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Atomic force microscope as an open system and the Ehrenfest force
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Two systems in contact, such as the tip of an atomic force microscope~AFM! and a sample, share a common
surface. Each exerts an equal and opposite force on the other determined by the pressure it exerts on every
element of the surface of separation, as required by the physics of an open system. In a quantum system, the
force exerted on the tip is the Ehrenfest force, a force that is balanced by the pressure exerted on every element
of its surface, as determined by the quantum stress tensor. The surface separating the tip from the sample is one
of local zero flux in the gradient vector field of the electron density, the surface that separates two neighboring
atoms. A zero-flux surface also defines a proper open system, one whose observables are governed by the
equations of motion, the equation for the electronic momentum yielding the Ehrenfest force theorem. Thus the
force measured in the AFM is exerted on a surface determined by the boundaries separating the atoms in the
tip from those in the sample, and its response is a consequence of the atomic form of matter. This approach to
the determination of the force measured in the AFM is contrasted with results reported in the literature that
equate it to the Hellmann-Feyman forces exerted on the nuclei of the atoms in the tip.
d
of
s

b
te
a

su
tio

i
p
m
m
le
d
th
is
e

e
o

a
he
ci

te

n
ne
th
u
r
su

is

n,

on
on

time

the
s-
rom
n

em
ce

evel

bed

e

in-
to
s

ems

ace
y its
ur-
FORCES AND OPEN SYSTEMS

In an atomic force microscope~AFM! a probe with a tip
of atomic dimensions is attached to a cantilever whose
flections are measured as the tip scans the surface
sample.1 The force that causes the measured deflection
determined by the physics of an open system.2,3 When two
objects, such as the tip of an AFM and the object to
studied, are brought into contact they form a single sys
sharing a surface of separation. Each exerts an equal
opposite force on the other that is determined by the pres
each exerts on every element of the surface of separa
This description of the force acting on an open system
terms of the pressure acting on its surface is equally ap
cable to systems described by Newtonian or quantum
chanics. In the case of a quantum system, the force is ter
the Ehrenfest force.4 The properties of this force and its ro
in determining the mechanics of an open system are
scribed here, with particular emphasis being placed on
interpretation of the force exerted on the tip of an AFM. Th
interpretation is contrasted with previous work in this ar
that equates this force to the Hellmann-Feynman forces5 act-
ing on the nuclei of the atoms in the tip, the force determin
by the negative of the gradient of the potential energy
interaction between the tip and the sample.6–12

To make the distinction between the Hellmann-Feynm
~HF! and Ehrenfest forces clear within the context of t
AFM, consider pressing down with one’s hand on a pen
its tip on the surface of a desk, with the forceF. The desk
exerts an equal and opposite force on the combined sys
of the pencil and hand. The HF force does not equalF.
Instead it measures the forceFa required to displace the
nucleusa of the atom in the tip of the probe, which is give
by Fa52“aE. One is interested in the force not just on o
nucleus of one atom in the tip of the probe, but rather in
force F that is exerted on the all of the atoms that make
the open system of ‘‘pencil plus hand.’’ This force is dete
mined by the pressure exerted on every element of the
PRB 610163-1829/2000/61~11!/7795~8!/$15.00
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face S, separating the tip of the pencil from the desk. It
given by the expressionF52rdS•s, wheres is the stress
tensor.F is the force that the~cantilever! arm exerts on the
attached spring, displacing it form its equilibrium positio
the displacement measured in the AFM.

Inseparable from the definition of the force exerted
some object is the need to define a bounding surface
which the pressure is exerted. In a quantum system, the
rate of change of the average value of an observableĜ for an
open system consists of two contributions: the average of
commutator (i /\)@Ĥ,Ĝ#, as found for a closed, isolated sy
tem and a surface term that measures the contribution f
the flux in the current ofĜ through the surface that the ope
system shares with its neighbors.2,3 It is the surface flux con-
tribution that distinguishes the physics of an open syst
from that of the total system and the definition of the surfa
is thus of paramount importance.

