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Ab initio lattice dynamics of sapphire
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Structural and lattice dynamical properties of sapphire are investigated within the framework of density-
functional perturbation theory. We obtain weak anisotropies in the dielectric tensor and in the Born effective
charges. The theoretical phonon dispersions are found to be in very satisfactory agreement with available
experimental data.
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Sapphire (a-Al2O3) belongs to the class of aluminum
oxides which are very common materials in the earth’s cr
Due to its outstanding mechanical and optical propert
sapphire finds a wide range of technological applicatio
e.g., in catalytic and corrosion technology, or as subst
material. Its importance has motivated a variety of theor
cal investigations aimed to elucidate its underlying electro
and binding properties. While the electronic structure of s
phire is now well understood on the basis offirst principles
calculations,1,2 its lattice dynamics has only been studied
the context of phenomenological models adjusted to opt
and neutron scattering data.3,4

In this paper, we present an investigation of the latt
dynamics of sapphire in the framework of density-function
theory. This is achieved by combining a mixed-basis pseu
potential approach,5 which allows an efficient treatment o
the stronger localized O-like valence states, with mod
density-functional perturbation theory.6,7

Calculations are performed within the local-density a
proximation ~LDA ! using the Hedin-Lundqvist form of the
exchange-correlation functional.8 We employ norm-
conserving pseudopotentials of the Hamann-Schlu¨ter-Chiang
type.9 The valence states are represented by four local fu
tions ofs andp type at each oxygen site, smoothly cut off
a radius of 1.3 a.u., and plane waves up to a kinetic energ
20 Ry. Brillouin-zone~BZ! sampling in the band-structur
calculation was performed on a 43434 simple rhombohe-
dral k-point mesh corresponding to 13 special points in
irreducible wedge of the BZ.

TABLE I. Bulk properties of sapphire. Experimental values a
taken from Ref. 16. The all-electron calculation from Boettger~Ref.
2! employs Gaussian-type basis functions.

a(Å) c/a v u B ~MBar! dB/dP

Mixed basis 9.57 2.733 0.102 0.307 2.45 4.0
Experiment 9.71 2.730 0.102 0.306 2.54 4.3
All electron 9.68 2.721 0.102 0.306 2.44 4.3
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The lattice structure of sapphire (a-Al2O3) belongs to the

trigonal system~space groupR3̄c). Its rhombohedral unit
cell contains 2 formula units~10 atoms!. The structure can be
viewed as a slightly distorted hexagonal close-packed lat
of oxygen ions, where the aluminum ions occupy 2/3 of t
octahedral interstices, and is determined by four parame
the rhombohedral lattice constant and angle, or, alternativ
the hexagonal lattice constantsa and c, and two internal
parametersu andv describing the positions of the O and A
ions, respectively.10

The static equilibrium structure is found in the followin
way. For fixed volumeV, the total energyE is minimized
with respect to the internal parameters (u and v) and the
ratio c/a. Repeating this for a set of different volumes, t
optimal volume is then determined from a fit ofEmin(V) to
the Murnaghan equation of state. Finally, the parameteru,
v, andc/a are optimized again. Results of this procedure
summarized in Table I. The internal parameters and thec/a
ratio are found in excellent agreement with experimental v
ues. Small deviations of the lattice constant (21.4%) and
bulk modulus (23.7%) are typical for LDA. Our results ar
also in accord with a recent all-electron LDA calculation2

confirming the adequacy of our pseudopotential approac
Phonon properties are calculated using density-functio

perturbation theory. This efficient approach originally form

TABLE II. Theoretical values for the screened Born-effecti
charge tensorsZab /Aezz

` . Values given for O correspond to the io

with rhombohedral coordinates (1
4 2u, 1

4 ,2 1
4 1u). For all Al ions

charge tensors are equal by symmetry.

Al O
x y z x y z

x 1.65 0 0 21.15 0 0
y 0 1.65 0 0 21.04 20.14
z 0 0 1.63 0 20.19 21.09
8625 ©2000 The American Physical Society
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lated for a plane-wave expansion of the valence states6,7 has
been recently extended to general nonorthogonal basis
suitable for the use of a mixed-basis representation~for de-
tails of the formalism see Ref. 11!. As sapphire is an insula
tor, a complete characterization of its lattice dynamics
quires knowledge of the dielectric tensoreab

` and Born
effective-charge tensorsZab* (k) for each ionk, which deter-
mine the nonanalytic contribution to the dynamical matrix
the limit q→0.7,12 Currently, a perturbative approach
these quantities has not been implemented for the mix
basis scheme. We therefore pursued the alternative wa
extracting the nonanalytic part from calculations forq points
close to the center of the BZ along three different directio
in reciprocal space. By this procedure, all matrix elements
the dielectric and Born effective-charge tensors can be de
mined except for a single scale factor because only ra
Z* /Ae` enter the expression for the dynamical matrix.

