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Coherence effects in conventional layered superconductors
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We present and apply a theory for the coherence effects in spatially inhomogeneous layered superconduct-
ors. The theory is based upon a comparison of de Gennes’s self-consistent equation for the pair potential to that
of alternative proximity-effect models, from which the generalized, space-dependent BCS probability ampli-
tudesu’s and v ’s are obtained. Recent microwave surface impedance data of Pambianchiet al. on Nb/Cu
bilayers are successfully reproduced.
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Evidence for coherence effects in spatially inhomog
neous layered superconductors has recently been reporte1–3

In the microwave surface impedance measurements
Nb/Cu bilayers,1 Pambianchi, Chen, and Anlage found th
the temperature dependences of the real part of the effe
conductivity s1 show well-characterized peaks. In contra
to the usual BCS coherence peak observed in a Nb film,
s1 peak for the Nb/Cu samples is shallower and broader,
it shifts towards lower temperatures as the Cu layer thickn
increases.

For the BCS homogeneous superconductors, the con
of coherence effects is well known and it contributes to
successful explanation of the remarkable difference foun
ultrasonic experiments~case I! and nuclear relaxation o
electromagnetic absorption experiments~case II!.4,5 In this
paper we present an approach which extends the theo
the spatially inhomogeneous layered superconductors~bilay-
ers and multilayers!. Our approach, which is based upon
comparison of de Gennes’s self-consistent equation for
pair potential6,7 to that of alternative proximity-effect mod
els, is surprisingly simple, and it applies generally to t
case-I and case-II experiments. We shall discuss the mi
wave data on Nb/Cu bilayers,1 and show that they can b
satisfactorily reproduced.

Basic formalism. Coherence effects arise from the cro
terms which enter in squaring the matrix element in the co
putation of transition probabilities under an external pert
bation. In homogeneous superconductors, the coherence
tors, which describe the effects, can be expressed in term
the BCS probability amplitudesu’s and v ’s. Namely, for
quasiparticle scattering and creation or annihilation of t
quasiparticles, we have, respectively,

Fsc5~uu87vv8!25 1
2 ~17hh8!, ~1a!

Fac5~vu86uv8!25 1
2 ~16hh8!. ~1b!

Here symbols with or without a prime correspond to t
quasiparticle states after or before a transition.h is defined in
this work by

h52uv. ~2!

In Eq. ~1!, the upper and lower signs apply to case I and c
II, respectively, andhh8/2 is the cross term. The squa
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terms amount to1
2 ~Refs. 4 and 5! since after they are ex

pressed as explicit functions of energy, parts of them can
directly and parts of them vanish on the subsequent ene
integration.8 Considering thatu21v251, we have from Eq.
~2!

u25 1
2 ~11A12h2!, ~3a!

v25 1
2 ~12A12h2!. ~3b!

With the coherence factors, the transition rates for the s
tering processes and annihilation or creation processes, w
normalized to the normal-state valuean , can be written as

asc

an
5

4

\v E
V

`

Fsc@ f ~E!2 f ~E1\v!#n~E!n~E1\v!dE,

~4a!

aac

an
5

2

\v E
V

\v2V

Fac@12 f ~E!2 f ~\v2E!#

3n~E!n~\v2E!dE, ~4b!

in which V is the energy gap,\v is the energy quantum o
the external perturbation, andn(E) is the density of states
normalized toN(0), thedensities of states at the Fermi su
face with one spin orientation.

The u’s andv ’s and the related quantities in Eqs.~1!–~4!
are all space-independent in the BCS homogeneous cas
extend the formalism to the spatially inhomogeneous ca
we recall de Gennes’s discussions and derivations on
Bogoliubov equations which govern the space-dependenu’s
and v ’s.7 We note that they appear as the coefficients in
unitary transformation between the free-electron opera
and Bogoliubov operators, which is the exact analog of
one in the BCS treatment.5 Furthermore, in the layered sys
tem we are considering, the spatial variations of the sup
conducting properties are one dimensional. In this case,
convenient and sufficient to take theu’s and v ’s to be real
quantities~see below!. Following Tinkham,4 one easily veri-
fies that Eqs.~1!–~4! also apply to the inhomogeneous ca
with the u- and v-related quantities being space depende
The problem therefore reduces to the finding of the spa
dependentu’s andv ’s, or identically, from Eqs.~1! and~3!,
to that of h. Let us replace the summation overk with an
8671 ©2000 The American Physical Society
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energy integral and write down de Gennes’s self-consis
equation for the pair potential6,7 in the form

D~z!5N~0!VE
0

vD
h~E,z!@122 f ~E!#n~E,z!dE, ~5!

wherevD and N(0)V are the Debye temperature and BC
coupling constant, respectively, and

D~z!5V^c↑~z!c↓~z!& ~6!

is the pair potential in the usual notation. Here we have c
sen thez axis to be perpendicular to the planes of the laye
system.h52uv is related to the condensation amplitude
the Cooper pairs.7 In the BCS theory, we have

hBCS5D/E. ~7!

