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Phonon spectral function for an interacting electron-phonon system
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Max-Planck-Institut fu¨r Festkörperforschung, D-70506 Stuttgart, Germany

~Received 4 October 1999!

Using exact diagonalization techniques, we study a model of interacting electrons and phonons. The spectral
width of the phonons is found to be reduced as the Coulomb interactionU is increased. For a system with two
modes per site, we find a transfer of coupling strength from the upper to the lower mode. This transfer is
reduced asU is increased. These results give a qualitative explanation of differences between Raman and
photoemission estimates of the electron-phonon coupling constants forA3C60 (A5K, Rb).
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In a metallic system a phonon can decay into electr
hole pair excitations. This decay contributes to the width
the phonon. It was pointed out by Allen that this addition
broadening can be used to estimate the electron-pho
coupling.1 The width can be measured in neutron scatter
or, for the orientationally disordered fullerenes, in Ram
scattering.2 Normally, the electron-phonon coupling is d
duced by assuming noninteracting electrons.1 The method is,
however, often applied to systems with strong correlat
due to the Coulomb interaction, such as the alkali-me
doped fullerenes.3 In the alkali-metal-doped fullerenes th
electron-phonon interaction plays an important role, and
curate estimates of the coupling strength are essential.
most all experimental estimates for these systems are b
on Allen’s formula, and the accuracy of this formula is the
fore crucial.

In strongly correlated systems the hopping is reduced
the excitation of electron-hole pairs may be more difficu
For instance, if the correlation is so strong that the sys
has a metal-insulator transition, the decay into electron-h
pair excitations is completely suppressed. One aim of
paper is therefore to study how the estimate of the elect
phonon coupling is influenced if the electron-electron int
action is taken into account.

In metals a phonon can decay into a~virtual! electron-
hole pair excitation, which can then decay into a differe
phonon. In this way there is a coupling between differe
phonon modes of the same symmetry, leading to new mo
that are linear combinations of the old ones. These n
modes can have quite different coupling strengths than
old modes. A second aim of this paper is to study how
coupling strength is transferred between the modes due to
coupling via electron-hole pair excitations.

The electron-phonon coupling has been studied ex
sively for the alkali-metal-doped fullerenes. In particula
there has been one study based on neutron scattering4 and
several studies based on Raman scattering.5,6 The high-
resolution studies of Winter and Kuzmany5 show a very
strong coupling to a few of the low-lying modes, but almo
no coupling to the high-lying modes. The neutron scatter
study gave estimates of the coupling for the four low
modes. Among these the two lowest modes were found
have a strong coupling, although with a different distributi
than was found in Raman scattering. An alternative appro
is based on photoemission from free negatively char
C60

2 molecules. By studying the weight of vibration sate
lites, it is possible to deduce the electron-phonon couplin7
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This results in rather different electron-phonon coupling co
stants. Although the main coupling was to the low-lyin
modes, there was also a substantial coupling to the two h
est Hg modes. The total coupling strength was also larg
than deduced from Raman scattering.

In this paper we study a simple model with electro
phonon and electron-electron interactions. We consider a
nite cluster with a nondegenerate electronic level and a n
degenerate phonon on each site. This model is solved
using exact diagonalization. We find that the Coulomb int
action reduces the phonon width, and that the use of Alle
formula1 therefore leads to an underestimate of the electr
phonon coupling constants in Raman scattering experime
Furthermore we find that due to the indirect interaction
different phonon modes via electron-hole pair excitations
metallic systems, there is a transfer of coupling strength
the low-lying modes that is not present for a free molecu
Since the Raman measurements of the electron-phonon
pling are performed for a solid, but the photoemission e
mate is for a free molecule, the weight transfer is presen
the Raman but not in the photoemission estimate. These
servations are consistent with differences between the c
pling constants deduced from Raman scattering and ph
emission.

