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Non-Ohmic hopping transport in a-YSi: From isotropic to directed percolation
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Electrical transport has been investigated in amorphous Y0.19Si0.81, from 30 mK to room temperature. Below
2 K, the conductanceG exhibits Shklovskii-Efros behaviorG;exp@2(T0 /T)1/2# at zero electric field, where
conduction is expected to occur along a very sinuous path~isotropic percolation!. The nonlinearI -V charac-
teristics are systematically studied up to very high fields, for which the conductance no longer depends onT
and for which the current paths are expected to be almost straight~directed percolation!. We show that the
contributions of electronic and sample heating to those nonlinearities are negligible. Then, we show that the
conductance dependence as a function of low electric fields (F/T,5000 V m21 K21) is given byG(F,T)
5G(0,T)exp(2eFL/kBT). The order of magnitude~5–10 nm! and theT dependence (;T21/2) of L agree with
theoretical predictions. From theT0 value and the length characterizing the intermediate field regime, we
extract an estimate of the dielectric constant of our system. The very high electric field data do not agree with

the predictionI (F);exp@2(F0 /F)g8# with g851/2: we find aF dependence ofg8 that could be partly due to
tunneling across the mobility edge. In the intermediate electric field domain, we claim that our data show both
the enhancement of the hopping probability with the fieldand the influence of the straightening of the paths.
The latter effect is due to the gradual transition from isotropic to directed percolation and depends essentially
on the statistical properties of the ‘‘returns,’’ i.e., of the segments of the paths where the current flowsagainst
the electrical force. The critical exponent of this returns contribution, which up to now was unknown both
theoretically and experimentally, is found to beb51.1560.10. An estimation of the length of the returns is
also given.
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I. INTRODUCTION

The electrical transport in disordered insulators such
doped semiconductors or amorphous systems has
widely investigated for several decades as a convenient
to probe the properties of Anderson insulators.1 At finite
temperatureT, the conduction resultsa priori from all the
electronic hops between any localized statesi andj separated
by a distancer i j and a difference in energyEi j . Starting
from the probability of such a hoppi j }exp@2(rij /j
1Eij /kBT)# ~with j the localization length andkB the Boltz-
mann constant!, Mott2 introduced the key concept o
variable-range hopping~VRH! stating that transport is domi
nated bythe most probable hopswhose characteristic lengt
r m}T21/(d11) and energyEm}Td/(d11) depend onT. As a
result, the conductanceG is predicted to follow

G5G0expF2S T0

T D gG , ~1!

where G0 and T0 are material-dependent constants, andg
51/(d11) depends on the dimensionalityd of the sample.
Later, percolation theory has been used to derive more
orously Eq.~1!.3,4 In addition, Shklovskii and Efros5 found
that electron interactions result in a ‘‘soft’’ Coulomb gap
the Fermi level, leading tog51/2. It is currently admitted
now6 that Mott and Shklovskii-Efros laws are limiting cas
PRB 610163-1829/2000/61~12!/8108~11!/$15.00
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of VRH. Both of them were observed experimentally as th
relevance depends on the relative magnitudes of the hop
energy and Coulomb gap.

A. Electric field effects in hopping transport

The case of very high fieldsF, eFj/(kBT)@1 (e
5electron charge) was studied through different theoret
approaches7–12 which all predict that the currentI should no
longer depend on the temperature~activationless hopping!
and behaves according to

I 5I 0 expF2S F0

F D g8G , ~2!

where I 0 and F0 are constants andg85g @see Eq.~1!#. In
spite of their similarity, Eqs.~1! and~2! correspond to com-
pletely different current path topologies. Equation~2! is ob-
tained by considering the shortest hops along which the e
trostatic energy gain overcomes the energy fluctuations
to disorder.7,13 Thus in the very high field case, the hop
occur in the direction of the field~directedpercolation!. In
contrast, forF→0, the current flows through a network o
random impedances alongvery sinuouspaths whose returns
and meanders are such that any hop more resistive than
VRH prediction is forbidden. A quantitative description o
these paths can be obtained by using theisotropic percola-
tion theory.14,15
8108 ©2000 The American Physical Society
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PRB 61 8109NON-OHMIC HOPPING TRANSPORT INa-YSi: FROM . . .
The intermediate field caseeFj/(kBT),1, where neither
T nor F can be neglected is the most difficult one to han
theoretically, and the various models lead to different pred
tions that we summarize in the general equation, giving
current

I ~F,T!5I 1expH 2S T0

T D gF12A
~eFj!a

~kBT!a8
1BS eFj

kBT D bG J ,

~3!

where A, B, a, a8, and b are parameters,A and B being
positive. The first termA(eFj)a/(kBT)a8 expresses the en
hancement of the hopping probability whenF grows. De-
pending on the authors,a anda8 range froma5a851/(n
11) ~Ref. 10! ~wheren.0.88 ford53 is the critical index
of the correlation radius! to a5a851,9,13 and evena52
and a859/4 for d53.8,12 The discrepancies between the
results come from the fact that the net currentI i j between
two sites may increase exponentially withF or be insensitive
to F, depending on the relative positions of the site energ
The second termB„eFj/(kBT)…b was predictedonly by
Böttger and co-workers,16–18 who addressed the addition
problem of the ‘‘returns,’’ i.e., of the segments of the pat
where the current flowsagainst the electrical force. Their
model states that the length of these returns decreasesgradu-
ally whenF increases. We show in this paper that our d
show the existence of both terms of Eq.~3! with a5a851
andb51.1560.10.

B. Theories of hopping transport at intermediate fields

We recall here some theoretical points which are imp
tant for the interpretation of our data. The very sinuous c
rent paths atF→0 can be pictured by using the ‘‘node
links-blobs’’ concept,14,15 derived from the isotropic
percolation theory: at small scales the current path cons
of a fractal-like network of connected conductances up to
‘‘blob’’ scale Lp , and the blobs are the links of a homog
neous network. In the linear regime, the conductances in
a blob are much larger than the key conductancesGkey
;exp2@(T0 /T)g# lying at the end of each blob.Gkey sets the
overall sample conductivity since at scales larger thanLp the
system is homogeneous. For the intermediate field c
where neitherT nor F can be neglected, three main effec
have to be considered:

~i! For a sitei belonging to the percolation path, the de
sity of sites j yielding a non-negligible conductanceGi j is
modified byF.