The surface enclosing an open system at the atomic l
is uniquely defined.2 It is a surfaceS(r s) of local zero flux in
the gradient vector field of the electron density, as descri
by

“r~r !•n~r !50 ; rPS~r s!, ~1!

where n(r ) is the unit vector normal to the surface. Th
zero-flux surface condition in Eq.~1!, when imposed as a
constraint in Schwinger’s general variation of the action
tegral operator, extends his principle of stationary action
an open system.13 Thus the observables of open system
bounded by surfaces satisfying Eq.~1! are described by the
quantum-mechanical equations of motion and such syst
are termedproper open systems. The equation of motion
describing the Ehrenfest force is obtained by takingĜ5p,
the electronic momentum operator, and the resulting surf
term describes the force exerted on an open system b
neighbor—the force exerted on the tip of an AFM by a s
face, for example.
7795 ©2000 The American Physical Society
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ATOMIC SURFACES

A necessary prelude to an application of the mechanic
an open system is a description of the form of the op
systems defined by the condition of zero flux in Eq.~1!. The
electron densityr(r ) exhibits a local maximum at the pos
tion of a nucleus. A consequence of this principal topologi
feature is that each nucleus acts as an attractor in the gra
vector field of the electron density and space is exhaustiv
partitioned into a disjoint set of mononuclear regions term
atomic basins.2,14 Each basin is the region of space travers
by the set of trajectories of“r(r ) that terminate at a given
nucleus, as illustrated in Fig. 1~a! for a ~100! plane in MgO.
The interatomic surface of zero flux that separates the ba
of two neighboring atoms is defined by a set of trajector
that terminate at a~3,21! critical point ~CP!, a point where
“r(r )50 and the Hessian ofr(r ) exhibits one positive and
two negative eigenvalues. The set of eigenvectors assoc
with the negative eigenvalues define the two-dimensio
manifold that is the interatomic surface. The two uniq
eigenvectors associated with the single positive eigenv
define a pair of trajectories of“r that originate at the CP an
terminate at the neighboring nuclei, defining a line throu
space along which the density is a maximum. In the situa
of electrostatic equilibrium, this line is termed a bond pa
Thus atoms sharing an interatomic surface are bonded to
another,15 an interpretation consistent with the observati
that each bond path is mirrored by a virial path, a line
maximally negative potential energy density linking t
same nuclei. Figure 1~b! illustrates the partitioning of the

FIG. 1. ~a! Trajectories of“r(r ) in the ~100! plane of MgO.
The region of space traversed by trajectories that terminate
given nucleus wherer(r ) is a local maximum, defines the atom
basin. Each basin is bounded by sets of trajectories that termina
~3,21! or bond critical points~CP! denoted by dots. Only one pa
of each set appears in this symmetry plane, as indicated by the
of arrows for one O-O interaction. Also so indicated, is the uniq
pair of trajectories that originate at a bond CP and terminate,
each, at the neighboring nuclei and define the bond path. The
sity attains its maximum value in an interatomic surface and
minimum value along the bond path at a bond CP.~b! The total
electron density in the same plane overlaid with the interato
surfaces and bond paths defined by the trajectories associated
the bond CP’s. Each Mg is linked by bond paths to six O ato
while each O atom is in addition, linked by weaker interaction lin
to the 12 next-nearest O atoms. The density~in atomic units! in-
creases in value from the outermost 0.001 contour inwards in s
of 2310n, 4310n, and 8310n, with n starting at23 and increas-
ing in steps of unity.
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system into atoms obtained when the zero-flux surfaces
fined by the gradient vector field are imposed on the dens
Penda´s and co-workers16 have shown how the topologica
partitioning of densities in the solid state can be used
obtain a model-free classification and characterization
crystal structures.

The topological atoms have been identified with the ato
of chemistry because they recover the essential ideas as
ated with the atomic concept:17 ~a! the atomic properties
defined by the principle of stationary action, are characte
tic and additive, summing to yield the corresponding valu
for the total system;~b! the properties of an atom are a
transferable from one system to another as is the form of
atom in real space—if the density distribution of the atom
transferable, so are its properties.

Figure 2 portrays the atomic basins and interatomic s
faces defined by the gradient vector field of the electron d
sity for a system consisting of a CO molecule bound to a
atom in a ~100! surface of MgO. The reader is asked
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FIG. 2. Gradient vector field maps for a CO molecule bound
a Mg atom in the~100! surface of MgO. The C atom, which is t
model the tip of CO viewed as a probe, is separated from the
face by five interatomic surfaces of zero flux, being linked to a M
and four O atoms in the surface. The force exerted on the CO p
is a consequence of the pressure acting on each element of the
surfaces. The trajectories of“r(r ) in the Mg basin that interac
with and form the surface with C provide a representation o
‘‘dangling bond’’ in the free surface, where they extend above
surface to infinity.
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PRB 61 7797ATOMIC FORCE MICROSCOPE AS AN OPEN SYSTEM . . .
imagine the CO molecule to be the probe of an atomic fo
microscope and the MgO surface, the object under stu
The surface of zero flux separating the tip from the atoms
the surface of the crystal consists of five interatomic s
faces, the carbon atom being linked by bond paths to the
atom and to four neighboring O atoms. One is free to cho
any linked set of atoms as an open system and the C an
atoms of the probe are treated as a single open system.
force exerted on the crystal by the probe is balanced by
equal and opposite force exerted on the probe by the cry
The crystal exerts a pressure on every element of the sur
dS(r ), a pressure determined by the quantum stress te
s(r ). The integral of the resulting forcedS(r )•s(r ) over
the zero-flux surface balances the Ehrenfest force on
probe. As the tip is moved across the crystal surface,
zero-flux surface, as determined by the atomic bounda
changes and the probe responds to the change in its Eh
fest force.