We consider a model withNmode nondegenerate phonon
per site and with electrons without orbital degeneracy. T
Hamiltonian is

H5(
in

vnbin
† bin1(

is
F«01(

n
gn~bin1bin

† !Gnis

1U(
i

ni↑ni↓1(
i j

t i j cis
† cj s , ~1!

wherei labels theNsite sites,cis andbin annihilate an elec-
tron with spins and a phonon with the labeln, respectively,
on sitei, andnis5cis

† cis is an occupation number operato
The energy of the phononn is vn and its coupling to the
electrons isgn . The corresponding dimensionless electro
phonon coupling is given byln52gn

2N(0)/vph , where
N(0) is the density of states per spin. The energy of
electronic level ise0. Two electrons on the same site have
Coulomb repulsionU. The hopping between the sites is d
scribed by matrix elementst i j . A Hamiltonian such as Eq
~1! with t i j [t for the nearest neighbor hopping has a hi
symmetry and a correspondingly large degeneracy. Since
8628 ©2000 The American Physical Society
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use exact diagonalization to solve the model, we have
limit the number of sites to a small number~four to six!. The
resulting one-particle states are then very sparse in ene
Therefore we lower the symmetry by choosing eacht i j ran-
domly within some interval, which leads to a denser ene
spectrum. The model is solved and the result is then a
aged over different sets of$t i j %. The strength of the hopping
is measured by the one-particle widthW of the electronic
band~for g50 andU50). In this model we for simplicity
consider nondegenerate (Ag) phonons and electrons. In, fo
instance,A3C60 (A5K, Rb) the phonons are fivefold degen
erateHg phonons and the electron states have a three
orbital degeneracy. The new physics that may be introdu
by these degeneracies, e.g., the Jahn-Teller effect, is not
sidered here.

We consider a half-filled system, i.e.,Nsite electrons. With
Nsite56 there are then 400 different electronic configu
tions. To obtain a finite size Hilbert space, we limit the ma
mum number of phonons per modes toNphon. The number of
phonon states is then (Nphon11)Nsite for the case of one mod
per site. For instance, withNsite56 andNphon53, the total
Hilbert space has the dimension 1.63843106. Such a prob-
lem can be solved using exact diagonalization, i.e.,
ground state is expressed as a linear combination of all
sible basis states in the Hilbert space. The lowest eigenfu
tion of the corresponding Hamiltonian matrix is then fou
using the Lanczos method. We further calculate the pho
Green’s function

Di j
n ~ t !52 i ^0uT$f in~ t !f j n~0!%u0&, ~2!

where u0& is the ground state,f in(t)5bin(t)1bin
† (t) is the

phonon field operator in the interaction representation, anT
is the time-ordering operator. Calculation of the Four
transform givesDi j

n (v). We then define a spectral functio
as

Aii
n ~v!5

1

p
uIm Dii

n ~v!u, ~3!

and study the averagerph(v)5(n iAii
n (v)/Nsite. Due to the

finite size of the system, the spectrum is discrete. We th
fore introduce a Lorentzian broadening with a full width
half maximum~FWHM! of 0.01 eV.

Figure 1 shows the phonon spectral functionA(v) for
different values ofU and l50.073. In the alkali-metal-
doped C60 compounds,l is of the order 0.5–1.3 We have
here used a smaller value, since the number of phonon
cluded in our Hilbert space would otherwise be too sm
The C60 bandwidthW50.6 eV,U;1 –1.5 eV and the pho
non frequencies extend up to about 0.2 eV. The energy s
in Fig. 1 should therefore be reduced by a factor of 4–5
make a comparision with the fullerenes. Due to the sm
size of the system, the width of the spectrum should
necessarily be expected to agree with Allen’s formula e
for U50. Nevertheless, the result of Allen’s formul
gAllen50.19, is comparable to the width found forU50. The
figure illustrates how the spectral function becomes narro
with increasingU. This is further illustrated by the inse
which shows the width of the spectrum, calculated as
mean square deviation of the spectral function. The fig
illustrates that one underestimates the electron-phonon
pling if Allen’s formula is used to extract the coupling for
to
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system with a finiteU. For systems such asA3C60 (A
5K, Rb), where the Coulomb interaction is believed to pl
an important role, the width of the phonons may then
substantially reduced. The use of Allen’s formula would th
correspondingly underestimate the electron-phonon c
pling.

We next discuss the case when there are two pho
modes per site, which have the unperturbed energiesv1 and
v2. First we calculate the lowest order phonon self-ener
This involves evaluating a ‘‘bubble’’ diagram. The sel
energy can be written as

Pn,n8~q,v!;gngn8 f ~v!, ~4!

where f (v) depends on the precise band structure. We c
sider contributions to the self-energy that are both diago
and nondiagonal in the indexn. The nondiagonal contribu
tion corresponds to a phononn decaying into an electron
hole pair followed by this electron-hole pair decaying into
phononn8. The noninteracting phonon Green’s function i

Dn,n8
0

~v!52vn /~v22vn
2!dn,n8 . ~5!

The interacting phonon Green’s function is then given by

D21~v!5D0~v!212P~v!