~ii ! A field-induced rearrangement of the charge along
current paths can take place: the local chemical potentiam i
can fluctuate widely around the mean value given byeFri .

~iii ! The lengths of the ‘‘returns,’’ i.e., the segmen
where the current has to go against the electrical force,
crease whenF increases.

Most authors disregarded effect~iii ! and focused upon
effects ~i! and ~ii !, yielding predictions summarized by Eq
~3! with B[0. However, they gave diverging prediction
depending on the relative influence given to effects~i! and
~ii !. For example, Pollak and Riess9 find a5a851 andA
53/32 in a model where effect~i! plays the central role, and
the correlations between nearest-neighbor conductance
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taken into account. They find that effect~ii ! is quite negli-
gible (dm i<kBT). This contradicts the Shklovskii model10

@A.1 anda5a851/(11n).0.53 ford53# which empha-
sizes effect~ii ! (dm i@kBT) by concentrating almostall the
electrical potential drops existing at the blob scaleLp upon
the key conductance. The disagreement between these
dictions was never completely explained19 even if numerical
simulations by Levin and Shklovskii20 suggested that the
Pollak and Riess result9 holds in usual experimental cond
tions (T0 /T)1/(d11)<70 while Shklovskii result10 would
hold in the opposite case, i.e. at exceedingly low tempe
tures. Two other groups found different results: Apsley a
Hughes8 and Van der Meeret al.12 obtaineda52, a859/4,
but their methods were criticized since the former did n
take into account the directed percolation requirement, w
the latter used dimensional ‘‘invariants’’ which were show
later to beF dependent.21

Taking effect~iii ! into account16,21,22prevents the curren
from increasing too fast: the corresponding second te
B(eFj/kBT)b in Eq. ~3! reduces the exponential increase
I due to2A(eFj)a/(kBT)a8. The physical reason is that th
returns act as ‘‘bottlenecks’’ for the current. The proble
being exceedingly complicated, the precise values
a,b,A,B were found to depend on the various methods u
by Böttger and co-workers. These more accurate results w
obtained numerically:22,17,18 a5a851, A51/6, B.0.02,
1/b.1.1 @this latter parameter is the critical exponent of t
return lengthL; see below Eq.~12!#. The theoretical value of
b is given within an error of 50% due to numerical unce
tainties.Yet, theprecisevalue ofb is of major importance
since forb,a, the differential conductivitys5]I /]V de-
creases at low fields to reach an absolute minimum at a fi
F. In constrast, in the caseb.a, s increases at low fields
and has no absolute minimum at finite field.

The above-mentioned theories disregard the possiblF
dependence of the carrier density due to trapping in d
ends of paths, as well as the possibleF dependence of the
localization lengthj. Fortunately, both effects should b
negligible in our case. Indeed,statisticallyas many holes as
electrons become trapped whenF increases, as in our cas
the density of states is symmetric around the Fermi le
~parabolic Coulomb gap!.23 The j(F) dependence should b
negligible24 as long asEF@eFj, where EF is the kinetic
energy at the Fermi level: this is the case in our sample.25

C. The experimental situation

On the experimental side,I -V nonlinearities were inves
tigated both in amorphous materials26–34 and in doped crys-
talline semiconductors.35–47 In most of these works, the au
thors focused either on very high fields or on intermedi
fields. For intermediate fields, the data28,29,31,35–42,45were
analyzed using the electric field dependence predicted
Hill, 13 Pollak and Riess,9 and Shklovskii,10

ln@G~F,T!#5 ln@G~0,T!#1
eFL

kBT
5 ln~G0!2S T0

T D g

1
eFL

kBT
,

~4!

where L is a length related to the hopping distancer m
5(j/2)(T0 /T)g. Hill 13 and Pollak and Riess9 predict L
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8110 PRB 61F. LADIEU, D. L’HÔTE, AND R. TOURBOT
5C(j/2)(T0 /T)g with C50.75 or 0.18, while Shklovskii10

predicts L}T2(11n)g with n50.88. Equation~4! results
from Eq. ~3! by neglecting the returns term (B50) and by
assuming that theF andT dependences ofG and I are close
to each other. The experimental values ofL and theirT de-
pendence often disagree with the theoreti
predictions.31,36–38,40 The claim by Wanget al.44 that the
nonlinearities in Ge:Ga were due to carriers heating64 rather
than to the preferential hopping along the electric field wh
leads to Eqs.~3! or ~4! triggered hot-electron analyses of th
data.47–53They show that the relative contribution of carrie
heating and electric field effects has to be considered at
low temperature. In very high electric fields, the expec
activationless conduction@see Eq.~2!# has been observed b
several authors.30–32,42,43,46The equality of the VRH and ac
tivationless exponents@g and g8 in Eqs. ~1! and ~2!# has
been checked forg51/2 in several systems,32,43 but g8
51/4 andg51/2 has been found in amorphous GeCu.31

In this work we systematically investigate the whole s
of nonlinearities ranging from the linear VRH regime atF
→0, to the activationless conduction at very high fields:
our low temperature domain (0.03 K<T<1.3 K), F/T var-
ies from 1.53102 V m21 K21 to 1.43106 V m21 K21. Our
samples are made of amorphous Y0.19Si0.81. In comparison
to most of the experimental works performed in this lo
temperature range37,43–47(,1 K), we go to higher values o
F andF/T, thus allowing an investigation of both the inte
mediate and the very high field regimes. At very low te
peratures, this has been done by Rosenbaumet al. on Si:P;37

however the authors found an abnormally large value oL.
At higher temperatures, these two regimes were investig
for a-GeCu at 1.6 K,T,110 K ~Ref. 31! and ZnSe at
1.6 K,T,4.2 K ~Ref. 42!. The first paper raised the que
tion of unexpected exponents values@in theL vs T and ln(G)
vs F dependences# while the second one found a puzzlin
decrease ofL when F increases. Clearly, new data a
needed. In this work, we test the validity of Eqs.~1!–~4! and
show that they are in good agreement with our data for
termediate fields. In particular we findL.Crm .13,9 We also
check that the contribution of heating effects to the non
earities is negligible. Our main result is that Eq.~3! with a
5a8 is more suitable than Eq.~4! to fit the data: this allows
us to estimate the size of the returns and the value of
related critical exponentb.16–18Finally, we show that in the
activationless region, theI vs F dependence is more intricat
than the law given by Eq.~2!.

