. It seems
inappropriate to attribute this small amount of scattering t
single mechanism in these samples where the lowT quasi-
particle mean free path is several microns. More likely t
scattering is due to a combination of mechanisms, includ
rare strong scattering by point defects, some more ubiquit
weak long-range Born scattering, due to oxygen disorder
weakly scattering lattice defects, and scattering by exten
defects such as remnant twin boundaries. Even differ
kinds of point impurities may have distinctly different kind
of scattering properties. This is clear from studies of del
erate impurity doping, where a single type of impurity dom
nates the transport. Work in this area has shown that
though Zn appears to behave as a unitary scatterer, o
impurities such as Ni and Ca seem to be much wea
scatterers.15 Whatever the mechanism or combination
mechanisms in the high purity samples, it appears to resu
an almost frequency independent quasiparticle lifetime in
temperature range which has thus far been probed.

Hettler and Hirschfeld~HH! have recently proposed10,14

that the apparently frequency independent part of the s
energy is the result of a resonance that arises away fromv
50 due to suppression of the energy gap around the im
rity. This finite frequency resonance is superimposed on
zero frequency resonance normally associated with uni
scatterers ind-wave superconductors. They associate the
relaxation resonance with the frequency-independent s
energy that we infer from the data. We agree that gap re
ation must occur around impurities, and that it will affect t
quasiparticle self-energy. It is less clear that it will give ri
to a second resonance.16 In any case the effect of the zer
frequency resonance which remains in HH’s calculat
would be to suppress the conductivity at lowT in a way that
is somewhat inconsistent with our data. Specifically, the lo
est temperature (T,5 K! data at 1 GHz have the opposi
curvature to that of HH’s fit.

In conclusion, we find that, in the simple picture in whic
the microwave conductivity is determined by the imagina
part of the quasiparticle self-energy, the self-energy for lo
energy quasiparticles acts roughly as a constant plus a s

f-
re
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linear term with positive slope, and this behavior is incons
tent with existing theories of a single kind of point-impuri
scattering. Below 20 K, the constant is less than 0.5 K.
attribute this behavior to the cumulative effect of scatter
by a variety of dilute and/or weak scatterers. The way to
this hypothesis is to introduce a single type of control
disorder, such as Ni or Zn impurities. These added impuri
will cause Rs to decrease and to exhibit a frequency a
temperature dependence characteristic of the added impu
The fact that the starting materials are extremely pure, me
that the doping required to do this can be very small, so
the experiments will probe the effects of well-separated d
ant atoms. Such experiments may also provide further ins
into the nature of vertex corrections which depend on
momentum dependence of the impurity potential.

The authors gratefully acknowledge many useful disc
sions with W. N. Hardy, A. Hosseini, P. Dosanjh, S. Kam
A. Durst, P.A. Lee, and P. J. Hirschfeld. This work w
initiated during a visit to the Aspen Center for Physics.
was supported in part by grants from the Natural Scien
and Engineering Research Council of Canada and by
Superconductivity Program of the Canadian Institute for A
vanced Research.

APPENDIX: DERIVATION OF THE ELECTRONIC
CURRENT POLARIZATION FUNCTION F „v,V…

We derive an expression for the frequency and temp
ture dependent microwave conductivity in ad-wave super-
conductor which is valid for the regime in which the fr
-
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quency, temperature and transport scattering rate are
small compared to the magnitude of thed-wave gap. No
other assumptions are made about the relative size of t
quantities or about the frequency dependence of the sca
ing rate.

We begin with Eq.~4! of Hirschfeld and coworkers5 and
the associated expression for the conductivity which
write as

sxx~V,T!52Im
e2

2VVE2`

` dv

2pE2`

` dv8

2p

3(
k

S kx

m* D 2

Tr@a~k,v!a~k,v8!#

3F tanhS bv

2 D2tanhS bv8

2 D
v2V2v82 i0

G . ~A1!

The quantitiesa(k,v) are matrix single-particle spectra
functions and the quantity Tr@aa# is real so that taking the
imaginary part of Eq.~A1! simply means replacing (v2V
2v82 i0)21 by pd(v2V2v8). This allows thev8 inte-
gral to be done, replacingv8 everywhere byv2V. ~How-
ever, we will continue to usev8 as a shorthand symbol fo
v2V.!

The first step in evaluating this expression is to calcul
the trace of the spectral functions. The definition of the sp
tral function is given in Hirschfeldet al.5 above their Eq.
~A1! and the Green’s function is defined in their Eq.~3!.
Tr@a~k,v!a~k,v8!#5Tr$@g~k,v1 i0!2g~k,v2 i0!#@g~k,v81 i0!2g~k,v82 i0!#%

5 (
a,b561

abTr@g~k,v1 ia0!g~k,v81 ib0!#

5(
a,b

abTrH S ṽa1jk Dk

Dk ṽa2jk
D S ṽb81jk Dk

Dk ṽb82jk
D

~jk
21Dk

22ṽa
2 !~jk

21Dk
22ṽb8

2!
J

5(
a,b

ab
2~ṽaṽb81jk

21Dk
2!

~ṽa
22jk

22Dk
2!~ṽb8

22jk
22Dk

2!
. ~A2!
r
ode.
ard

we
The quantitiesṽa and ṽb8 are frequencies with self
energy corrections. In this model, the effect of scattering is
renormalize the frequency by adding a frequency-depen
imaginary part. The real part of the frequency is also ren
malized by an additive term which we neglect. Specifica
we write

ṽa5v1 iaG~v!, ~A3!