5Fv22v1
2

2v1
2g1

2f ~v! 2g1g2f ~v!

2g1g2f ~v!
v22v2

2

2v2
2g2

2f ~v!
G . ~6!

The modes of the coupled system are obtained by looking
zeros of the determinant of the matrix in Eq.~6!. For the
lowest mode, the corresponding eigenvector consists o
bonding linear combination of the two unperturbed mod
As a result the coupling to the electrons is increased for
mode, due to constructive interference between the coupl
for the two unperturbed modes. In the same way the coup
is reduced for the higher mode. For instance, we can look
the width of the lowest mode in the limit whe

FIG. 1. The phonon spectral function for different values of t
Coulomb interactionU. The insert shows the widthg of the spectral
function as a function ofU. The figure illustrates the narrowing o
the spectral function asU is increased. The parameters arev1

51, l50.073, andW52.5, and the system has six sites.
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v2@v1 and when the electron-phonon coupling is weak. W
then find that the width of the lowest mode is increased b
factor of

11cl2 , ~7!

and the width of the highest mode is reduced by a facto

12cl2S v1

v2
D 2

, ~8!

wherec is somewhat larger than unity (c;3) and depends
on the shape of the band.

The result in Eq.~7! is based on the lowest order phono
self-energy and it neglects the Coulomb repulsion co
pletely. We therefore study the same problem using ex
diagonalization. Figure 2 compares results for systems w
one or two modes per site. The discrete spectra have b
broadened by a Lorentzian with a FWHM of 0.01. The ma
figure shows results forU50, and it illustrates how the
lower mode is broadened when the higher mode is switc
on. For the parameters in Fig. 2l150.043 andl250.085,
and the additional broadening of the lowest mode is of
order of magnitude predicted by Eq.~7!. The inset shows the
width of the lower mode as a function ofU. These results
were obtained by fitting Lorentzians to the broadened sp

FIG. 2. The phonon spectral function for a system with o
phonon mode~upper part! and two phonon modes~lower part! per
site for U50. The inset shows the width of the lower mode as
function ofU in the cases of one or two modes per site. Compari
of the widths in the two cases illustrates how the lower mode
broadened for small values ofU due to the interaction with the
upper mode. The parameters areW53.7, v150.5, v251, g1

50.3, andg250.4, and the system has four sites. All spectra ha
been given a Lorentzian broadening with a FWHM of 0.01.
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tra. The width for very large values ofU is due to the broad-
ening of the discrete spectrum that we have introduced. AU
is increased, the width of the mode is reduced, as discu
above. The figure further illustrates that the transfer of c
pling strength is reduced asU is increased. This is expected
since the effects of hopping, and thereby the indirect c
pling, is reduced asU is increased.

It would be interesting to repeat these calculations
systems with degenerate phonons, e.g., to include the J
Teller effect. This leads, however, to systems that are
large that they cannot easily be treated using exact diago
ization. Within a Hartree calculation we find a similar tran
fer of coupling strength to the lower modes also for Jah
Teller phonons and electrons with orbital degeneracy. T
transfer is, however, reduced by the nonspherical parts of
Coulomb interaction, i.e., by the difference between the
teraction for equal orbitals and unequal orbitals. This eff
may also play a role when we go beyond the Hartree
proximation.

Finally, we observe that in theoretical approaches that
not explicitly include the transfer of coupling strength b
tween the modes, it is appropriate to include this transfer
using the corresponding coupling constants. On the o
hand, in a treatment where this transfer is explicitly includ
the transfer should not be contained in the coupling const
used in the model.

To summarize, we have calculated the phonon spec
functions for systems with interacting electrons and phono
We find that the Coulomb interaction between the electr
reduces the width of the phonons caused by the phonon
cay into electron-hole pairs. As a result, estimates of
electron-phonon coupling based on the phonon width und
estimate this coupling unless the Coulomb interaction
taken into account. This is consistent with the observati
that weaker couplings have been deduced from Raman m
surements than from photoemission~PES! experiments. Fur-
thermore, we find that there is a transfer of coupling stren
from the higher modes to the lower modes due to an indir
interaction via electron-hole pairs. This may, at least par
explain the difference in the distribution of coupling streng
between Raman and PES estimates, although it can prob
not fully explain the weak coupling to the two highe
phonons seen in Raman spectroscopy. In this work we h
treated nondegenerate phonons. It would be interestin
extend the work to degenerate, Jahn-Teller phonons, s
these are the important phonons in the alkali-metal-do
fullerenes.
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