THE EHRENFEST ATOMIC FORCE THEOREM

The primal force theorem of an atomic system is obtain
from the time rate of change of the electronic momentu
the Ehrenfest force theorem. Every property for a pro
open system is defined in terms of a ‘‘dressed’’ density. T
is a distribution in real space that replaces the property
question with a corresponding density that describes the
teraction of a single electron with all of the remaining pa
ticles in the system, a consequence of the principle of
tionary action for an open system. As a result, every prop
for the total system, including many-electron properties
given by the sum of the atomic contributions.2,3,18 The
atomic force theorem obtained from the principle of statio
ary action for an open system for the observablep is ex-
pressed as

mE
V

dr ]J~r !/]t5NE
V

drE dt8C* ~2“ rV̂!C

1 R dSs~r !•n~r !. ~2!

Every observable yields an equation of similar form with t
first term representing the time derivative of the prope
density, which in the present case ismJ(r ), the momentum
density. The vector currentJ(r ) in Eq. ~2! is N times the
single-particle electronic velocity density

J~r !5~\/2mi!NE dt8$C*“ rC2“ rC* C%. ~3!

The symbolN*dt8 denotes a summation over all spins fo
lowed by an integration over all electronic coordinates s
those associated with the pointr , followed by multiplication
by N. The application of this procedure to the productC* C
yields the electron densityr(r ). The integral on the left-hand
side ~LHS! of Eq. ~2! gives the time rate of change of th
electronic momentum over the open systemV, thereby yield-
ing the force acting onV. Equation~2! equates this to the
forces exerted on the density withinV by the total system,
the first term on the right-hand side~RHS!, and to the
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pressure—the force per unit area—acting on each eleme
its bounding surface, the second term.

The first term comes from the atomic averaging of t
commutator (i /\)@Ĥ,p#52“ rV̂, where Ĥ is the many-
particle Hamiltonian andV̂ its potential energy operator. Th
operatorp52 i\“ r , the subscriptr denoting the coordinate
integrated over the open system. The commutator term yi
the atomic average of the Ehrenfest forceF(r ,t) acting on
the electron density at the pointr ,

F~V,t !5E
V

dr F ~r ,t !5E
V

dr NE dt8C* ~2“ rV̂!C,

~4!

an example of a dressed property density. The oper
2“ rV̂ describes the force exerted on the electron atr by all
of the remaining electrons and by the nuclei in the syste
each of the particles being held fixed in some arbitrary c
figuration. The averaging of this operator implied by*dt8 in
Eq. ~4! yields the force exerted on the electron density ar
by the nuclei and by the average distribution of the rema
ing electrons in the entire system. Final integration over
atomic basin yieldsF(V,t), the contribution to the force
exerted on the total system from the basin forces acting
atom V. Thus the force, like all atomic properties, is add
tive.

The final term of Eq.~2! represents the contribution to th
time derivative ofp arising from the flux in its current den
sity through the surface of the open system. It provide
measure of the force exerted on the open system arising f
the flux in the momentum current densityJp(r ). In Eq. ~2!,
this ‘‘momentum flux’’ density is expressed in terms of th
quantum stress tensors(r ):19

2$Jp~r !1c.c.%5s~r !5~\2/4m!E dt8$~““C* !C

2“C*“C2“C“C* 1C*““C%.

~5!

The stress tensor has the dimensions of an energy den
that is, of a pressure or of a force per unit area a
dS(r )•s(r ) is the force exerted on an element of surfa
dS(r ). The quantum stress tensor, first introduced
Schrödinger,20 plays a dominant role in determining the loc
mechanics of the electron density and the properties of
open system. Sinces(r ) is defined by a single-particle op
erator, it may be expressed in terms of the first-order den
matrix, even though it determines the many-body forces
erative in a molecule or solid.