SubstitutinghBCS into Eq. ~5!, we find that it reduces to the
BCS gap equation, as expected. We now show howh can be
obtained in the inhomogeneous situations with the follow
two practical proximity-effect models.

McMillan’s proximity-effect model~Ref. 9!. In this model,
the simplest situation for anSS8 bilayer ~we shall always
haveTc,S.Tc,S8>0) is considered in which the film thick
nessesdS,S8 are thin compared to their coherence leng
jS,S8 so that the superconducting properties of each film
uniform across its thickness. The coupling betweenSandS8
is described by a tunneling Hamiltonian. The pair poten
defined by Eq.~6!, which McMillan refers to as the BCS
potential,10 is constant in bothS andS8 and is given by9

DS,S8
ph

5@N~0!V#S,S8E
0

vD
S,S8

ReF DS,S8~E!

AE22DS,S8
2

~E!
G

3@122 f ~E!#dE, ~8!

in which Re stands for taking the real part. Comparing E
~8! with Eq. ~5! leads to

hM5
Re@D~E!/AE22D2~E!#

n~E!
, ~9!

where we have neglected the subscripts for clarity.n(E) is
given by Re@E/AE22D2(E)# in the model. For anSS8 bi-
layer with vanishing coupling strength, the model has
solutionsDS,S8(E)→DS,S8

ph , and we havehM→hBCS in both
SandS8 films with DS,S8

ph being the BCS energy gaps for th
films.

The proximity-effect model of Golubov et al.In Golubov’s
model,11 which is based upon Usadel’s dirty-limit quasicla
sical equations,12 the nonuniformity in a thickS film is con-
sidered. Recently, this model has been extended to inc
the case where the superconducting properties are consta
S but may vary inS8.13 In these treatments, applicable
bilayers as well as multilayers,13,14 the pair potential defined
by Eq. ~6! is known as the order parameter, and can be
pressed in the form13

DS,S8~z!5@N~0!V#S,S8

2T

Tc
(

vn.0

vD
S,S8

FS,S8~vn ,z!, ~10!
nt

-
d
f

g

s
e

l

.

e

de
t in

x-

wherevn is the Matsubara frequency, andTc the transition
temperature of the layered system.F is Gorkov’s ‘‘anoma-
lous’’ Green function integrated over energy and averag
over the Fermi surface.12 We can replacevn with 2 iE in
Eq. ~10! and using the standard procedure,5 we find

DS,S8~z!5@N~0!V#S,S8E
0

vD
S,S8

Im@FS,S8~E,z!#

3@122 f ~E!#dE. ~108!

Here Im@F# refers to the imaginary part ofF. From Eqs.~108!
and ~5!, we obtain

hG5
Im@F~E,z!#

n~E,z!
. ~11!

The results given by Eqs.~108! and ~11! are similar in form
to those in Eqs.~8! and ~9! considering that in the homoge
neous case, the Usadel equations have the analytical sol
F5 iD/AE22D2.

Discussions. Below we shall present our numerical resu
and compare them with thes1 data on Nb/Cu bilayers in
Ref. 1.s1 corresponds to the transition probabilityas5asc
1aac , given by Eq.~4!, with the case-II coherence factor
We shall use the following parameters. From Ref. 1, we h
dNb5300 nm, dCu59 – 76 nm, and the resistivitiesrNb
;1 mV cm, rCu;0.2mV cm. The microwave frequency
is 11.7 GHz, which corresponds to\v54.8431022

meV. In addition, we havevD
Nb5275 K, vD

Cu5343 K,
and Tc,Nb59.2 K, Tc,Cu51.531022 K.15 From kTc51.13
\vDe21/N(0)V, the BCS coupling constants are evaluated
be@N(0)V#Nb50.2841 and@N(0)V#Cu50.098 43. The coef-
ficients of electronic specific heat are gNb
57.3031024 J cm23 K22 and gCu59.7731025 J cm23 K22

for Nb and Cu, respectively.
In McMillan’s model, the parameters describing the pro

imity effect in SS8 bilayers are defined by

GS5T2AdS8NS8~0!, GS85T2AdSNS~0!, ~12!

whereT2 is the transmission probability betweenS and S8
andA is their area. In Fig. 1, we show the general behav
of as under the variation ofGCu. The data are calculate
from Eq. ~4a! since\v!V in almost the entire temperatur
range belowTc , and the annihilation or creation process
absent. GNb is determined by GNb /GCu5dCuNCu(0)/
dNbNNb(0)5dCugCu/dNbgNb50.053 53, where we have
takendCu/dNb50.4 considering an effectivedNb in the order
of j0,Nb543 nm.16 From Fig. 1, we see that the shape
as(T) in Nb is close to that of the BCS case-II results a
does not change much for differentGCu values. The shape o
as(T) in Cu, on the other hand, differs considerably. F
larger GCu, its peak is relatively close toTc . With the de-
crease ofGCu, the peak shifts towards lower temperatur
and gradually flattens out. These results are very simila
those observed in Nb/Cu systems1 except that there the
change is due to the increase ofdCu.