The paper is organized as follows. In Sec. II we descr
the experimental setup and method. The conductance
function of the temperature in the regionF→0 is presented
in Sec. III. In Sec. IV, we consider the very high field cas
Having extracted the physics of the two extremeF regimes,
we finally turn in Sec. V to the intermediate field case.
nally, we summarize our main results in Sec. VI. In Appe
dix A we show that heating mechanisms cannot explain
I -V nonlinearities, while Appendix B is devoted to the e
traction of the localization length from the data.

II. EXPERIMENT

As shown in Fig. 1, each amorphous YxSi12x sample
studied (x.0.19) is deposited on a sapphire substrate
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which two interdigited gold electrodes were evaporated a
etched. The spacing between the electrodes isl 5128mm.
The YxSi12x layers were obtained by argon plasma sputt
ing on the sapphire substrate~cooled at 77 K to prevent Y or
Si aggregate formation!, using a YxSi12x source. The thick-
ness of the layers is 9mm, much larger than any hoppin
length, hence electrical transport is three dimensional. Pr
ous studies of electrical transport in such YxSi12x
samples,54–59 have shown that a small variation ofx allows
to cross the metal-insulator transition: abovex.0.22 the
samples are metallic; while for lower values ofx, the
samples exhibit an insulating behavior, i.e., a divergence
the resistance forT→0, in agreement with the VRH
predictions,55–58 except for the very weakly insulating
samples at the lowest temperatures.59 In the present workx
.0.19 and the samples are strongly insulating, exhibit
VRH belowT.2 K. Since the two samples we used behav
similarly, we report only the data of one of them.

As shown in Fig. 1, great attention was paid to the th
malization of the sample because of a possible heating in
pretation of theI -V curve nonlinearities. As explained i
Appendix A, we measured the thermal conductances
volved in our sample and concluded that heating effects w
irrelevant in our sample: neither heating of the whole sam
nor carrier heating can explain theI -V nonlinearities re-
ported here.

Electrical contacts were made by ultrasonic soldering
two gold wires on the evaporated electrodes. The data w
obtained by setting a given voltageV5Fl on the sample,
and by waiting for a timet before measuring the currentI.
We paid the greatest attention to choosingt large enough to
let the current settle, e.g., we tookt(T,800 mK)>100 s.
The temperature was registered for eachI (V) point, and its
stability proved to be better than 1%. The coaxial cables u
were previously tested alone~in an open circuit, at all tem-
peratures! to check that their leakage current was negligib
Let us note that it is unlikely that the gold-YxSi12x electrical
contact resistance plays a role since the contact area is
large, and in previous similar works,58 it was shown to play
no role. The fact that the temperature dependenceG(0,T) we
observe follows a VRH law~see next section! is an addi-

FIG. 1. Experimental setup: the 9-mm-thick Y0.19Si0.81 layer is
deposited onto a sapphire substrate with two interdigited gold e
trodes. Thermalization of the sample was ensured by 43 gold w
~4 represented! bonded on the left gold pad. Upper right corne
small 1-MV chip heater allowing thermal resistance measureme
at low temperature~see Appendix A!.
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PRB 61 8111NON-OHMIC HOPPING TRANSPORT INa-YSi: FROM . . .
tional indication that the contact resistance is negligible.
nally, the symmetry of theI -V curves with respect to curren
and voltage reversing was checked.

III. BEHAVIOR AT F\0

The I -V characteristics are shown in Fig. 2 where, f
clarity, we report only the curves for 18 different temper
tures out of the 36 ones we measured. As shown in the in
the resistance (R) –temperature law is simply activated fro
room temperature to.10 K: we find R5R1exp(T1 /T) with
T154064 K andR1.8862 V. For T,8 K the divergence
of the resistance whenT→0 becomesweaker~see inset of
Fig. 2!, which is a standard indication that VRH takes pla
at low temperature.5 Let us note that simple activation fo
T>10 K is usually interpreted as due to thermal excitat
from the Fermi levelEF to the mobility edgeEMob where
electronic states are delocalized; thuskBT15EMob2EF .

To study the temperature dependence of the conduct
at F→0, we plotted our data in the„F/T, ln(V/I)… plane~see
Fig. 3!. The G(F→0) values were obtained from an e
trapolation of the curves towards low fields. To allow for
precise extrapolation, this procedure was restricted to
0.4 K,T,1.3 K cases. The extrapolated values were
tained from a linear fit of the first points in each curve~lower
F/T values!. We checked that those values did not depe
significantly on the number of points selected in the fit. T
expected VRH temperature-conductance law is given by
~1! whereg51/2 or g51/4. Discriminating between thes
exponents is hardly achieved by looking for a straight line
the ln@G(F→0)# vs T2g plot, as the lines alwaysseem
straight. The comparison between the different exponeng
is improved by plotting a normalized value ofT2g, i.e.,
(T2g2TMin

2g )/(TMax
2g 2TMin

2g ) where TMin and TMax are the
two extreme values ofT selected for the plot. In Fig. 4, we
see thatg51/2 is favored in comparison withg51/4. A fit

FIG. 2. Current as a function of electric field at various tempe
tures below 1.3 K: for clarity only 18 out of the 36 different curv
were represented. Inset:R(F→0) vs 1/T ~dots!, for temperatures
above 4 K. The dashed line corresponds to an activated law w
characteristic temperature of 40 K.
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of ln@R(F→0)# vs T using Eq.~1! in which G0 and T0 are
free parameters yields a residue~measured minus fitted
value! shown in the inset of Fig. 4: clearly, there is a corr
lation between the residue andT only for g51/4. The nor-
malizedx2 per point is 1.1 forg51/2, and 9.0 forg51/4. If
g is a parameter of the fit, we findg50.4760.02. We thus
conclude thatg51/2, and using this value in the fit, we ge
T0525761.5 K and R051/G059265 V. Following
Shklovskii and Efros,

kBT05
2.9e2

4pe0e rj
, ~5!

wheree0e r is the dielectric constant of the system. We sh
see in Appendix B that the nonlinearity analysis togeth

-

a

FIG. 3. Logarithm of the resistance as a function the elec
field to temperature ratio, for 16 temperatures among the 36 m
sured ones.