The Ehrenfest force theorem, Eq.~2!, is analogous to a
basic postulate of classical continuum mechanics called
momentum principle.21 This principle states that the tim
rate of change of the total momentum of a given set of p
ticles forming a partV of some total system, equals th
vector sum of all the external forces acting on the particles
the set, provided Newton’s third law of action and reacti
governs the forces. This statement of momentum bala
leads to an equation that is term for term the analog of
~2!, with mJ(r ) replaced by the product of the mass a
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7798 PRB 61RICHARD F. W. BADER
velocity densities, the Ehrenfest force density by the class
body forces per unit volume, and the stress tensor by
classical analog.

In a stationary state, where the acceleration]J(r )/]t is
zero and the system is in a state of static equilibrium,
Ehrenfest forceF(V) exerted on an open systemV is bal-
anced by the momentum flux density through its surface

F~V!1 R dS~r s!•s~r !50 ~6!

with a corresponding result for the classical case. Thus
force acting on an open system, quantum or classical, is
termined by thepressure exerted on each element of
surface.19

The Ehrenfest force subsumes the response of all
components of an open system to the pressure exerted o
surface, of the nuclei as well as of the electron density
demonstrated by the potential energy contributions obtai
when one takes the virial of the Ehrenfest force. By sett
Ĝ(r ) in the principle of stationary action equal to the viri
operatorr•p, one obtains the open system statement of
virial theorem.2,3 For a stationary state the theorem takes
form

2T~V!1qb~V!52qs~V!. ~7!

The two terms on the LHS—twice the electronic kinetic e
ergy T(V) and the basin virialqb(V)—are obtained from
the atomic average of the commutator ofĤ with the virial
operator. The atomic kinetic energyT(V) may be equiva-
lently defined as (1/2m)^p2&V or (1/2m)^p•p&V , because of
the zero-flux surface condition. The basin virialqb(V) is the
average of the virial of the Ehrenfest force density, the qu
tity r•F(r )52r•“•s(r ). The term on the RHS, the surfac
virial qs(V), is determined by the flux in the current dens
of the virial operator through the atomic surface. It is t
surface integral of the virial of the force exerted on u
surface area, the quantitydS•r•s(r ). The open system viria
theorem is 22T(V)5q(V), where q(V)5qb(V)
1qs(V) is the total atomic virial. Whenq(V) is summed
over all the atoms one obtains the total virialq as given by

q5(
V

q~V!5^V̂en&1^V̂ee&1^V̂nn&1(
a

Xa•“aE

5^V̂&1(
a

Xa•“aE, ~8!

which satisfies the virial theorem for the total system,22T

5q. In Eq. ~8!, E is the total energy,E5^T̂&1^V̂&. Thus
the virial of the Ehrenfest forces exerted on the electrons
addition to yielding the electron-nuclear and electro
electron contributions to the potential energy, also conta
the contributions from the nuclear-nuclear repulsion ener
and, if the system is not at electrostatic equilibrium, the vir
of the external forces required to maintain a nonequilibri
geometry, the negative of the virials of the HF forces2“aE
exerted on the nuclei. Thus the virial of the Ehrenfest fo
determines all of the contributions to the potential ener
including those that arise from the virial of any net HF forc
exerted on the nuclei.
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THE EHRENFEST FORCE AND MOLECULAR
INTERACTIONS

Slater regarded the virial and Hellmann-Feynman th
rems as ‘‘two of the most powerful theorems applicable
molecules and solids’’22 and for an open system, one mu
add to these the Ehrenfest force theorem. The virial theo
serves to relate the Ehrenfest and HF forces to the beha
of the total energy and its kinetic and potential energy c
tributions as a function of the separation between two o
systems. The interrelation of these forces and energie
illustrated in Fig. 3 for the H2 molecule as a function of the
internuclear separationR. This simple system, which is ame
nable to an essentially exact description, is well suited
illustrate the three ranges of interactions encountered in

FIG. 3. ~a! Plots of the changes in the total~E!, kinetic ~T!, and
potential (V) energies relative to the separated atoms in the form
tion of ground state H2 (1Sg

1). Internuclear separationR and ener-
gies in atomic units, 1 a.u.527.21 eV.~b! Plots of the Ehrenfest
force on a hydrogen atom,F(H), and of the Hellmann-Feynman
force on a hydrogen nucleus as a function ofR with the forces,
measured in atomic units, on the LHS scale. 1 a.u.5e2/a0

