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Full ab initio geometry optimization of all known crystalline phases of Si3N4
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The crystal structures of the four experimentally observed phases of Si3N4 with space groupsP63 /m, P63 ,
P31 /c, andFd3 /m are fully optimized by means of first-principles total-energy calculations. The relaxation of
all internal parameters is achieved by using a simple finite difference method. Forb-Si3N4, the structureP63

without the mirror symmetry has a lower energy than theP63 /m with mirror symmetry by 0.238 eV per
formula unit. The calculated ground-state properties are found to be in good agreement with experimental
values.
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Silicon nitride continues to attract many researchers
cause of the important role it plays as a structural cera
and as a dielectric insulator. The electronic structure of Si3N4
has been studied by several groups since the early 19801–7

More recently, attention has been focused on the struct
aspects and on the ground-state properties.8–11 There are two
well-known phases of Si3N4 a- and b-Si3N4. Both have a
hexagonal lattice with different stacking sequences of
layered atoms perpendicular to thec axis. There is still con-
troversy as to the exact structure of theb phase. Early mea
surements onb-Si3N4 gave it a space group ofP63 /m with
a mirror symmetry in the plane perpendicular to thec
axis.12,13 In 1979, Grün14 showed that the space group f
b-Si3N4 should beP63 , with no mirror symmetry. Since
then, there were conflicting reports in support of both str
tures. Goodman and O’Keeffe15 studied a powdered samp
of pureb-Si3N4 using converging beam electron diffractio
and concluded its space group to beP63 /m. Using the same
technique, Bando concluded that theP63 /m structure is
compatible only with the data for a thin crystal. For a thi
crystal, the space groupP63 may be more appropriate.16 On
the other hand, neutron-diffraction data appear to favor
p63 /m structure.17 The structure for thea phase is less con
troversial as it has an unambiguous space group
P31 /c.18,19 Experimentally, it was found that thea to b
transformation takes place at high temperature, but not
reverse.20 It is generally believed thatb-Si3N4 is a more
stable phase. Very recently, it was reported that stoich
metric Si3N4 could also exist in the cubic spinel phase und
high pressure and temperature.21 This exciting discovery has
opened a new dimension to the elucidation of the struc
and bonding in silicon nitrides and the microscopic und
standing of the interaction that is responsible.21,22

In recent years,ab initio total-energy~TE! calculations
based on density-functional theory~DFT!23 have been suc
cessful in predicting crystal structures and properties of m
terials with no experimental input other than an initial sta
ing structure for the desired local minimum. For crysta
with high symmetry, such predictions have become a rou
exercise, assuming one can garner sufficient computati
power to carry out the demanding task. However, for a re
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tively complex crystal with many internal parameters such
Si3N4, it is still a reasonably time-consuming task to op
mize its geometry. Past investigations on Si3N4 were limited
to equilibrium lattice constants and volumes without op
mizing the internal parameters.4–5,8–10When comparing the
calculated results with the measured ones for theb phase, no
distinction was made for the structure with or without t
mirror symmetry. This has caused a lot of confusion, but a
casts some doubt on the often-claimed good agreeme
Studies on thea phase are almost nonexistent because
unit cell is twice as large as in theb phase. Empirical or
semiempirical calculations based on classical pair poten
have been rather popular for studies on Si3N4.

10,23–26 The
accuracy of such studies is usually much lower than t
which can be obtained byab initio methods, but they can b
very effective in the simulations of large structures such
those involving interfaces,26 disordered-amorphous system
or for systems approaching the continuum limit.25

In this paper, we report the results of full geometry op
mization of the four experimentally reported crystallin
phases of Si3N4, b-Si3N4 (P63 /m), and b-Si3N4 (P63),
a-Si3N4 (P31 /c), and the cubic spinel phasec-Si3N4
(Fd3 /m). We have developed a computational strate
based onab initio TE calculations using the orthogonalize
linear combination of atomic orbitals~OLCAO! method.27

The basis set and the exchange-correlation potential use
the same as in the previous studies.6,10 All internal param-
eters are optimized and the relative stability at zero temp
ture compared. From the TE data as a function of crys
volume with internal parameters relaxed at each volum
much more reliable values of bulk modulusB0 are obtained.