FIG. 4. Normalized value ofT2g for 3 values ofg as a function
of the logarithm of the resistance at zero electric field. The norm
ized T2g is (T2g2TMin

2g )/(TMax
2g 2TMin

2g ) whereTMin andTMax are
the two extreme values of the temperatureT selected for the plot.
Inset: residue~i.e., measured minus fitted value! of the linear fit of
ln@R(F→0)# as a function ofT2g, for g51/4 ~open circles! andg
51/4 ~closed circles!.
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8112 PRB 61F. LADIEU, D. L’HÔTE, AND R. TOURBOT
with Eq. ~5! allows us to extract information onj and e r
separately.

IV. RESULTS AT VERY HIGH FIELDS

In the very high field case,eFj/(kBT)@1, the theory7

states that the current results from hops between sitesi andj,
such that Ei j 5eFri j . For these activationless hops,I i j
}exp(22rij /j), which, using a maximization procedur
leads to Eq.~2! with7

F05N2

kBT0

ej
, ~6!

whereN2 is a numerical constant which can be calcula
within the directed percolation theory. For Mott’s VRH (g
51/4) Pollak and Riess obtainN254.8. For the Shlovskii-
Efros VRH (g51/2), N2 has not been calculated to ou
knowledge.

Our lowest temperature data should belong to the v
high field domain, as the twoI -V curves corresponding to
T529 mK andT549 mK are identical. Indeed, we shall se
that the low and intermediate field data analysis lead tj
'7 nm ~see Appendix B!, hence eFj/(kBT)>50 for T
529 mK. The 29 mK data can be rather well fitted by usi
Eq. ~2! with g851/2, I 0 and F0 being free parameters. I
yieldsF05(3.86.05)3107 V/m, hence 4<N2<11 by using
the upper and lower values ofj. The normalizedx2 per point
is however 290. Thus, in spite of the reasonable extractedF0
and N2 values, the relevance of the fit must be question
Indeed, if we fit the wholeI (F,29 mK) data using Eq.~2!, g8
being a free parameter, we getg850.6560.01 and ax2 per
point of 94.

To investigate the problem, we give in Fig. 5 theF de-
pendence of the effective exponentge f f defined by

ge f f52
] ln~] ln I /] ln F !

] ln F
. ~7!

If I (F) is given by Eq. ~2!, then ge f f5g8. For T
.200 mK, ge f f is always negative, while forT,200 mK,
ge f f it is negative for the lowerF values. This can be relate
to the fact that in the intermediate field region, theI (F)

FIG. 5. Effective exponent of the current vs electric field law,
a function of the electric field, for 6 temperatures.
d

y

.

dependence should obey Eq.~3! for which the expectedge f f
is F dependent. For the lowest temperatures,ge f f becomes
positive whenF increases, but there is no saturation atge f f
50.5. Instead, a maximum is reached at a value between
and 1, even if a convergence ofge f f towards 1/2 might exist
at fields larger than 43104 V/m.

We suggest that these values ofge f f between 0.5 and 1
are due to the fact that the very high field conduction res
from an interplay between activationless hopping~for which
ge f f51/2) andtunneling across the mobility edge. Indeed,
the latter process leads to the simple activated law,33,60

I;expF2S 4

3eFDA2m~kBT1!3

\2 G5expF2
F1

F G , ~8!

wherekBT1 is the energy difference between the Fermi lev
and the mobility edge. SinceT1.40 K ~see Sec. III!, F1
51.43106 V/m. The fit of theI (F,29 mK) data for the in-
terval F.2.83104 V/m where ge f f.0.5, using
I 5I 1exp(2F1 /F), yields a normalizedx2 per point of 40 and
F15(5.560.05)105 V/m, which is only a factor 2.5 below
the calculated value. We cannot interpret thege f f(F) curves
more precisely since, to our knowledge, there exists
theory taking into account both the disorder in the localiz
band states and the tunneling through the mobility edge.

It is interesting to note that if activationless hopping w
the only transport mechanism in the very high field regim
the critical value (F/T)c at which the transition from Eq.~3!
to Eq.~2! occurs would be temperature independent: this
be readily seen by equating the rhs of Eqs.~2! and ~3! at
F/T5(F/T)c and disregarding pre-exponential factors. If w
define, for any givenT the experimental critical field value
Fc by I (Fc ,T)5k I(Fc,29 mK), withk51.1, we find that in
our sample, (F/T)c is clearly T-dependent: it increases by
factor 3.5 when the temperature decreases from 413 mK
74 mK.

V. RESULTS AT INTERMEDIATE FIELDS

We can see on Fig. 3 that our experimental points line
in almost parallel curves in the„ln(R), F/T… plane. Clearly,
they are not really straight lines, hence Eq.~4! does not hold
with precision. However, in the spirit of the majority of pre
vious works, we first use Eq.~4! and extract the lengthL(T)
defined by ln@G(F)/G(F→0)#5eFL(T)/(kBT) for F just above
the linear regime. We show in a second step that Eq.~3! is
much more relevant to account for our data.

A. Extraction of L „T… using Eq. „4…

The slopes of the ln(R) versusF/T curves forF→0 were
extracted for the different temperatures where it was p
sible, i.e., 0.4 K,T,1.3 K ~see Fig. 3!. A linear fit yielded a
normalized x2 per point close to 1 only forF/T
,5000 V m21 K21. We restricted theL extraction to this
interval where the curves are linear. The result is shown
Fig. 6. A fit of these points using the lawL5L0(T0 /T)z,
where L0 and z are free parameters, givesz.0.65 with a
normalizedx2 per point of 0.7. Constraining the fit withz
50.5 leads toL05(0.5260.01) nm and a normalizedx2 per
point of 1.1: the resulting curve is shown in Fig. 6. As
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consequence, we can state that the Shklovskii predicti10

z52g51 does not hold for our system, while the pred
tions of Hill13 and Pollak and Riess,9 L}r m leading toz
5g51/2, are in agreement with our results. It is interest
to note that the values ofL(T) remain roughly the same i
they are extracted from linear fits of thewhole ln(R) vs F/T
curves, although these fits yield a normalizedx2 per point
varying between 3 and 250. The localization lengthj ex-
tracted fromL05C(j/2) with the Pollak and Riess9 value
C50.17 yieldsj.6 nm. We shall discuss this point more
detail later.