2582.38
nN. Also shown are the values of the electron densityrb and its
Laplacian¹2rb at the bond critical point measured in atomic un
on the RHS scale.
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PRB 61 7799ATOMIC FORCE MICROSCOPE AS AN OPEN SYSTEM . . .
use of the AFM, which, using the language of the relev
literature, are described as~a! the region of large separatio
where the overlap of the atoms is negligible and van
Waals attractive interactions are operative,~b! the region of
overlap where ‘‘covalent bond formation’’ occurs, and~c!
the region dominated by short-range repulsive forces.
present results are obtained fromGAUSSIAN 94 ~Ref. 23! us-
ing a 6-31111G(2p,2d) basis in a configuration-interactio
calculation @quadratic configuration interaction with a
singles and doubles24 ~QCISD!# that yields a dissociation
energyDe54.70 eV ~experimental value 4.75 eV! and an
equilibrium separationRe51.40 a.u. ~experimental value
1.40 a.u.!. In addition, the calculations incorporate se
consistent virial scaling~SCVS! of the electronic coordinate
and they thus satisfy the virial theorem,22T5q, to high
accuracy at all separations.25 The HF force is difficult to
calculate because of the sensitivity of the force operato
small polarizations of the density in the vicinity of a nucleu
Thus the force calculated in terms of the nuclear gradien
the potential energy surface,2“aE, does not in genera
equal the force calculated using the electrostatic theorem~the
name applied to the generalized HF theorem when the p
metric derivative ofE is taken with respect to a nuclear c
ordinate! in which the force operator2“aV̂ne is averaged
over the electron density and added to the nuclear forc
repulsion. Even densities obtained from wave functions cl
to the Hartree-Fock limit do not satisfy the criterion of va
ishing HF forces at a calculated energy minimum, yieldi
instead net forces of the order 7 nN for second-row nucle26

In the present case, the HF force on a proton atRe is calcu-
lated to be 0.35 nN50.0043 a.u.

In the case of a diatomic molecule, the virial of the ext
nal forces in Eq.~8! may be expressed asR(dE/dR),27 and
the virial theorem itself may be written as

DT52DE2R~dE/dR!, ~9!

whereD denotes the difference in eitherT or E between the
molecular value at a given separationR and the value for the
separated atoms for whichT(`)52E(`). Since the HF
force vanishes atRe , the virial theorem requires thatT in-
crease on bond formation and that the increase equal
magnitude of the decrease in the total energy; that
DT(Re)52DE(Re)52 1

2 V(Re). However, the kinetic en-
ergy initially decreases on the approach of the two atoms
the region of attractive forces precedingRe , Fig. 3~a!. An
important point in demarking the regions of increase a
decrease inT is the pointRi where the attractive HF force o
a nucleus attains its maximum magnitude, correspondin
the inflection point on theE(R) versusR curve,2 Fig. 3~b!.
For H2, the maximum force50.087 a.u. (57.2 nN! at R
;2.1 a.u. It is a general result that forR@Ri , T decreases
and V increases relative to the separated atom value28

However, for R<Ri , T must increase andV decrease to
eventually satisfy the requirements of the virial theorem t
DT(Re)52DE(Re) and DV(Re)52DE(Re) for a bound
state. In general,DT(R) attains its minimum value at a sep
ration slightly in excess ofRi , as found in Fig. 3~a! for H2.

The hydrogen atoms in H2 are defined by the planar in
teratomic surface generated by the trajectories of“r that
terminate at the bond midpoint. The variation withR of the
t
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Ehrenfest force on one hydrogen atom,F~H!, also exhibits an
extremum asR is decreased, Fig. 3~b!. It attains a maximum
value of 0.043 a.u.~53.5 nN! for R;2.5 a.u. at a separatio
slightly in excess ofRi . In this region whereF~H!.0, the
force on each atom is directed away from its neighbor. A
value ofR slightly in excess ofRe , the direction of the force
is reversed and each atom is drawn towards its neighbor.
force required to rupture a single covalent bond was rece
measured in an AFM experiment by stretching the bond
tween two atoms, one being linked to the tip, the other t
surface.29 If a H-H bond was so stretched when linked b
tween the tip of an AFM and a surface, the measured fo
on the atom attached to the tip would be classed as attrac
in the region whereF~H!.0, since it would be opposing the
force of the second atom drawing the hydrogen atom in
tip towards the surface; that is, the applied force would
one that pulled up on the tip. The bond would rupture wh
the force applied to the lever arm of the AFM was equal
the maximum value displayed byF~H! in Fig. 3~b!. For
shorter separations, whereF~H!,0, the measured Ehrenfes
force would be classed as repulsive, as it would be oppo
by a force pushing against the interatomic surface it sha
with its neighbor. The magnitude of the repulsive force
creases rapidly asR is decreased past the point whereF~H!
changes sign. Thus the Ehrenfest force exerted on the ti
an AFM exhibits the characteristics of the force that is m
sured in an AFM: an initially attractive force as the tip a
proaches the surface of the sample that becomes increas
repulsive on close approach of the tip to the sample.

