
PHYSICAL REVIEW B 1 APRIL 2000-IVOLUME 61, NUMBER 13
Explicit Gibbs free energy equation of state applied to the carbon phase diagram

Laurence E. Fried and W. Michael Howard
Lawrence Livermore National Laboratory, University of California, Livermore, California 94551

~Received 24 August 1999!

We provide a simple explicit form for the Gibbs free energyG(P,T) of diamond, graphite, and liquid
carbon. The Gibbs free energy function is shown to reproduce the known equation of state properties of carbon
up to pressures of 600 GPa~6 MBar! and temperatures of 15 000 K. Recent experiments on graphite melting
suggest the presence of a first-order liquid-liquid phase transition at roughly 6 GPa. We show that such a
transition is consistent with shock compression data at higher pressures. We reanalyze experiments on the
diamond-liquid melting line with our equation of state. Our analysis suggests that the diamond-liquid melting
line may have a more positive slope as a function of pressure than previously estimated. A maximum in the
diamond melting line is predicted by the model, in agreement with recentab initio simulations.
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I. INTRODUCTION

Carbon is one of the most abundant elements in the
verse. Its properties are essential in understanding org
chemistry, biochemistry, and life on earth. The equation
state of elemental carbon under high pressure is of g
importance in geology, planetary science, and sh
physics.1 Despite this, the phase diagram and equation
state of carbon under extreme conditions is still not w
understood. Diamond is an extremely hard material, so
compressing it substantially under static load is very di
cult. The elastic limit of diamond complicates the analysis
shock data.2 Quantitative data on the melting of diamon
under high pressure still do not exist.3,4

The study of graphite’s high pressure equation of stat
also quite difficult. Graphite occurs in a wide variety of mu
ticrystalline forms. The equation of state properties of th
forms vary somewhat, complicating the reproducibility
experiments. The melting of graphite, and the location of
graphite-liquid-vapor triple point5–8 have been the subject o
great controversy in the literature. Experiments are com
cated by the very high melting temperature of graph
~about 4600 K!, finite experimental time scales, and transp
effects. Recentab initio simulations may help explain th
qualitative properties of graphite melted via laser excitatio9

Finally, very little is known about liquid carbon.10 The
very high temperatures involved makes the isolation a
study of liquid carbon difficult. What is known about it sug
gests that it may be a quite unusual material. Recent ato
tic simulations suggest a shift from two center to four cen
bonding as pressure is increased.11–13 Experiments have
shown that the graphite-liquid melting curve has a ma
mum. Rapoport14 pointed out in 1967 that such a maximu
can be modeled as a mixture of two species. Korunskayet
al.15 explained the melting of graphite in terms of a two-sta
model of liquid carbon. Ferraz and March16 proposed a
metal–nonmetal phase transition in liquid carbon. More
cently van Thiel and Ree proposed a model of liquid carb
based on a mixture of diamondlike and graphiteli
liquids.17–19 They showed that depending on the magnitu
of interaction between the liquids, a first-order liquid-liqu
transition20 is possible. Recent theoretical21,22 and
PRB 610163-1829/2000/61~13!/8734~10!/$15.00
i-
ic
f
at
k
f

ll
at
-
f

is

e

e

i-
e
t

.

d

is-
r

-

-
n

e

experimental23 work has suggested that liquid-liquid pha
transitions may occur in common materials, such as wat

Rapid pulsed laser heating of carbon24,25 has suggested
that two different liquid phases of carbon may exist.26 To-
gaya recently reported accurate measurements on the me
of graphite under pressure that suggest a first-order liq
liquid transition.27 Finally, shock compression data b
Shaneret al.28 and other experiments3 give evidence that the
diamond-liquid melting line has positive slope. This res
was unexpected and required the re-evaluation of the ca
phase diagram.29,30

Several attempts have been made in generating analy
equations of state for carbon that match all of the kno
data. Gustafson31 proposed a simple extended Murnaghan32

equation of state for three phases of carbon. The simple f
used for this equation of state, based on a factorization
pressure and thermal effects, is not applicable to state
combined high pressure and temperature.33 Unfortunately,
these states are precisely the ones of most interest in p
etary physics and shock physics.