B. Extraction of the parameters of Eq. „3…

We turn to the main result of our study, namely the r
evance of the Bo¨ttger et al. prediction17 concerning the ‘‘re-
turns,’’ which are summarized in Eq.~3!.

1. FÕT as the unique relevant parameter

We define, so as to test Eq.~3!,

C~F,T!5A T

T0
lnS I ~F,T!

I ES~F,T! D ,

I ES~F,T!5
V

R0
expF2S T0

T D 1/2G , ~9!

whereV5Fl , R0592V, andT05257 K ~see Sec. III!. It is
easy to show that if Eq.~3! holds with respect to theG(T,F)
dependence@instead of I (T,F)], C is just equal to
A(eFj)a/(kBT)a82B(eFj/kBT)b. We have chosen to per
form our analysis onG(T,F)5I (T,F)/(Fl ) rather than on
I (T,F) because all the above depicted theories do not al
us to recover a linear regime whenF→0: in this case, Eq.
~3! gives I (F→0)5I 1exp@2(T0 /T)g#, which is not consis-
tent with Eq.~1!. Note that this difficulty has been ignored
almost all experimental works dealing with the intermedi
field case, as they focus uponG(F) rather than onI (F).
Numerically, our choice is justified by the fact that the e
ponentialI (F) dependence in Eq.~3! is much faster than the
contribution of the denominator ofG(F);I (F)/F ~see also
Ref. 61!.

To perform our analysis of the intermediate field case,
suppressed the data points corresponding to the very

FIG. 6. The lengthL extracted from the slopes of the ln(V/I) vs
F/T lines at F→0 using Eq. ~4! ~dots!, and the fitted L
5L0(T0 /T)1/2 law ~continuous line!.
-

w

e

-

e
gh

field case~see Sec. IV!. This was done by selecting 716
I (F,T) points among the whole set of 8189 points, on t
criterion I (F,T)/I VHF(F)21>10%, whereI VHF(F) is the
very high field current defined byI VHF(F)5I (F,T
529 mK). The 10% criterion is rather arbitrary, but w
checked that our results do not depend on its precise va
provided it remains above 5%. Then,C is calculated for
each of these 7164 points. As shown on Fig. 7,C(F,T) is a
universal function of F/T over more than 3 orders of mag
nitude, while the 7164 experimental points correspond to
different temperatures ranging from 49 mK to 1.29 K.

The fact thatC(F,T) depends only onF/T implies a
5a8, which definitely shows that both the Apsley an
Hughes8 and Van der Meeret al.12 models are not relevan
for our sample. Moreover, the log-log slope ofC(F/T) at
the lowest F/T values is very close to 1 and clearly larg
than 1/(n11).0.53, which means that the Shklovsk
prediction10 does not hold. This is not surprising since in o
experiment (T0 /T)1/2<70, which is a domain where the nu
merical work of Levin and Shklovskii20 leads toa51. How-
ever, our data are poorly fitted by the Hill13 and the Pollak
and Riess9 prediction C;F/T since the log-log slope o
C(F/T) decreases asF/T increases. More generally, a fit o
C(F/T) with a unique power law (F/T)a9 gives a poor
agreement whatever the value ofa9, especially because o
the points in the regionF/T>33104 V K21 m21. The only
remaining prediction is thus the one of Bo¨ttger et al. where
a51 andb is unknown theoretically. In the next section th
prediction will beassumedand the best value ofb will be
sought. Quite interestingly, the fit ofC we obtain in the next
section is, by far, much better than all the ‘‘reasonab
simple’’ fits we tried: for example, attempting a polynomi
fit with S i 51

m ai(F/T) i gives a poor agreement even ifm is as
large as 5.

FIG. 7. TheC(F,T) function „given by (T/T0)1/2ln(I/IES), with
I ES5(V/R0)exp@2(T0 /T)1/2#… as a function ofF/T for all the data
except the very high field points.C increases more slowly thanF/T
~the dashed line corresponds toC}F/T) and its evolution can be
fitted ~solid line! using the Bo¨ttger et al. prediction C5G(F/T)
2D(F/T)b with b51.1560.1, G5(1.2560.5)31025 K m V21

and D1/b/G50.7060.07. Inset: sameC vs F/T dependence with
linear scales showing that theD(F/T)b term plays a role at low
F/T values; the dashed line corresponds toC}F/T.
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2. Extraction of the critical exponentb assumingaÄ1

We thus have to fit theC(F/T) points using the function

G
F

T
2DS F

TD b

~10!

with G,D,b as free parameters. Since theC(F/T) values
extend over several orders of magnitude, we perform the
on ln(C), i.e., we request that arelative error E per point is
minimal, with E defined by

E 25
1

7164s2 (
j 51,7164

~12x!F lnS C„~F/T! j…

G~F/T! j2D~F/T! j
bD G 2

1xF lnS G~F/T! j2C„~F/T! j…

D~F/T! j
b D G 2

, ~11!

wherex is a weight to be chosen in the (0,1) interval a
s25^@ ln(C)2^ln(C)&#2&.(0.08)2 is the variance of ln(C)
drawn from the data. Note that the first term in the rhs of E
~11! is the relative error per point onC while the second one
is the relative error per point on the ‘‘Bo¨ttger second term’’
of Eq. ~3!, D(F/T)b. The minimization of those two term
hasopposite effectson the optimal value ofb. Indeed keep-
ing only the first one~i.e., settingx50) leads tob51.38
60.03 and yields a good agreement between theC„(F/T) j…

points and the fitted curve, but leads to a discrepancy
tweenG(F/T) j2C„(F/T) j… andD(F/T) j

b , which becomes
clearly too large whenF/T,53104 V K21 m21. Con-
versely, settingx51 leads tob51.0360.03, withG(F/T) j

2C„(F/T) j….D(F/T) j
b , but a discrepancy appears betwe

the C„(F/T) j… points and the fitted curve, especially at hig
F/T values. Keepingx in the (0.05,0.95) interval leads t
optimal valuesb(x) in the (1.05,1.15) range, i.e., to an u
certainty onb not very much larger than the one obtained
a givenx. We finally keep the larger error bar onb and find
b51.1560.1, G5(1.2560.5)31025 K m/V, and D51.4
31026 (m K/V) b (D1/b/G50.7060.07). The solid line in
Figs. 7 and 8 is the fit resulting fromb51.15, G51.25
31025 K m V21, D51.431026 (K m V21)b: the agreemen
with the data is good@E(x50.5)50.72# and the only sys-
tematic deviation occurs at the very few highestF/T values
where the transition to the very high field regime occurs.