In trigonal symmetry, the dielectric tensor is diagonal a
has only two independent elementsexx5eyy and ezz. We
find a small anisotropyexx /ezz51.02 in agreement with
measurements@exx53.2, ezz53.1 ~Ref. 13!#. Independent
elements of the Born effective-charge tensors are show
Table II. For both ion species, results indicate only sm
anisotropies, being largest for the O ions which occupy s
of low C2 symmetry.

Calculated frequencies ofG-point phonons are summa
rized in Tables III and IV. Comparison of infrared~IR! and
Raman active modes with optical data gives a maxim
deviation of 2.7%.13,14 In case of the IR modes, informatio
about the accuracy of the theoretical eigenvectorshTO(l) of
model can be gained from the contributionDe(l) of each
mode to the total static dielectric tensoreab

0 5eab
`

1(lDeab(l), given by15

TABLE III. Calculated properties of infrared-active modes. Fr
quencies are given in THz. The third quantity is a measure for
oscillator strength. Here,a5z or a5x,y for A2u or Eu modes,
respectively. Experimental values~in brackets! are taken from Ref.
13.

nTO nLO Deaa /eaa
`

A2u 11.72~12.0! 14.98~15.4! 2.23 ~2.19!
17.14~17.5! 25.79~26.1! 0.51 ~0.55!

Eu 11.44~11.6! 11.50~11.6! 0.06 ~0.09!
13.05~13.3! 14.41~14.4! 0.92 ~0.84!
16.95~17.1! 18.74~18.8! 0.99 ~0.94!
18.83~19.1! 26.60~27.0! 0.04 ~0.09!

TABLE IV. Frequencies of the Raman-active (A1g , Eg) and
silent (A2g , A1u) modes in THz. Experimental values for Rama
active modes~in brackets! are taken from Ref. 14.

A1g Eg A2g A1u

12.34~12.5! 11.38~11.3! 9.04 17.82
19.07~19.4! 12.86~13.0! 16.08 20.62

13.27~13.5! 22.41
17.02~17.3!
22.38~22.5!
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Deab~l!5
4p

VvTO
2 ~l!

ma~l!mb~l!. ~1!

Here,V is the volume of the elementary cell,vTO(l) is the
transverse frequency of the mode, andm(l) is the induced
electric moment of the elementary cell per unit displaceme
The latter quantity is related to the Born effective charg
and the mode eigenvectors by

ma~l!5(
kb

Zab* ~k!
hkb

TO~l!

AMk

, ~2!

whereMk denotes the mass of ionk. For the trigonal lattice,
Deab(l) is again diagonal, with nonzero matrix elemen
Dezz for modes having induced polarization parallel to t
rhombohedral symmetry axis (A2u representation!, and non-
zeroDexx , Deyy for those with induced polarization perpen

e

FIG. 1. Phonon dispersions of sapphire along theG-Z direction
~rhombohedral axis!, given separately for each of the three irredu
ible representations. Lines are theoretical results, and dots repr
neutron-scattering data of Ref. 4.

FIG. 2. Same as Fig. 1, but for theG-A direction @A
5(0,0.5,0)#. For clarity, the two irreducible representations ha
been unfolded.
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dicular to this axis (Eu). Table III shows theoretical value
for the ratio Deaa(l)/eaa

` . They agree with experimenta
data better than 10% for modes with strong infrared activ
demonstrating that the present calculation also provides r
istic eigenvectors.

To obtain the complete phonon spectrum we have de
mined the dynamical matrices on a 43434 mesh, which is
then extended to the whole BZ using a standard Fourier
terpolation technique.7,12 In Figs. 1, 2, and 3, dispersio
curves are shown along three high-symmetry directions
which neutron scattering experiments have been perform
The theoretical dispersion curves compare very favora
with experiment and provide predictions for those phon
branches along theG-D direction which have not been mea

FIG. 3. Same as Fig. 1, but for theG-D direction @D
5(0.5,0,0.5)#. For clarity, the two irreducible representations ha
been unfolded.
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sured so far. The prominent features of the phonon densit
states, shown in Fig. 4, are pseudogap structures near 43
87 meV, and a strong peak near 92 meV which is due t
nearly dispersionless oxygen mode.

In summary, we have presented results from a DFT ba
investigation of the structural and lattice dynamical prop
ties of sapphire. We find an excellent agreement with
measured phonon spectra, demonstrating that the pertu
tive approach applied in this work can provide very accur
predictions of the lattice dynamics of metal oxides with no
trivial crystal structures.
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FIG. 4. Theoretical phonon density of states of sapphire. T
shaded area denotes the partial density of states of the oxygen
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