There have also been Mie-Gruneisen equations of s
proposed for carbon.17,18,34,35The equations of state correctl
match shock compression data, unlike Gustafson’s fo
These equations of state use volume and temperature a
independent variables. In most applications this is somew
less convenient than using the pressure and temperatu
the independent variables. Thermal effects in the equatio
state are included by postulating a functional form for t
Gruneiseng5V]P/]EuV . Complicatedg functions are nec-
essary to match experimental data.17,18,34It is difficult to test
the appropriateness of the choseng, since this parameter is
rarely measured directly.

In the present paper we propose an equation of state
carbon that attempts to combine the convenience
Gustafson’s (P,T) representation with a high degree of a
curacy. We find that an appropriately modified Murnagh
equation of state is sufficient to match all known experime
tal data on carbon. Thermal effects in the equation of s
are included through the dependence of the coefficien
thermal expansion on temperature, which can be dire
compared to experiment. We provide a closed form for
Gibbs free energyG(P,T) from which all other thermody-
8734 ©2000 The American Physical Society
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namic properties may be readily derived.
The introduction of a new carbon equation of state is p

ticularly appropriate at the present time. Experiments rega
ing the compression of diamond,36 the temperature depen
dence of the bulk modulus of diamond,37 the melting line of
graphite under pressure,27,38 and the heat capacity of liquid
carbon39 have appeared in the last several years.Ab initio
calculations of the equation of state of liquid carbon are a
used in the present study.40 Our equation of state is shown t
be consistent with the more recent literature.

The qualitative properties of liquid carbon are of gre
scientific interest.26 Our liquid equation of state is shown t
match Togaya’s recent experiments closely, in addition
high pressure shock compression data. We reanalyze s
experiments on the melting of diamond,28 and conclude tha
the experimental boundary on the melting line may be ne
1000 K higher at 1.4 MBar than previously thought. The fa
that a simple equation of state can match independent ex
ments on liquid carbon over a wide range of pressures~from
1 to 600 GPa! argues for the consistency of the experimen
data. Our model predicts a maximum in the diamond melt
line at a pressure of roughly 300 GPa, in accord with rec
ab initio simulations.40 A possible way to test this predictio
experimentally is suggested.

In the next section, we present our form for the Gibbs f
energy. The application of the functional form to diamon
graphite, and liquid carbon is considered next in Secs.
IV, and V. Finally in Sec. VI, we briefly discuss the impl
cations of our model for the phase diagram of carbon.

II. GIBBS FREE ENERGY EQUATION OF STATE

Our equation of state is based on an explicit functio
form for G(P,T). It is more often the case that the pressu
of a system is known than its volume. This makes a (P,T)
equation of state very convenient in practical applicati
The form considered here is simple and numerically w
defined for all pressures 0<P,` and temperatures 0<T
,`. We show below that it yields accurate results in t
range 0<P<600 GPa and 300 K<T<15 000 K.

We separate the Gibbs free energy into a ‘‘referenc
portion @G0(T)# describing properties atP051 ATM, and
an ‘‘equation of state’’ portion describing pressure effect

G~P,T!5G0~T!1DG~P,T!. ~1!

We first consider G0(T). Since G5H2TS, we have
G0(T)5H0(T)2TS0(T). The functionsH0(T) and S0(T)
are conveniently expressed in terms of the constant pres
heat capacity at 1 ATMCp,0(T):

H0~T!5DH01E
T0

T

Cp,0~T!dT, ~2!

S0~T!5DS01E
T0

T Cp,0~T!

T
dT. ~3!

In the present study we takeT05298.15 K, soDH0 is the
standard heat of formation andDS0 is the standard entropy
We show below that experimental and calculated heat
pacities for graphite and diamond are well represented by
sum of two Einstein oscillators and a linear term:
r-
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Cp,0~T!5(
i 51

2

aiE~Q i /T!1a3T, ~4!

where we use the Einstein form

E~x![
x2ex

~ex21!2
. ~5!

Simple integration yields

H0~T!5DH01(
i 51

2

aiu iF 1

ex21
G

xi0

xi

1a3~T22T0
2!/2, ~6!

here,xi[Q i /T, and xi0[Q i /T0. We can also analytically
determineS0(T):

S0~T!5DS01(
i 51

2

aiF x

ex21
2 ln~12ex!G

xi0

xi

1a3~T2T0!.