The comparison of Eqs.~3! and ~10! gives G5Aej/kB .
FromG51.2531025 m K/V we deduceAj51.1 nm. Unfor-
tunately, the precise value ofA is not known in our case o
the Shklovskii-Efros hopping (g51/2). As shown in Appen-
dix B, using T05257 K, Aj51.1 nm as well as consider
ations about the dielectric constante r , we conclude thatj
'7 nm. We cannot be more precise due to the various
known numerical factors involved in the predictions w
used, but we note that these values ofj compare favorably to
previous results obtained on YxSi12x samples much closer t
the metal-insulator transition,58,59 where larger values ofj
were found~a few tens of nm!.

We compare now the analysis performed just above w
the one carried out using Eq.~4!, which yielded L
5L0(T0 /T)1/2 with L050.52 nm, andj.6 nm, usingL0
5C(j/2) and C50.18 ~see Sec. B!. Neglecting the weak
difference between theG(T,F) and theI (T,F) dependences
fit

.

e-

r

n-

h

the comparison of Eqs.~3! and ~4! leads toL05Aj if the
additional termB„eFj/(kBT)…b in Eq. ~3! is assumed not to
change L0. Clearly, we have a discrepancy by a factor of
betweenL0 andAj51.1 nm: this was checked to come fro
theB„eFj/(kBT)…b term in Eq.~3!. Surprisingly both analy-
ses yield roughly the samej'627 nm for A51/6 andC
50.18.

3. Extraction of the return lengthL

We now turn to the analysis of the return size. As e
plained above,b and D give information about the typica
lengthL of the returns, which decreases gradually asF in-
creases. Indeed, according to Bo¨ttger and co-workers,22 if r
5 ln@I(F,T)/I1# @r is the argument of the exponential in E
~3!#, L is given by

L~r!.2dr mS rc

r2rc
D 1/bS rm2r

rc
D m

, ~12!

wherem51.060.3 andd.0.25 are numerical constants,22

rm is the directed percolation threshold, andrc5(T0 /T)g. In
the linear regime it is found thatr(F→0).rc11,14 yield-
ing a finite value ofL(F→0). IncreasingF up to the inter-
mediate field region leads to ar increase, thus to aL de-
crease. IncreasingF further, r reachesrm and L vanishes,
indicating that the current paths are directed. The maxim
lengthLmax of the returns is thus obtained just at the onset
the nonlinear regime, where we can put in Eq.~12! r
5(T0 /T)g11 and (rm2r)/rc.(rc2rm)/rc5N4 with N4
.0.07 as predicted in Ref. 22. Hence we get

Lmax5jdN4
mS T0

T D g(111/b)

5D1/b
kB

e S T0

T D g(111/b)

, ~13!

where the second equality is obtained by using the predic
of Böttger and co-workersD5(N4

mdej/kB)b.22 Using Eq.
~13!, we can compareLmax to the blob length Lp
5j(T0 /T)g(11n),14

FIG. 8. F/T dependence ofG(F/T)2C(F,T) , with G51.25
31025 K m V21, for all the data points except the very high fie
ones. The dashed line corresponds to aD(F/T)b dependence with
b51, and shows thatb.1. Solid line: fit with b51.15 andD
51.431026 (K m/V) b. Inset: same data with linear scales, t
dashed line corresponding to a;F/T dependence.
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Lmax

Lp
5

D1/bkB

ej S T0

T D g(1/b2n)

.
D1/bkB

ej
, ~14!

where the second equality comes from the fact that in
case, due to the experimental value ofb, Lmax andLp have
critical exponents very close to each othersince 1/b2n is in
the ~20.08, 0.07! interval. We thus find thatLmax(T)/Lp(T)
does not depend on the temperature. By insertingkB /(ej)
5A/G in Eq. ~14!, we find Lmax(T)/Lp(T)5AD1/b/G
5(0.7060.07)A, using our fit resultD1/b/G50.7060.07.
Hence,Lmax(T)/Lp(T) is not much smaller than1, which is
the highest possible theoretical value. We thus conclude
in our sample the importance of the returns is strong.

This importance of the returns must also play a role on
onset of the nonlinear behavior which occurs at a fi
Flim(T). Indeed, according to Bo¨ttger and co-workers
Flim /T5kB /eLmax.22 According to Pollak and Riess
Flim /T5kB /erm with r m5(j/2)(T0 /T)g the hopping
length. In our case, this latter prediction amounts toFlim /T
>1000 V K m21 for T>500 mK ~for lower temperatures we
cannot go toF→0 because of too low currents!. We clearly
see in Figs. 7 and 8 that the nonlinear fit obtained ab
extends down toF/T.150 V K21 m21. This is one order of
magnitude smaller than the prediction of Pollak and Ri
and in quite good agreement with the result of Bo¨ttger and
co-workers. We thus conclude that theFlim behavior we find
is consistent with the above-derived results on the imp
tance of returns.