The form of theF~H! curve versus the internuclear sep
rationR shown in Fig. 3~b! for H2 is found to be general for
covalent and polar interactions. TheF(V) curves for N2 and
CO, obtained from multireference configuration-interacti
calculations,28 exhibit a maximum attractive force forR
.Re , which becomes repulsive at a separation just gre
thanRe and increasingly repulsive forR,Re . For example,
the Ehrenfest force for N2 exhibits a maximum of 14 nN a
R52.6 a.u. a separation in excess ofRe52.11 a.u. The maxi-
mum HF force exerted on a nucleus as the bond is exten
in N2, determined from a Morse curve potential, equals
nN at R52.5 a.u., and the Ehrenfest force and the HF fo
are of similar magnitude, as found for H2.

The LiF molecule is representative of an ionic interactio
The abrupt transfer of an electron from Li to F is comple
by 10 a.u. resulting in net charges on the atoms
;60.94e ~Ref. 28! and the system corresponds to the a
proach of two closed-shell ions. Consequently, the elect
and force densities exhibit low values in the interatomic s
face and the Ehrenfest force curve does not exhibit a sig
cant attractive maximum forR.Re as found for the covalen
and polar interactions. However, it does exhibit the sa
steep decline in value for decreasing separations that be
asR approachesRe and the two ions come into close contac
The value of the force atRe equals 0.093 a.u., making
intermediate between the corresponding values for the co
lent case of N2, uF~N!u50.065 a.u. and the polar interactio
in CO, uF~C!u5uF~O!u50.981 a.u. The electron and nucle
contributions toF(V) are detailed elsewhere,28 but the or-
dering is readily understood. The valence density remain
on the C atom in the polar molecule CO,q~C!511.2e, is
strongly polarized into its nonbonded region, a characteri
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feature of such an interaction and one that accounts for
near-zero dipole moment in the face of significant cha
transfer. The force exerted on this density by the C nucleu
directed towards the interatomic surface and makes a sig
cant contribution toF~C!. In an ionic molecule, there is n
remaining valence density on the cation, and the correspo
ing force exerted by the Li nucleus on the nearly spher
core density on Li is greatly reduced. In a covalent inter
tion the density is accumulated in the internuclear region
each nucleus draws its density away from the interato
surface. Thus a polar interaction exhibits the largest rep
sive Ehrenfest force on close approach of the two system

Experiments similar to the one describing the measu
ment of the force required to break an individual bond,29 if
applied to bonds representative of covalent, polar, and io
interactions, should be capable of verifying the predicted
dering of the repulsive forces for close approach of the tip
the surface and the absence of a strong attractive force w
the tip is bound to the surface by an ionic interaction.

COMPARISON WITH PREVIOUS CALCULATIONS

The contribution of van der Waals interactions to t
measured force in an AFM experiment is generally equa
to the appropriate gradient of the calculated energy.9,11,12,30

At the atomic level, where a Lennard-Jones 6-12 potentia
used to model the van der Waals potential energy of
nuclei, this procedure corresponds to calculating the
force on the nuclei. However, in most applications, the v
der Waals interaction between two surfaces is calculated
ing a continuum model that suppresses the atomic form
matter. Additivity of the~nonretarded! interactions between
each atom in one surface with those in the other is gener
assumed and the interactions are then proportional to
density of atoms in each surface. The final expression for
energy obtained in this manner is dependent upon the
metric shapes of the two surfaces, as expressed in term
the Hamaker constant.31 These models correspond to d
scriptions of the forces between macroscopic bodies and
force decays more slowly than theR27 dependence describ
ing the dispersion interaction between a pair of atoms,31 the
interaction between two planar surfaces, for example, beh
ing asR23.