~7!

This completes the definition ofG0(T). We next consider
DG(P,T). SincedG5VdP2SdT, DG(P,T) is defined by
postulating a form forV(P,T). We then have

DG~P,T!5E
P0

P

V~P,T!dP. ~8!

The Murnaghan form uses the relation

V~P!5V0@nk0P11#21/n. ~9!

This form is derived by assuming that the bulk modulus i
linear function of pressure:B5B01nP, whereB051/k0. In
a generalized Murnaghan equation of state, a tempera
dependence is added to this form. Gustafson31 used the form

V~P,T!5V0~T!@nk0P11#21/n. ~10!

As discussed by Plymate and Stout,33 this form is not accu-
rate for conditions of simultaneously elevated pressures
temperatures.

In the present work, we generalize the Murnaghan form

V~P,T!5V0@nk0P1 f ~T!#21/n. ~11!

We find below that this form is much more accurate f
conditions of elevated pressures and temperatures, suc
found in shock experiments. The functional form off (T) is
chosen to reproduce the thermal expansion of the materi
zero pressure. We also demand thatf (T)>0 for all T, so the
equation of state remains well defined for all conditions.

We find that the following form works well for carbon:

f ~T!5exp@2n„g~T!2g~T0!…#, ~12!

where

g~T!5a0T1a1S T2
T*

2
$exp@2T/T* #22%2D . ~13!

With this equation of state, we find that
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8736 PRB 61LAURENCE E. FRIED AND W. MICHAEL HOWARD
DG~P,T!5
V0

~n21!k0
@hn212h0

n21#, ~14!

where

h[
V0

V
5@nk0P1 f ~T!#1/n, ~15!

andh0[h(T,P0). This completes the definition ofG(P,T)
used in the present study.

We will now discuss the physical motivation of ou
choice off (T). First we note thatf (T0)51, so that a simple
Murnaghan isotherm is produced whenT5T0. The coeffi-
cient of thermal expansion is found to be

a[
1

V

]V

]T U
P

5g8~T!h2nf ~T!. ~16!

For small expansions and whenT!1/a, h'1, and f (T)
'1. The thermal expansion is thus dominated byg8(T).
Below we show that the thermal-expansion coefficient
diamond and graphite are well represented by an in
value, followed by an increase to a final value at high te
perature.g8(T) was thus chosen to have the form

g8~T!5a01a1~12e2T/T* !2. ~17!

This function increases froma0 to a11a0 as T increases
from 0 to `. The rate of increase is controlled byT* . This
form extrapolates to high temperature better than a sim
polynomial form, such as that employed by Gustafson31

g(T) was then found by integration ofg8(T).

III. DIAMOND

In this section we compare the thermodynamic proper
of diamond calculated with our equation of state to expe
ment. Parameters for the diamond equation of state are li
in Tables I and II. In Fig. 1 we compare the calculated co
stant heat capacity to experiments.41 Experimental results for
diamond are only available up to 1200 K. A good fit

TABLE I. Equation-of-state parameters for carbon.

Phase
V0

~cc/mol!
B0

~GPa! n
a0

(1025 K21)
a1

(1025 K21)
T*
~K!

Graphite 5.286 33.8 8.9 2.5 1.2 100
Diamond 3.417 441.5 3.5 20.1 1.8 450
Liquid 1 6.000 33.8 8.9 0.0 4.0 500
Liquid 2 3.950 337.8 2.0 20.1 2.4 450
f
l
-

le

s
i-
ed
-

experiment is obtained within this range. As seen in Fig.
the Einstein oscillator model provides a reasonable extra
lation to higher temperatures.

Several experiments have been performed on the s
compression of diamond. These experiments provide a g
test of the choice of bulk modulus, its pressure derivati
and the applicability of the Murnaghan isotherm to diamon
In Fig. 2 we compare experimental isotherm measureme
to our model. The model agrees closely with the recent
periments of Fujihisaet al.36 on pure C12 diamond. We also
show older experiments by Lynch and Drickamer.42 These
experiments indicate a lower degree of compressibility th
more modern experiments. The bulk modulus and press
derivativen used here are in good agreement with ultraso
measurements,43 so we accept the more modern results
Fujihisa et al. Aleksandrovet al.44 reported the cold com-
pression of diamond up to 70 GPa. Unfortunately, they fou
that the ruby pressure scale employed was unreliable
pressures above 40 GPa.