VI. CONCLUSION

Our study of the electric field effects in variable-ran
hopping transport for amorphous Y0.19Si0.81 below 2 K ex-
hibits several important features. First, we find that
lengthL characterizing the intermediate field regime has
order of magnitude andT dependence (.T2g, with g
51/2) which is expected in the VRH models of Hill13 or
Pollak and Riess9 stating thatL.r m . Even analyzing our
data in the framework of the predictions of Bo¨ttger and co-
workers@Eq. ~3!# this result remains true, as the addition
theB„eFj/(kBT)…b term in Eq.~3! does not change the orde
of magnitude of this characteristic length. Second, our m
important result is that Eq.~3! is much more relevant tha
Eq. ~4! to analyze our data, andthis shows the importance o
the ‘‘returns’’ in the percolation paths of VRH. Furthermore,
we were able to extract information on the length of the
returns from our experimental results. Indeed, our data in
cate that the critical exponent of the return contribution 1b
is very close to the one of the blob length: the returns rep
sent an appreciableT-independent fraction of the whole pe
colation paths lengths at intermediate fields. Third, our v
high field data do not follow the expected activationless l
given by Eq.~2!. This could be due to the onset of tunnelin
across the mobility edge whose interplay with activationl
hopping has not been theoretically studied yet.
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APPENDIX A: IRRELEVANCE OF THE SAMPLE
OR CARRIER HEATING MECHANISM

In this appendix, we first describe the experimental se
allowing thermal conductances measurements and then s
that heating is irrelevant to account for ourI -V nonlineari-
ties. The sapphire substrate was held between four sapp
balls, which represent a negligible thermal conductance.
thermalization was realized by ultrasonically bonding
gold wires (50mm in diameter, a few millimeters long! be-
tween the cryostat~‘‘heat sink’’ in Fig. 1! and a 7-mm2 gold
pad shown on the left of the substrate in Fig. 1. The result
calculated thermal resistance between the gold pad and
cryostat is smaller than 104 K/W at T550 mK and 103 K/W
at T5500 mK, leading to a temperature difference low
than 0.5 mK between those two points in our experimen
To measure the thermal resistance between the cryosta
the sapphire substrate or the sample, we used the 1-V
heating resistor chip shown on the right upper corner of F
1. This 0.01-mm3 device is heldonly by two Al wires (25
mm in diameter, 5 mm long! which are superconducting be
low .1 K. At low temperature, their thermal conductance
thus negligible and the electrical power dissipated in the
sistor flows to the substrate through the unique gold wire~25
mm in diameter, 3 mm long! ultrasonically bonded betwee
the resistor and the gold pad evaporated on the sapphire
strate~on the right side in Fig. 1!. By measuring the tempera
ture of the sample when a given power is injected in
resistor, this system gives an overestimation of the ther
resistance between the sapphire substrate and the cryos
has the advantage of being reversible in comparison wit
resistor deposited on the sapphire substrate, as the gold
can be easily removed.

We show now that heating phenomena are irrelevan
account for theI -V nonlinearities. We first focus on the pos
sible heating of the whole sample together with its sapph
substrate, and then turn to ‘‘electronic heating.’’

A. Heating of the whole sample and substrate

The measurement of the thermal resistanceRth between
the cryostat on one hand and the sample with the sapp
substrate on the other hand was carried out as follows
constant voltageV5Fl was applied to the YxSi12x sample,
leading to a currentI (F,T) depending on the cryostat tem
peratureT. A given electrical power 1 nW<P<100 nW was
then dissipated in the small 1-MV resistor. This power
flowed to the heat sink through the substrate whose temp
ture was then increased bydT, leading to an increasedI of
the current. We checked thatdI was proportional toP. As-
suming for a while that theI -V nonlinearities do not resul
from sample heating, we extracted, from the data of Fig
dT from dI and deducedRth5dT/P. Figure 9 gives the
resulting Rth as a function ofT. From it, we getRth(74
mK!.10 mK/nW, while we can see on Fig. 2 that theI (F,74
mK! and I (F,124 mK! curves begin to merge forIV
.0.04 nW, which corresponds todT.0.4 mK much lower
than the 50 mK separating these twoI (F) characteristics.
This confirms the above assumption of irrelevance of sam
heating, and it can be easily shown to be true at any te
perature. Let us note thatRth exhibits aR th;T23 behavior,
which characterizes the Kapitza thermal resistance at
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boundary between two materials. In our case, they are
sapphire substrate and the gold pad thermally connecte
the cryostat.

B. Electronic heating

In this section, we show that the nonlinearities of ourI -V
curves cannot be ascribed to a heating effect as found
Wang et al. for NTD sensors.44 Assuming the validity of
such a model for our sample, the powerP5IV5IFl injected
in the YxSi12x ‘‘electron bath’’ would increase its tempera
ture to a valueTe larger than the cryostat temperatureT,
leading to a YxSi12x electrical resistance

R~T,F !5R0 exp@~T0 /Te!
g#, ~A1!

with Te given by

P1Pp5IV5g~Te
h2Th!, ~A2!

where g and h are parameters characterizing the therm
conductance between the electron bath and the cryostat
Pp is the parasitic power injected in the sample due to
limited rf shielding, etc. As we have excluded a possi
heating effect of the sapphire substrate~see the preceding
section!, the thermal resistance to consider is either
Kapitza resistance at the boundary between the YxSi12x
sample and the sapphire, or the thermal resistance du
electron-phonon coupling in the YxSi12x itself. In the first
caseh54,63 while in the second one,h55 –6.44,47–53,64We
investigated the experimental values ofdP/dTe , which
would be equal toghTe

h21 and hence would not depend onT
and Pp . Within the heating model,Te can be extracted fo
each (I ,V) point using Eq.~A1!. Figure 10 showsdP/dTe as
a function ofTe .

The fact that most of the curves depend onT is a strong
argument against the heating model. However, we can s
trend towards aT independence for lowT values. As indi-
cated by the straight lines corresponding to power la
these low T curves are not compatible with the heatin
model because they correspond toh values which depend on
Te and may be much larger than 4–6. Finally, we note tha
materials close toa-YxSi12x , the electron-phonon couplin

FIG. 9. Thermal resistanceRth(T) measured by dissipating
controlled power in the small 1-MV chip ~see Fig. 1!. Dashed line:
fit of the data with aT23 law.
e
to

by

l
nd
e

e

to

a

s,

n

parameterg was found experimentally to be of the order
103 W K26 cm23 ~in NbSi, with h56) ~Ref. 52! or
200 W K25 cm23 ~in AuGe, withh55) ~Ref. 64!. As a con-
sequence, for our 7.231025-cm3 sample, we expec
dP/dTe.0.4Te

5 W/K or dP/dTe.0.07Te
4 W/K, which is

several orders of magnitude larger than what we find~see
Fig. 10!. If we assume that the possible heating effect is d
to the YxSi12x-sapphire Kapitza resistance, we can use
experimental g.(1210)31023 W K23 cm22 values for
sapphire-metal interfaces,51 which lead todP/dTe values of
the order of 1023Te

3 W/K, again several orders of magnitud
larger than our experimental values. Yet, those very la
discrepancies guarantee that the heating effects are n
gible. In comparison to data from authors who see hea
effects, this can be explained by~i! our very resistive sample
and~ii ! the low electron-phonon and Kapitza resistances
to the geometry of the sample.