ṽb85v81 ibG~v8!. ~A4!
o
nt
r-

Note that Eq.~A2! depends on the wave vectork only
through the quantityjk

21Dk
2 which vanishes at the fou

d-wave nodes and has a Dirac spectrum around each n
We can approximate this dispersion relation in a stand
way by

jk
21Dk

25vF
2ki

21v1
2k'

2 ~A5!

and replace the sum overk in Eq. ~A1! by a sum over four
equivalent nodes and an integral around each node. If
defineG5Tr@aa#, then we can write
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1

V (
k

S kx

m* D 2

G~jk
21Dk

2!

54nS vF
2

2 D S a

2p D 2 1

v1vF
32pE

0

D

j djG~j2!

5
n1a2

p

vF

v1
E

0

D

jdjG~j2!, ~A6!

wheren15N/V, N is the number of sites in the crystal,a is
the lattice constant in a single layer, and we have repla
(kx /m* )2 at each node byvF

2/2. Next we perform the energ
integration:

(
a,b561

abE
0

D 2~ṽaṽb81j2!jdj

~j22ṽa
2 !~j22ṽb8

2!

5
1

2E0

D2

(
a,b561

abH 1

~x2ṽb8
2!

1
1

~x2ṽa
2 !

1
ṽa1ṽb8

ṽa2ṽb8
F 1

~x2ṽa
2 !

2
1

~x2ṽb8
2!

G J dx. ~A7!

The first two terms in curly brackets vanish whe
summed overa andb. The integral of the quantity in squar
brackets gives, in the limitD→`,

E @•••#dx52 logF ṽb8
2

ṽa
2 G ~A8!

It is worth emphasizing at this point that the only appro
mations that have been made in evaluating Eq.~A1! are the
use of the Dirac spectrum around the four nodes for
quasiparticle energies and the assumption thatD, the magni-
tude of the maximum gap, is much larger than any of
other energies in the problem, namely the external
quency, the temperature and the quasiparticle scatte
rates.

Combining all of the above results, we obtain

sxx~V,T!52
n1e2a2

8p2

vF

v1
E

2`

`

dv

3S tanhS bv

2 D2tanhS b~v2V!

2 D
2V

D
3(

a,b
abS 2v2V1 i @aG~v!1bG~v2V!#

V1 i @aG~v!2bG~v2V!# D
32logS v2V1 ibG~v2V!

v1 iaG~v! D . ~A9!

It is useful to define the function
d

e

e
-

ng

F~v,V!5(
a,b

abS 2v2V1 i @aG~v!1bG~v2V!#

V1 i @aG~v!2bG~v2V!# D
3

21

4p
logS ~v2V!1 ibG~v2V!

v1 iaG~v! D
5

1

2p
ReH 2v2V1 i @G~v!2G~v2V!#

V1 i @G~v!1G~v2V!#

3F logS v2V2 iG~v2V!

v1 iG~v! D1 ipG
2

2v2V1 i @G~v!1G~v2V!#

V1 i @G~v!2G~v2V!#

3 logS v2V1 iG~v2V!

v1 iG~v! D J . ~A10!

Equation~A10! is equivalent to Eq.~2!.
The final task is to reconcile the prefactor in Eq.~A9!

with that of Eq.~1!. This can be accomplished by examinin
the special case of the limitV→0:

F~v,0!5
v

pG~v!
tan21

v

G~v!
1

1

p
~A11!

The conductivity atV50 is then

sxx~0,T!5
n1e2a2

p

vF

v1
E

2`

` bdv

~ebv/21e2bv/2!2

3H v

2G~v!

2tan21~v/G~v!!

p
1

1

pJ .

~A12!

It is useful to compare this result to the zero frequen
limit of the expression that was derived by Hirschfeld a
coworkers,4 Eq. ~1! with F(v,V) defined by Eq.~4!:

sxx~0,T!5
ne2

m* DE2`

` buvut dv

~ebv/21e2bv/2!2
. ~A13!

Here,t(v)51/2G(v). Since Eq.~A13! is valid only for
temperatures high compared to the impurity band width, H
schfeld and coworkers dropped terms of order 1 compare
terms of orderT/G. This also means that they had take
2 tan21(v/G(v))/p5sign(v) since v scales withT@G.
Our analogous result would be

sxx~0,T!5
n1e2a2

p

vF

v1
E

2`

` buvutdv

~ebv/21e2bv/2!2
. ~A14!

Thus we can identify our factor (n1e2a2vF /pv1) with the
factor ne2/m* D. An important consequence of the equiv
lence of the prefactors in Eqs.~A13! and ~A14! is that we
can estimate the ratiovF /v1 from the temperature depen
dence of the magnetic penetration depth. Using the valu
ne2/m* D;1026 V21m21, we estimatevF /v1;7.6.
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To summarize, the final results for the conductivity a
then

sxx~V,T!5
ne2

m* D

3E
2`

`

dvS tanhS bv

2 D2tanhS b~v2V!

2 D
2V

D
3F~v,V!, ~A15!
s

.
G.
.

.

e

O

ton

o

sxx~0,T!5
ne2

m* DE2`

` b dv

~ebv/21e2bv/2!2
F~v,0!, ~A16!

sxx~V,0!5
ne2

m* DE0

V

dv
F~v,V!

V
, ~A17!

whereF(v,V) is given by Eq.~A10! and F(v,0) is given
by Eq. ~A11!.
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