The OLCAO method of electronic structure calculatio
has been established as an accurate and efficientab initio
method especially for complex systems.27 In fact, the first
band structures ofb-Si3N4 anda-Si3N4 were calculated us-
ing this method.1 Over the years, the method has be
steadily refined and the scope of the investigation sign
cantly enlarged to include calculations on TE and bu
modulus,4,10 optical properties,6 solid solutions of SiAlON,28

and other spectroscopic properties such as electron-ene
loss near-edge spectra, etc.29 Recently, we have also derive
8696 ©2000 The American Physical Society
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effective pair potentials forb-Si3N4 and a-Si3N4 based on
the ab initio TE data, and used them for lattice dynam
studies in Si3N4 crystals.10 One drawback of the OLCAO
method is the difficulty of obtaining the forces on each at
directly, in comparison to plane-wave techniques, and th
fore this makes it difficult to optimize all the internal param
eters of a crystal as the basis functions in the OLCA
method are nuclear-position dependent. There is a signifi
Pulay correction30 to the Hellmann-Feynman forces, which
difficult to obtain with the local orbital methods. Accura
forces can still be obtained if careful corrections of sufficie
accuracy are accounted for, as has been demonstrate
Jackson and Pederson31 on small molecules. A genera
scheme based on the current OLCAO method applicabl
complex crystals will be very difficult because the progra
ming and coding will be onerous. The complication aris
from the need for multicenter integrals of higher order wh
the basis functions are differentiated with respect to
nuclear position. On the other hand, methods based on pl
wave expansion can calculate forces very easily,32 but a large
number of plane waves is usually required for a we
converged result. To circumvent the difficulty of direct for
calculation in the OLCAO method, we introduce a simp
scheme of evaluating the force by the finite difference of
TE. Let ET(a,b,c,a,b,g;x1 ,x2 ,x3 ...) be the TE of agen-
eral crystal with lattice parameters specified
a,b,c,a,b,g; and internal parameters byx1 ,x2 ,x3 ..., etc.
The energy gradient for each parameterPi is obtained by the
finite difference approach according to

]ET

]Pi
'

ET~Pi1DPi !2ET~Pi2DPi !

23DPi
. ~1!

We then use the first-order-gradients-only algorithms suc
the conjugate gradient or steepest descent, etc to minim
the TE in the entire parameter space. In the present case
have integrated the OLCAO method with the General Latt

TABLE I. The experimentally reported phases of Si3N4, NA ,
NP , Nk are the number of atoms per unit cell, the number of in
pendent geometric parameters, and the number ofk points in the BZ
used, respectively.

Crystal Space group NA NP Nk

b-Si3N4 P63 /m 14 6 32
b-Si3N4 P63 14 8 32
a-Si3N4 P31 /c 28 16 16
c-Si3N4 Fd3 /m 14 2 84

TABLE II. Optimized geometry ofb-Si3N4 (P63 /m).

Parameter Experimenta This work Difference

c ~Å! 7.607 7.6220 0.0150
a ~Å! 2.911 2.9102 20.0008
xSi(6h) 0.174 0.1723 20.0017
ySi(6h) 0.766 0.7645 20.0015
xN(6h) 0.321 0.3341 0.0131
yN(6h) 0.025 0.0250 0.0000

aReference 13.
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Utility Program ~GULP! to achieve the geometry optimiza
tion of crystal.33 The GULP program fully utilizes crysta
symmetry to reduce the parameter space thereby greatly
ducing the number of derivatives to be determined by fin
differences.

The key element of the above simple scheme is that
TE calculation must be sufficiently fast and efficient. F
each energy gradient, a minimum of two full self-consiste
field ~SCF! calculations for the ground state are needed,
addition to the original SCF calculation for the geome
whose derivatives are to be found. Fortunately, the OLC
method is very efficient and fast, thus making this sche
practical. Convergence in SCF iterations is efficient since
input potential for the new configuration is not much diffe
ent from that of the previous configuration for small diffe
ence intervals. The whole optimization process takes ab
10 cycles for the geometry to converge to the desirable lim
which is loosely defined as no change in the fourth decim
point of the lattice constants or the internal parameters.
other important decision is the choice ofDPi in Eq. ~1!. We
find in general, aDP of 0.0005 ~0.05%! of the parameter
value produces the most satisfactory results. The estim
accuracy in the present calculation is at least 0.001 eV
atom in the final relaxed total energy.