APPENDIX B: ESTIMATION OF j AND e r FROM
T0 AND G

The detailed calculations ofA, B, a, a8, and b were
performed by Bo¨ttger and co-workers assuming the Mo
VRH @g51/(d11)#, while we haveg51/2. Thus our fit
resultAj51.1 nm cannot be used straightforwardly to getj.
In this appendix, we first try to estimate in which intervalA
must lie in the case ofg51/2 and then we use the value o
T0 as an additional experimental constraint onj.

It appears that the exponentsa, a8, andb should remain
unchanged when going fromg51/(d11) to g51/2. This
can be readily seen fora5a851 in the framework of the
Pollak and Riess calculations.9 Moreover, the fact thata
51 for g51/2 is confirmed by many analyses of experime
tal results using Eq.~4!;29,31,35,38,40–42,45while, with respect
to a8 the experimental situation is unclear~see Sec. I!. How-

FIG. 10. Derivative of the power dissipated in the YxSi12x

sample with respect to the effective electron temperatureTe , as a
function of Te . For each (I ,V) point, Te is calculated using Eq.
~A1!. The points line up in curves corresponding to different c
ostat temperatures among which 5 are indicated in the figure.
comparison, the three straight lines correspond to 3 power l
dP/dTe}Te

(g21) with g2153, 5, and 9.
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ever, the prefactorsA andB are likely to be changed by th
presence of a Coulomb gap. In this case, we can state at
A<1/2, since A51/2 comes from the replacement
Em /(kBT). 1

2 (T0 /T)g by Em /(kBT)2eFrm /(kBT) in Eq.
~1!. Such a substitution obviously overestimatesI in the pres-
ence of an electric field since it neglects both the influence
returns and the insensitivity of a large number of pair c
rents with respect toF. FromA<1/2 we deducej>2.2 nm.
Using the value of Bo¨ttger and co-workers22,17,18A51/6, we
find j56.6 nm, which, using Eq.~5!, givese r529, while j
>2.2 nm leads toe r<86.

According to Imryet al.,62 one expectse r5N1(j/lTF)2

where lTF is the Thomas-Fermi screening length andN1
51 according to Abrahams and Lee.65 Thus, using Eq.~5!,
lTF.0.08A23/2nm, which leads tolTF51.2 nm for A
51/6 and lTF>0.23 nm for A<1/2. In crystalline metals
with a concentrationn of one electron per atom we hav
typically lTF.0.06 nm. Here we expectn to be of the order
of 0.1 and since the standard screening theory yieldslTF
}n21/6, the value of 0.23 nm for our sample is plausib
4

l

ast

f
-

.

However, we cannot exclude that the upper value of 1.2
is plausible too. Indeed, it was theoretically found66 that
close to the transition, electronic diffusion is considera
lowered, which should reflect in a lowering of screening, i
in an ~unknown! increase oflTF . Moreover, if as recently
suggested,67 many body effects come into play i
Shklovskii-Efros VRH, one expects both a reduction of
2.9 factor in Eq.~5! and a change of theA value. Finally,
considering all these unknown effects,Aj is found to have
the correct order of magnitude and we estimate thaj
'7 nm.

The determination of the dielectric constante r of the sys-
tem is a very interesting working direction for the future d
to the fundamental interest ofe r in localization and MIT
studies. This is also a strong argument in favor of a pre
theoretical determination of the numerical parameters in
~3!. Even if those parameters are not completely known,
relative evolution ofe r as a function of the dopant conce
tration, magnetic field, etc., should be reachable with thee r
extraction method we used.
is

s

s.

us

te
*Electronic address: ladieu@drecam.cea.fr FAX:~33!

~0!169086923.
†Electronic address: Ihote@drecam.saclay.cea.fr
1P. W. Anderson, Phys. Rev.109, 1492~1958!.
2N. F. Mott, Philos. Mag.19, 835 ~1969!.
3V. Ambegaokar, B. I. Halperin, and J. S. Langer, Phys. Rev. B4,

2612 ~1971!.
4M. Pollak, J. Non-Cryst. Solids11, 1 ~1972!.
5B. I. Shklovskii and A. L. Efros,Electronic Properties of Doped

Semiconductors, Springer Series in Solid-State Sciences Vol.
~Springer, New York, 1984!.

6A. Aharony, Y. Zhang, and P. Sarachik, Phys. Rev. Lett.68, 3900
~1992!.

7B. I. Shklovskii, Fiz. Tekh. Poluprovodn.6, 2335 ~1972! @Sov.
Phys. Semicond.6, 1964~1973!#.

8N. Apsley and H. P. Hughes, Philos. Mag.30, 963 ~1974!; 31,
1327 ~1975!.

9M. Pollak and I. Riess, J. Phys. C9, 2339~1976!.
10B. I. Shklovskii, Fiz. Tekh. Poluprovodn.10, 1440~1996! @Sov.

Phys. Semicond.10, 855 ~1976!#.
11R. Rentzsch, I. S. Shlimak, and H. Berger, Phys. Status Solid

54, 487 ~1979!.
12M. Van Der Meer, R. Schuchardt, and R. Keiper, Phys. Sta

Solidi B 110, 571 ~1982!.
13R. M. Hill, Philos. Mag.24, 1307~1971!.
14B. I. Shklovskii and A. L. Efros, Usp. Fiz. Nauk.117, 401~1975!

@Sov. Phys. Usp.18, 845 ~1975!#.
15S. Feng and J. L. Pichard, Phys. Rev. Lett.67, 753 ~1991!, and

references therein.
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