We next consider the treatment of thermal effect in t
diamond equation of state. Reeber and Wang45 have pro-
posed a semiempirical quasiharmonic model matching
wide range of thermal expansion data on diamond. T
quasiharmonic model provides a physically motivated
trapolation beyond the experimental range of 0–1200
while closely matching experiment within this range. In F
3 we compare the thermal-expansion coefficienta predicted
by the present model to Reeber and Wang’s model. Cl
agreement is found, validating the postulated form forf (T)
and g(T) in Eqs. ~12! and ~13!. We note that we chosea0
,0, although the expansion coefficient at temperatures
than 100 K has been measured to be very nearly zero.46 The
present model produces a somewhat more accurate fit foa

FIG. 1. The calculated constant pressure heat capacity of
mond ~solid line! is compared to experiments~Ref. 41! ~crosses!.
TABLE II. Reference state parameters for carbon.

Phase
DH0

~kJ/mol!
DS0

~J/mol K! a1 /R u1 ~K! a2 /R u2 ~K!
a3 /R

(1023 K21)

Graphite 0.00 5.74 1.115 597 1.789 1739 0.116
Diamond 1.82 2.70 2.594 1238 0.783 3390 0.000
Liquid 1 65.5 3.9 4.5 1280
Liquid 2 112.0 25 3.5 1400
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at temperatures above 298 K, where we intend the equa
of state to be used.

Another independent test of the model is found in t
dependence of the bulk modulus on temperature at 1 A
pressure. Zoubouliset at.37 have recently measured the ela
tic constants of diamond in the range of 300–1600 K. Th
provide a recommended function fit to their data for the b
modulus. In Fig. 4 we compare their results to the pres
equation of state~EOS!. We find agreement within the est
mated experimental uncertainty of roughly 1%. This in
cates that the EOS form is well motivated within this ran
of temperatures, since no additional parameters were
quired to matchB(T).

Shock compression experiments provide data on the e
tion of state of diamond at higher pressures than attain
by current static compression experiments. Also, shock c
pression tests the equation of state under conditions of sim
taneously elevated pressure and temperature. In the fol
ing calculations, we apply our three phase carbon equatio
state to porous samples at differing density before sh
compression. This is justified if the shock is sufficien
strong that the material response is plastic. Previous wo

FIG. 2. The calculated room-temperature isotherm of diam
~solid line! is compared to experiments of Lynch~Ref. 42! ~stars!,
more recent experiments of Fujihisa~Ref. 36! ~crosses!.

FIG. 3. The calculated volumetric thermal-expansion coeffici
of diamond at 1 ATM~solid line! is compared to calculations pe
formed with a quasiharmonic model~Ref. 45! ~dotted line!.
on

y
k
nt

-

e-

a-
le
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l-

w-
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k

ks

have applied this approximation to carbon.17,18,34,35

In Fig. 5 we compare the predictions of the present E
to experiments at differing initial density. Experiments o
single-crystal diamond up to 600 GPa were performed
Pavlovskii47 and Kondo and Ahrens.2 The points of Kondo
and Ahrens at 190 and 217 GPa are shown, along with P
lovskii’s results at 310 and 585 GPa.

Good agreement with experiment is seen, even under
high compressions attained in these experiments. Thi
strong evidence that the simple Murnaghan form emplo
here suffices to match the behavior of diamond even un
conditions of extreme pressure. The discontinuity in the c
culated curve over 560 GPa is caused by the formation
liquid carbon. More discussion of this is given below.

The shock Hugoniot of pressed diamond at an initial d
sity of 3.19 g/cc~Ref. 48! is also shown in Fig. 5. The
calculations predict that results should lie on almost the sa
curve as single crystal diamond. The experimental res
agree with this prediction, within the scatter of the data.
much larger dependence on initial density is found in
experiments of Pavlovskii47 on porous diamond at 1.90 g/cc

d

t

FIG. 4. The calculated isothermal bulk modulus of diamond a
ATM ~solid line! is compared to a fit based on elastic consta
measurements~Ref. 37! ~dashed line!.