In many applications a direct calculation of the energy
interaction of the tip and sample is undertaken using s
consistent field~SCF! procedures in the local-density ap
proximation ~LDA ! form of density-functional theory or in
pseudopotential calculations to model slabs. The tip is m
eled by a single atom,7,8 by a cluster,8,10,11or by slabs,9 the
latter being used to mimic a blunt tip close to a sam
surface. Batra and co-workers6–9 calculate the HF forces on
the nucleus of the atom in the tip and on nuclei in the surf
using the calculated electron density in the electrostatic fo
of the HF theorem. The force is incorrectly referred to as
‘‘force on the atom’’ rather than on the nuclei,6,9 the force on
an atom being determined by the Ehrenfest force acting
the atomic surface.

In using SCF procedures to calculate the energy of in
action for the approach of a tip to a sample, one in effec
determining a reaction coordinate—the minimum energy
tip plus sample for each degree of separation—and one m
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decide on a measure of separation between the tip
sample. In some cases this is taken to be the distance
tween the nucleus of the atom in the tip to one in t
surface7,8 and the force is equated to the HF force acting
the nucleus of the tip atom, a force that should be equal
opposite to the calculated forces exerted on the nuclei of
sample.8 In other calculations a multiatom model of the tip
used. Shluger, Wilson, and Williams,10 for example, model
the tip using a silicate cluster capped with hydroge
Si4O10H10, with the Si atoms arranged in a tetrahedral ma
ner and with a single Si-O-H silanol group perpendicular
the ~001! surface of NaCl. The tip and a portion of the su
face were treated as a cluster embedded in a slab to sim
the remainder of the crystal surface. For each separatio
the silanol group above a cation or an anion site in the s
face, as measured from the Si nucleus, the intervening O
H atoms of the silanol group and the atoms in the surf
cluster were allowed to relax to new equilibrium geometri
and the force exerted on the tip was equated to the grad
of the energy with respect to the coordinates of the
nucleus. In such a multiatom model of the tip, the calcula
force depends upon the chosen reference nucleus.

The problems encountered when the force measure
the AFM is incorrectly identified with the HF force on
nucleus are not encountered when it is recognized that
description of the force exerted on the probe falls within t
realm of the physics of an open system. The surface of z
flux separating the tip from the sample is present and defi
at all separations of tip from sample, obviating the need
choose between which nucleus or nuclei are pertinent i
modeling of the system under study. The changes in the d
sity that describe the changes in the nature of the interac
between tip and sample determine the changes in the form
the zero-flux surface, changes that in turn, through the st
tensors(r ) equation~5!, determine the changes in the forc
exerted on the tip. The physics of the interaction is inse
rable from the topological changes in the density that acco
pany the approach of the tip to the sample. It is worth not
that the force measured in the AFM is exerted on a surf
determined by the boundaries separating the atoms in th
from those in the sample. Thus the response of the AFM
indeed a consequence of the atomic form of matter as
played in real space by the charge distribution. The str
tensors(r ) is determined by the first-order density matr
whose diagonal elements determine the density. A mode
of s(r ) in terms of the electron density in the surface wou
enable one to relate the measured force directly to the to
graphical features of the surface. Recent reviews indic
how the behavior of the electron density is governed by
local forms of the Ehrenfest force and the virial theore
obtained from the physics of an open system.15,18

MAGNETIC FORCE AND SCANNING TUNNELING
MICROSCOPY

This section indicates how the physics of an open sys
can be used to describe the effects measured in mag
force and scanning tunneling microscopy. The use
Schwinger’s principle of stationary action to define the ph
ics of an open system is applicable in the presence of
electromagnetic field,32 thereby enabling an analysis of th
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operation of the force microscope when used to meas
‘‘electromagnetic forces,’’ as first suggested by Binn
Quate, and Gerber.1 The principles and operation of the ma
netic force microscope~MFM! are reviewed by Gru¨tter,
Mamin and Ruga.33 The operation of the MFM is basicall
the same as that of the AFM, with the tip attached to
cantilever whose deflection changes in response to
atomic forces between the tip and surface. If the tip is
proximated by a point dipole, the forceF acting on the tip
arising from the fieldB originating in the sample is, in the
absence of currents,F5(m•“)B wherem is the magnetic
moment of the tip.