-
TABLE III. Optimized geometry ofb-Si3N4 (P63).

Parameter Experimenta This work Difference

c ~Å! 7.5950 7.6226 0.0276
a ~Å! 2.9023 2.9014 20.0009
xSi(6h) 0.1744 0.1737 20.0007
ySi(6h) 0.7686 0.7663 20.0023
xN1(6h) 0.3294 0.3337 0.0043
yN1(6h) 0.0298 0.0271 20.0027
zN1(6h) 0.2628 0.2726 0.0098
zN2(6h) 0.2392 0.2353 20.0039

aReference 14.

TABLE IV. Optimized geometry ofa-Si3N4 (P31 /c).

Parameter Experimenta This work Difference

c ~Å! 7.766 7.7917 0.0713
a ~Å! 5.615 5.6141 20.0009

xSi1(6c) 0.5130 0.5111 20.0019
ySi1/(6c) 0.4305 0.4283 20.0022
zSi1(6c) 0.6580 0.6542 20.0038
xSi2(6c) 0.1680 0.1634 20.0046
ySi2(6c) 0.9150 0.9123 20.0027
zSi2(6c) 0.4504 0.4513 0.0009
xN1(6c) 0.6124 0.6149 0.0025
yN1(6c) 0.9592 0.9621 0.0029
zN1(6c) 0.4343 0.4387 0.0044
xN2(6c) 0.3199 0.3264 0.0065
yN2(6c) 0.0046 0.0262 0.0216
zN2(6c) 0.7045 0.6903 20.0142
zN3(2b) 0.4520 0.4312 20.0208
zN4(2b) 0.1015 0.1398 0.0383

aReference 19.
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TABLE V. Calculated and measured crystal parameters of Si3N4 phases.B0 is the bulk modulus,E0 is the
total energy per formula unit~excluding core electrons!. The number in parentheses forB0 is from the
previous calculation~Ref. 10! with no relaxation for internal parameters.

Present
calculation

Experiments Other
calculations

b-Si3N4 @P63 /m# Ref. 5 Ref. 8 Ref. 11
a ~Å! 7.622 7.607a 7.61, 7.61, 7.562
c ~Å! 2.910 2.911a 2.91, 2.893
c/a 0.382 0.383
B0 ~Gpa! 274 ~270! 256,e 258,f 273g 265, 297, 263
E0 ~eV! 21415.088

b-Si3N4 @P63#

a ~Å! 7.623 7.595b

c ~Å! 2.901 2.902b

c/a 0.381 0.382
B0 ~Gpa! 278 256,e 258,f 273g

E0 ~eV! 21415.326
a-Si3N4 @P31 /c#

a ~Å! 7.792 7.766c

c ~Å! 5.614 5.615c

c/a 0.720 0.723
B0 ~Gpa! 257 ~260! 228,h 248,i 282e

E0 ~eV! 21414.871
c-Si3N4 @Fd3 /m#

a ~Å! 7.837 7.8060.08d 7.76d

x 0.3844 0.3875d 0.3824d

B0 ~Gpa! 280 300
E0 ~eV! 21411.795

aReference 13. dReference 21. gReference 37.
bReference 14. eReference 40. hReference 36.
cReference 19. fReference 39. iReference 38.
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Table I lists the four Si3N4 crystals whose geometrie
were optimized, the total parameters relaxed, and the num
of k points in the irreducible portion of the Brillouin zon
~IBZ! used. The number ofk points used in the calculatio
was carefully tested to ensure full convergence. We feel
the number ofk points used in some existing calculatio
may not be sufficient. The relaxed parameters for the f
crystals are listed in Tables II–V. Also listed are the diffe
ences from the experimentally measured values. As can
seen, the agreements between the calculated and the
sured values are excellent. The average deviations on
lattice constants are less than 0.5%. Generally speaking
current level of accuracy in other local-densit
approximation–DFT based calculations is in the range
1–1.5 % in the lattice constant. The differences in the in
nal parameters are also satisfactory. In general, the ag
ment is better for the Si parameters than for the N para
eters. There are a few cases where the relative differe
appears to be large, and these are usually associated wit
cases where the parameters themselves are quite small.
differences cannot perhaps be totally attributed to defic
cies in the calculated values since the experimental par
eters were obtained by a constrained fit to the measured
fraction spectra and their accuracy depends on the finaR
factor.