FIG. 5. The calculated shock Hugoniot of diamond at init
densities of 3.51 g/cc~solid line!, 3.19 g/cc~dotted line!, and 1.90
g/cc ~dot-dashed line! is compared to experiments performed
3.51 g/cc~Refs. 47 and 2! (1), 3.19 g/cc~circle! ~Ref. 48!, and
1.90 g/cc~Ref. 47! ~stars!.
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In this case the shock Hugoniot lies considerably above
of single crystal diamond. The calculations are in go
agreement with experiment. The kink in the shock Hugon
at roughly 80 GPa is caused by a transition to the liquid st
We note that the experimental scatter is somewhat large
porous diamond than for the other cases. For example,
the points at 15 and 40 GPa. This is typical of experime
on porous materials.48 The inhomogeneous nature of the m
terial on macroscopic length scales increases experime
scatter.

IV. GRAPHITE

In this section we compare the thermodynamic proper
of graphite calculated with our EOS to experiment. Para
eters for the graphite equation of state are listed in Tabl
and II. In Fig. 6 we compare the calculated constant h
capacity to experiments.41,49 The model agrees closely wit
the values of Hultgren41 and Cezairliyan49 up to 1800 K.
Above 1800 K Cezairliyan and Hultgren disagree. Valu
close to Cezairliyan’s were chosen as most consistent
other heat-capacity measurements in the JANAF~Ref. 50!
thermochemical tables, so we accept Cezairliyan’s val
here.

We next consider the behavior of graphite under press
In Fig. 7 we compare the room-temperature isotherm
graphite to experimental results. As in the case of diamo
Lynch’s results42 seem to be higher in pressure than mo
modern experiments. We use the values given forB0 andn
by Hanflandet al. in the present equation of state.51 Our
equation of state shows close agreement with Hanflan
measurements. It is also in good agreement with a calcul
all-electron compression curve.52 Graphite may be prepare
in differing polycrystalline morphologies, such as pyrolyt
graphite. The thermal expansion of pyrolytic graphite is d
scribed in Touloukian and Buyco53 in the range of 300–3400
K. In Fig. 8 we compare this data to the present equation
state. Good agreement is found.

We next consider the behavior of graphite under sh
conditions. Since graphite is metastable to diamond at h
pressures, we performed two sets of calculations: one w

FIG. 6. The calculated constant pressure heat capacity of gr
ite ~solid line! is compared to experiments of Hultgren~Ref. 41!
~crosses!, and Cezairliyan~Ref. 49! ~circles!.
at
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the phase of carbon was fixed to be graphite, and the o
where the equilibrium phase of carbon was used. In Fig
we compare experiments on pyrolytic graphite54 to calcula-
tions. Calculations in the graphite phase agree well with
experiments up to roughly 35 GPa. Above this pressure
transition occurs from the graphite phase to the diamo
phase. Since kinetic effects are doubtless important in
transition regime,55,56 the present equilibrium calculations d
not match the data in this region. Above 60 GPa the grap
is entirely transformed to diamond, and good agreemen
seen between the calculations in the diamond phase and
periment. Experiments on lower density forms of graph
and carbon foams have also been performed.54,48 We have
compared our model to these shock Hugoniots and fo
that it matches within the spread of the experimental da
The experimental scatter increases with decreasing den
however, so that little new information is gained by the stu
of these shock Hugoniots.

V. LIQUID CARBON

Due to the high temperatures involved, the study of liqu
carbon is very difficult. Dependences of experimental d

h- FIG. 7. The calculated room-temperature isotherm of grap
~solid line! is compared to experimental results by Lynch~Ref. 42!
~circles! and more recent experiments by Hanflandet al. ~Ref. 51!
~stars!.