From Eq. ~12!, simultaneous decrease ofGCu and GNb
means a decrease ofT2 ~or simultaneous decrease ofdCu and
dNb). Hence the change from curvea→c in Cu represents a
typical trend ofas(T) for McMillan’s bilayers when the cou-
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pling betweenS and S8 loosens. However, such a trend
less clear if we changeGNb}dCu alone with other parameter
fixed. With increasingdCu, we usually have a reducedTc
and the shift of the peak in Cu is not obvious. In this sen
McMillan’s model does not reproduce the experimen
as(T);dCu features observed in the Nb/Cu bilayers.1

FIG. 1. Transition rates for Nb/Cu bilayers in a 11.7-GHz m
crowave field, computed from McMillan’s proximity-effect mode
with threeGCu values. See text for other sample and material
rameters.

FIG. 2. ~a! Densities of statesn(E), and~b! u2 andv2 at three
temperatures of 1, 8, and 9 K for the case ofGCu50.2 meV in Fig.
1. In the inset of~a!, D f 5 f (E)2 f (E1\v) with \v being the
energy quantum of the microwave field is shown in the same en
range. One more curve at 3 K is added in the inset.
,
l

In Fig. 2, n(E), u2(E), and v2(E) with GCu50.2 meV
are shown for three temperaturesT51, 8, and 9 K. We see
that at the energy where the peak inn(E) in Nb locates,
there exists a small peak in Cu. Below this energy,n(E) in
Nb decreases rapidly and it extends to the system’s en
gap V near which the main peak in Cu appears.v2 (51
2u2), which represents the BCS occupation fraction of t
Bloch states,4,5 is seen to have the corresponding peaks
both Cu and Nb. The overall shapes ofv2 andu2 are similar
to those of BCS above the energies where the main peak
n(E) locate. From Eq.~1!, similar situations for the coher
ence factors are expected. We may conclude from Eq.~4a!
that to have an appreciableas in Cu at low temperatures
there should be a reducedV so that a common energy rang
exists within which bothn(E) and D f 5 f (E)2 f (E1\v)
@see inset to Fig. 2~a!# are not negligibly small.

The fact that McMillan’s model does not lead to the e
perimentalas(T);dCu dependences may lie in its inapplica
bility to the particular Nb/Cu system. We find that if th
spatial variations in the thick Nb films are taken into accou
as can be described in Golubov’s model, the experime
results can be well explained. In Golubov’s model, the pro
imity parameters are11

gM5
rSjS

rS8jS8

dS8
jS8

, gB5
RB

rS8jS8

dS8
jS8

, ~13!

in which RB is the resistance multiplied by area at theSS8
interface and jS,S85Ap\kB/6e2rS,S8gS,S8Tc.

13 With the
above quoted data, we findjNb521 nm!dNb5300 nm and
jCu5129 nm.dCu, which confirm uniform and nonuniform
situations in Cu and Nb, respectively. In Fig. 3, we show
results forgM50.19 takingdCu530 nm, andgB55 consid-
ering a small nonzeroRB .17 The data at three locations in N
are shown as dashed lines, which are again similar to
BCS case-II results. From Eq.~13!, we see that bothgM and
gB are proportional todCu for fixed Nb parameters andRB ,

-

gy

FIG. 3. Transition rates for Nb/Cu bilayers in a 11.7-GHz m
crowave field, computed from the proximity-effect model of Go
ubov et al. with gM50.19 andgB55. z is measured from the in-
terface into the Nb layer. Additional curves in Cu with half an
twice the values ofgM ,gB}dCu are also shown. See text for othe
sample and material parameters.
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and the proportionality is independent of the possible va
tions of rCu due to jCu}A1/rCu. With increasinggM ,gB
;dCu, the model predicts a decreasingV at a given tem-
perature whileTc is not reduced in the thickS layer approxi-
mation. Thus the shifting of theas peak in Cu to lower
temperatures is anticipated. The data with half and twice
values ofgM andgB are shown in the figure, from which th
development of the shape ofas(T) with varying dCu can be
seen. These results, computed with only one parameteRB
which is not determined from experiment, are consistent w
the experimental observations.1

To summarize, we have developed a theory of cohere
effects in spatially inhomogeneous layered superconduc
. B
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Recent microwave surface impedance data on the Nb/Cu
layers have been reproduced. An important result of t
work is that the self-consistent equations for the pair pot
tial in different proximity-effect models can be written i
very similar forms, and the space-dependentu’s andv ’s can
be obtained in a simpler way without solving th
Bogoliubov–de Gennes equations directly. This will be u
ful in the studies of other processes in the layered syste
such as those involving Andreev reflections.

We wish to acknowledge useful discussions with R.
Wang.
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