The TE at the equilibrium geometry for the four crysta
er

at

r

be
ea-
he
he

f
r-
e-
-

ce
the
uch
-
-

if-

are listed in Table V.~The TE values are for valence ele
trons only, since core states were eliminated by the ortho
nalization process!. The bulk modulusB0 of each crystal is
obtained by fitting theE-V data to three types of equation
of-state EOS, the Murnaghan,34 the Birch-Murnaghan,35 and
the fourth-order polynomial expansion. The results are qu
close and the ones obtained by the Murnaghan EOS
listed in Table V. In each calculation with a specific volum
expansion or contraction, thec/a ratio is fixed at the equi-
librium value, while all internal parameters are relaxed. A
listed in Table V are the measured values ofB0 ~Refs. 36–
40! and those from other calculations.a-Si3N4 (c-Si3N4)
has the lowest~highest! B0 and those of the twob phases are
very close. We believe the present calculations provide
most accurate and consistentB0 values for the Si3N4 phases
since they were obtained by using a single method with
parameters relaxed and with sufficientk-space convergence
We also note that there are considerable differences am
various experimental measurements.36–34 This could be
partly due to the lack of availability of high-quality singl
crystals of Si3N4.

The E-V data for the four crystals as a function of m
lecular volume are shown in Fig. 1. As can be seen fr
Table V, theb-Si3N4 (P63) is lower in energy than the
b-Si3N4 (P63 /m) by 0.238 eV per formula unit. On the
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other hand, thea-Si3N4 (p31) is higher thanb-Si3N4 (p63)
by 0.455 eV per formula unit. This is a much smaller diffe
ence than the value~1.65 eV/molecule! reported before with
no optimizations for the internal parameters.6 Recently, Li-
anget al. measured the enthalpy of formation ofa-Si3N4 to
be 2850.9622.4 KJ mol, and that ofb-Si3N4 to be
2852.068.7 KJ mol21,41 showing theb phase to be more
stable than thea phase but the difference should be sma
The equilibrium volumes of thea and b phases are quite

FIG. 1. Total energy in eV per Si3N4 formula unit vs crystal
volume. The slopes of the dashed lines give the transition press
b, b1 , a, c stands for the four Si3N4 crystals with space groups o
P63 /m, P63 , P31 /c, andFd3 /m, respectively.
n,

t.

ct
.

close to each other. This is not surprising since the struc
and bonding ina andb phases are very similar. On the oth
hand, the spinelc-Si3N4 is at a much higher energy and
smaller equilibrium volume, consistent with the fact that it
formed at high pressure.21 From the slopes of the commo
tangents shown in Fig. 1, we deduce the transition press
from the twob-Si3N4 phases toc-Si3N4 to be 42.2 and 44.9
GPa, and that froma-Si3N4 to be 35.2 GPa.

In summary, we have demonstrated that full geome
optimization based on finite difference in total energy wit
out direct force calculation is feasible, and can be effectiv
applied to complex ceramic crystals. Results forb-Si3N4
confirm that the Gru¨n structure without the mirror symmetr
has a slightly lower energy and therefore represents the
minimum. The higher symmetry form is likely to have a
imaginary mode that removes the mirror symmetry, rat
than being metastable. Both structures ofb-Si3N4 have
lower energy per molecule thana-Si3N4. The calculated
bulk moduli for b-Si3N4 anda-Si3N4 are within the experi-
mental uncertainties. We have successfully used the s
technique to optimize the geometry of several complex
ramic oxides including Al2O3, Y2O3, MgAl2O4, and
Y3Al3O12, with equally impressive results.42 The present
method has a great potential in the structural relaxation
defects, impurities, surfaces, and interfaces. Such studies
currently in progress and will be reported at a later time.
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