FIG. 8. The calculated thermal expansion of graphite at 1 AT
~solid line! is compared to experimental results for pyrolytic grap
ite ~Ref. 53! ~crosses!.
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on the time scale of heating have been noted.7 These diffi-
culties have led to widely varying estimates of the melti
temperature of carbon, the location of the solid-liquid-vap
triple point, and other properties. In the present paper,
accept the most recent measurements of Togaya.27 Previous
experiments57,58 indicated a more pronounced maximum
the graphite melting curve under pressure. Togaya rep
the melting temperature of graphite under pressure with h
accuracy (650 K). Togaya’s low pressure melting da
agrees within experimental error with laser heating exp
ments of Musellaet al.38

Togaya explains the maximum in the melting temperat
as a function of pressure in terms of a first-order liquid-liqu
phase transition. This is in agreement with previous theo
ical work.14–16,19 We employ the same functional form fo
the two liquid carbons as that used for diamond and graph
van Thiel and Ree19 have suggested that the low-pressu
liquid phase~referred to as liquid 1 here! should be graph-
itelike, while the high-pressure phase~referred to as liquid 2
here! should be diamondlike. The equation of state of t
graphitelike and diamondlike phases was derived by sca
of the graphite and diamond equations of state. We use
Thiel and Ree’s suggestion as a rough guide in determin
appropriate parameters for the equation of state; where t
is not enough data to determine the equation of state pa
eters uniquely, we take parameters from either graphite
diamond.

The constant pressure heat capacity of the liquid 1 ph
is set in accordance with a recent experimental estimat
roughly 4 J/K g.39 The heat capacity of the liquid 2 phase
set to a value appropriate to diamond at high temperature
single Einstein oscillator is used, with frequencies appro
ate to graphite~liquid 1! and diamond~liquid 2!.

In Fig. 10 we show the predicted phase diagram of car
in the range 0–20 GPa. The graphite melting line shown
composed of two nearly linear segments joining at the liqu
liquid phase transition, as found by Togaya. Note that
slope of the melting line as a function of pressure determi
the volume change of melting through the Clausius-Clapy
equation:

FIG. 9. The calculated shock Hugoniot of graphite at an ini
density of 2.21 g/cc in the diamond phase~solid line! and in the
graphite phase~dotted line! is compared to experiments on pyro
lytic graphite~Ref. 54! (1).
r
e

rts
h
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e

t-
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e
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DSm

DVm
5

dP

dT U
melt

, ~18!

whereDVm is the volume change upon melting, andDSm is
the entropy change. For the graphite-liquid 1 transition,
haveDVm.0, while for the graphite-liquid 2 transition, w
have DVm,0. Figure 10 also shows that we predict th
diamond-graphite phase boundary in good agreement
Bundy et al.59

The dependence of the enthalpy of melting on pressure
measured by Togaya, helps to further constrain the liq
equation of state. In Fig. 11 we find that we are able
accurately reproduce Togaya’s data on the enthalpy of m
ing. Togaya’s enthalpy data was used to determineDH0 and
DS0 for the liquid 1 and liquid 2 states. The enthalpy
melting allows us to obtain quantitative information o
DVm , since DHm5TDSm , which can be related toDVm
through Eq.~18!. Although this helps to constrain the liqui
parameters, we find that the melting line is fairly insensiti
to the choice ofB andn. For the liquid 1 phase, we simpl

l FIG. 10. The calculated phase diagram of carbon is compare
measurements of graphite melting by Togaya~Ref. 27! ~stars! and
the graphite-diamond phase boundary measured by Bundyet al.
~Ref. 59! ~crosses!.

FIG. 11. The calculated enthalpy of melting of graphite is co
pared to measurements by Togaya~Ref. 27! ~crosses!.
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8740 PRB 61LAURENCE E. FRIED AND W. MICHAEL HOWARD
use theB, n, and a appropriate to graphite. Future expe
ments may help to more uniquely determine these par
eters.