If the tip is treated as an open system, then the fo
exerted on it is generated by both mechanical and magn
pressures exerted on the zero-flux surface separating it
the sample. For a system in a stationary state, the Ehre
force acting on the tip is given by the basin average of
commutator of the Hamiltonian andp5p2(e/c)A(r ), the
electronic momentum operator appropriate for a magn
field. For an open systemV, this force F(V,B) is given
by2,32

F~V,B!5^2“V̂&V2~e/4mc!@^~p3B2B3p!&V1c.c.#,
~10!

which, in addition to the field-free contribution given in E
~4! and denoted here by the symbol^2“V̂&V contains a
contribution from the interaction of the magnetic field wi
the electrons in the open system. These interior forces
balanced by corresponding mechanical and magnetic p
sures acting on each element of the surface of the open
tem as given by

F~V,B!52 R dSs~r !•n~r !1~e/c!

3 R dS@$A~r !J~r !1J~r !A~r !%

1~e/mc!r~r !A~r !A~r !#•n~r !. ~11!

In addition to the mechanical forcedS(r )s(r ), there are
paramagnetic and diamagnetic contributions to the force
erted on the surface, the former involving the induced c
rent J(r ), the latter being proportional to the electron de
sity. Grütter, Mamin, and Rugar3 note that MFM images
reflect both the topographic and magnetic structure of
sample. Equation~11! makes explicit the contribution of th
mechanical and magnetic forces to the force exerted on
tip. As in the operation of the AFM, the form of the surfa
is itself determined by the atomic boundaries between the
and sample. In the absence of a magnetic field, it is
relation between the stress tensors(r ) and the density in the
surface that relates the topology of the surface to the m
sured force.

The scanning tunneling microscope~STM! measures the
‘‘tunneling current’’ between tip and sample, brought in
close proximity, that is induced by an applied field34
re
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Tersoff35 has reviewed the theory underlying the calculati
of the tunneling current. Present models use first-order p
turbation theory to find the tunneling current proportional
the sum of the square of matrix elements that have the f
of a flux in a current described by the mixing of two sets
nonorthogonal eigenstates from two different Hamiltonia
one for the tip and the other for the sample.36 It would appear
to be worthwhile to restate this problem using the physics
an open system, since it is the flux in property curre
through the zero-flux surface that is unique to the physics
an open system and the tunneling current is then describe
terms of the mixing of states of a single, total system.

CONCLUSIONS

There are many other problems that require the physic
an open system for their solution, as encountered for
ample, in attempts to calculate the pressure in a quan
system.37 Past calculations, in analogy with the classic
virial theorem for a contained gas of uniform density, inco
rectly relate the pressure-volume product to the virial of
external forces of constraint, the ‘‘wall forces.’’ By assumin
the system to be in some manner confined, one introduc
fictitious set of constraining forces separate from and in
dition to those present in the system under considerat
The definition of pressure requires the existence of a sur
upon which the pressure is exerted, thus placing the prob
within the realm of the physics of an open system. An op
system is confined by its environment and the pressur
experiences is that exerted on the zero-flux surface it sh
with the atoms of the device that confine it. A scaling pr
cedure demonstrates that the expectation value of
pressure-volume product of a proper open system is pro
tional to its surface virial,37 qs(V), Eq. ~7!. Thus the ther-
modynamic pressure is determined by the virial of the fo
resulting from the electronic momentum flux through
zero-flux surface, the same quantity that determines
Ehrenfest force acting on the open system. The pressure
termined in this manner is a consequence of the mecha
of the interaction between the open system and the confin
device.

The characterization of defects or impurities in solids a
a determination of their contributions to the properties o
crystal also fall within the realm of the physics of an op
system. The topology of the electron density defines the
fect or impurity as an open system, separated from the at
comprising the host crystal by a zero-flux surface. The pr
erties of both guest and host are defined by the physic
proper open systems, an example being the recent chara
ization of the form and properties of anF center in an alkali
halide crystal.38

ACKNOWLEDGMENT

The author thanks Professor V. Luan˜a, Professor M. A.
Penda´s, Dr. J. Herna´ndez, and C. Matta for helpful discus
sions.



. Y

. B

B

t.

-
to

so
n

an
g
nd

r,

ce
me
b
sy

g

.

s

,

em.

E.

ett.

y:

7802 PRB 61RICHARD F. W. BADER
1G. Binnig, C. F. Quate, and Ch. Gerber, Phys. Rev. Lett.56, 930
~1986!.

2R. F. W. Bader,Atoms in Molecules–A Quantum Theory~Oxford
University Press, Oxford, 1990!.

3R. F. W. Bader, Phys. Rev. B49, 13 348~1994!.
4P. Ehrenfest, Z. Phys.45, 455 ~1927!.
5R. P. Feynman, Phys. Rev.56, 340 ~1939!; H. Hellmann,Einfü-
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