For the liquid 2 phase, however, more data is availa
from shock compression experiments. Sekine60 has recently
made the observation that useful information can be gai
on liquid carbon by examining high-pressure shock exp
ments. Pavlovskii and Drakin61 report the shock compressio
of graphite initially at a density of 1.85 g/cc to pressures
155 and 325 GPa. In Fig. 12 we compare the prediction
our model to this data. The shock Hugoniots of low dens
forms of carbon have higher error bars than higher den
carbon. We have estimated error bars for Pavlovskii a
Drakin’s experiment by analysis of the shock Hugoniot
pressed graphite at a density of 1.88 g/cc.48 Our model pre-
dicts that the first point is a mixture of diamond and liquid
while the second point is entirely liquid 2. These points pla
an important additional constraint on the equation of state
liquid 2. This helps to determine the bulk modulusB and its
pressure derivativen. We calculate a temperature of rough
15 000 K at 325 GPa. This is the highest temperature d
considered here. We also note that the shock Hugonio
porous diamond shown in Fig. 5 contains states contain
pure liquid 2 ~single-crystal diamond shocked to 600 GP!
and mixtures of liquid 2 and diamond~porous diamond
shocked to 150 GPa!.

Grumbach and Martin40 recently performedab initio
simulations on several phases of carbon at pressures up
MBar. In particular, they calculated an isotherm of liqu
carbon at 6000 K. In Fig. 13 we compare the results of th
simulations with the equation of state model for liquid
carbon. We find good agreement with the simulations up
pressures of roughly 6 MBar. At pressures above this, Gr
bach and Martin find a transition to sixfold coordination
the liquid. This is beyond the scope of the present mo
although the model could be extended by adding additio
phases of liquid carbon, or by a mixture model.14 Morris
et al.62 report isotherms for liquid carbon at 6000 and 70
K calculated with tight-binding molecular dynamics. The
caution that these isotherms are not fully quantitative.
find that their calculations over 50 GPa are consistent w
the liquid 2 model. Under 50 GPa they predict significan

FIG. 12. The measured Hugoniot of graphite~Ref. 61! at 1.85
g/cc shocked into the liquid state~error bars! is compared to the
present model~line!.
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larger volumes than the liquid 2 model. Their predicted v
umes are inconsistent with experimental measurements57,58,27

of a negative slope of the graphite-liquid melting line over
GPa.

Shaneret al.28 measured the sound speed of release wa
in shocked graphite in the range of 0.8–1.4 MBar. The la
of any decrease in the sound speed with increasing sh
pressure indicates that the sample was in a solid ph
Shaneret al. calculated (P,T) points along the shock Hugo
niot with a simple diamond equation of state. These poi
have served as a lower bound of the diamond-liquid melt
line in several studies.17,18,30We have recalculated the (P,T)
points with the present equation of state. The results
shown in Fig. 14. We predict that temperatures in the exp
ment are almost 1000 K higher than those calculated with
model of Shaneret al.This means that the experiments pla
a higher bound on the diamond to liquid melting line th
previously thought. Although the calculation of the (P,T)
points is not extensively discussed by Shaneret al., we note
that the bulk modulus of 5 MBar used is higher than curr
experimental estimates.43,36 When used in our model, this
bulk modulus lowers the calculated shock temperature

FIG. 13. An isotherm of the liquid 2 phase of the present mo
at 6000 K~line! is compared toab initio simulation results~Ref. 40!
~stars!.

FIG. 14. The calculated melting line of diamond~solid line! and
calculations of Shaner’s shock experiments~bold line! and the
shock Hugoniot of diamond crystal~bold dash-dotted line!.
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roughly 400 K. The other 600 K probably occurs from t
differing treatments of thermal expansion in the two mode
Thermal factors are included in the equation of state
Shaneret al.28 through the choice of the Gruneiseng at stan-
dard conditions. We note that the appropriate Grunei
g (g5VaB/Cv) at standard conditions is very uncertain f
diamond, given the relatively large error bars on the coe
cient of thermal expansiona at room temperature.46 Galli et
al.12 estimated on the basis ofab initio molecular-dynamics
calculations that the melting line of diamond lies betwe
6500 and 8000 K at pressures of approximately 1 MBar. T
current model is 400 K lower than this estimate. We fou
that the parameter changes necessary to raise the melting
of diamond further~essentially, increasing the bulk modulu
of liquid 2 at high pressure! led to results that were no
consistent with the shock data in Fig. 12. We conclude t
Shaner’s experiment at 1.4 MBar comes very close to
diamond-liquid melting line.

In Fig. 14 the diamond melting line has a maximum a
function of pressure at roughly 3.1 MBar and a temperat
of 7400 K.Ab initio simulations by Grumbach and Martin40

led them to predict the existence of a maximum at roug
3.5 MBar and 8000 K. They attributed the maximum to
transition from a fourfold coordinated liquid to a sixfold co
ordinated liquid. This is in disagreement with earlier calc
lations by Young and Grover.63 In our model, the maximum
occurs because the pressure derivative of the bulk modul
lower for liquid 2 than for diamond. Thus, the relative vo
ume of diamond and liquid 2 changes sign as pressure
creases. Since it is not clear whether the transition from fo
fold coordination to sixfold coordination is continuous or
first-order phase transition, the relationship between the
mechanisms is not completely clear. We show the calcula
(P,T) shock Hugoniot for diamond crystal~density 3.51
g/cc! in Fig. 14. We predict that shocked diamond crys
should begin to melt at a pressure of roughly 5.8 MBar. W
also predict that the temperature of diamond crystal sh
melting should be slightly less than that of pyrolytic grap
ite. The melting should be observable in an experiment si
lar to that of Shaneret al.,28 and thus could provide direc
experimental evidence of the maximum in the diamond m
ing line.

VI. CONCLUSION

In the present paper we have presented a simple exp
model for the Gibbs free energy of carbon as a function
pressure and temperature. The model should be applicab
a wide variety of high-pressure applications. We have co
pared the model to all of the known equation of state pr
erties of graphite and diamond. The model matches the
to within experimental uncertainty. The same model w
then applied to liquid carbon. We have shown that Togay
data on the melting of graphite under pressure27 can be
matched very well with a simple equation of state model,
long as a first-order liquid-liquid transition is assumed.

We have also shown that our model of the liquid 2 pha
is consistent with high-pressure shock data, in the sense
the same model can match both types of data. This le
further credence to Togaya’s27 experiments. We then applie
our model to the experiments of Shaneret al.28 determining
.
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the diamond to liquid melting line. We concluded that t
melting line is higher in temperature than other equations
state17,18,35 or recent classical molecular-dynamic
simulations13 have predicted. The model of the liquid
phase was shown to match recentab initio calculations on
liquid carbon.40 This shows that the simulations are cons
tent with shock compression data on liquid carbon, thus
creasing our confidence in the applicability ofab initio tech-
niques to other high-pressure phases64 such as simple
cubic,64 BC8 ~Refs. 65,40! or SC4,66 where no experimenta
data exist. Based on matching the available experimental
simulation data, we found that liquid 2 carbon has a ze
pressure bulk modulus close to that of diamond, and that
pressure derivative of the bulk modulus is close to 2.

We have also demonstrated that a simple equation
state model of carbon predicts the existence of a maxim
in the diamond melting line, in accordance with the latestab
initio simulations.40 In our model the maximum is caused b
the rather low-pressure derivative of the bulk modulus
liquid 2. We have suggested that sound speed measurem
of shocked single-crystal diamond may provide experimen
confirmation of the melting maximum.
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APPENDIX: FORMULAS FOR OTHER
THERMODYNAMIC PROPERTIES

Other thermodynamic properties may be obtained fr
derivatives of the Gibbs free energyG(P,T). Formulas are
given here for completeness. Given the volumeV, the Gibbs
free energyG(P,T), and the enthalpyH(P,T), other ther-
modynamic potentials can be found through simple additi
V is specified in Eq.~11! and G(P,T) is specified in Eq.
~14!. H(P,T) is determined by

H~P,T!5H0~T!1DH~P,T!, ~A1!

where

DH~P,T!5
V0

~n21!k0
@hn212h0

n21#

1
V0T f8~T!

nk0
@h212h0

21#. ~A2!

We now determine thermodynamic derivatives. These
be expressed through standard relations in terms of the c
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ficient of thermal expansiona, the isothermal bulk modulus
B, and the constant heat capacityCp . The relation fora is
given in Eq.~16!. The bulk modulus is given by

B52V
]P

]V U
T

5hn/k0 . ~A3!
0

nc

tt.

B

et

v

h

,

The constant pressure heat capacityCp(P,T)5Cp,0(T)
1DCp(P,T). We have

DCp~P,T!5
V0f 8~T!2T

n2k0

@h2(n11)2h0
2(n11)#

2
V0f 9~T!T

nk0
@h212h0

21#. ~A4!
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