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Charge dynamics in doped triangular antiferromagnets
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Within the framework of the fermion-spin theory based on the charge-spin separation, the charge dynamics
of the doped antiferromagnet on a triangular lattice is studied. The holon part is treated by using the loop
expansion to the second order. It is shown that the charge dynamics is mainly caused by charged holons
moving in the background of spinon excitations. The optical conductivity spectrum shows an unusual behavior
at low energies and an anomalous midinfrared band, while the resistivity exhibits a nonlinearity in
temperatures.
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Over the last decade, much interest has focused on
nature of the two-dimensional~2D! doped antiferromagnets
This is motivated by the belief that the essential physics
the copper oxide materials is contained in the 2D doped M
insulators.1 After more than ten years of intense experimen
studies of the copper oxide materials, it is clear that its n
mal state cannot be described by the conventional Fe
liquid theory,2 which perhaps is the most remarkable asp
of their unusual properties. The fascinating normal-st
properties of the copper oxide superconductors, as m
fested by the charge dynamics, result from special mic
scopic conditions:1,2 ~1! Cu ions situated in a square-plan
arrangement and bridged by oxygen ions,~2! weak coupling
between neighboring layers, and~3! doping in such a way
that the Fermi level lies near the middle of the Cu-Os*
bond. One common feature of these compounds is
square-planar Cu arrangement. Howerer, it has been rep
recently3 that there is a class of the delafossite copper ox
materials,RCuO21d , with R a rare-earth element, where th
Cu ions site sit not on a square planar but on a triangu
planar lattice, therefore allowing a test of the geometry eff
on the normal-state properties, while retaining some ot
unique microscopic features of the Cu-O bond. Other co
pounds with the triangular geometry have also been fou4

such as experiments suggest the realization of the triang
spin-one-half antiferromagnet5 in NaTiO2. On the other
hand, the doped antiferromagnet on the triangular latt
where geometric frustration exists, is also of theoretical
terest in their own right, with many unanswered fascinat
theoretical questions.6 Historically the undoped triangula
antiferromagnet was first proposed to be a model for mic
scopic realization of the resonating-valence-bond~RVB!
spin liquid due to the existence of the strong frustratio7

This spin liquid state has been suggested by Anderson
Fazekas7 to be the ground state of the undoped triangu
antiferromagnet. Very soon after the discovery of the cop
oxide superconductors, it has been argued8 that the spin liq-
uid state plays a crucial role in the superconductivity of
copper oxide materials. Since then several superconduc
mechanisms based on the spin liquid state have been
posed. In particular, Kalmeyer and Laughlin9 argued that the
PRB 610163-1829/2000/61~11!/7409~6!/$15.00
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RVB state for the triangular lattice is apparently well d
scribed by a quantum Hall ground-state wave function
bosons, while the elementary excitations obey fractional
tistics. Moreover, it has been shown10 that the doped and
undoped triangular antiferromagnets present a pairing in
bility in an unconventional channel. Therefore, it is very im
portant to investigate the normal-state properties of this s
tem by a systematic study.

Many researchers8 have argued successfully that thet-J
model, acting on the Hilbert space with no doubly occup
site, provides a consistent description of the physical prop
ties of the doped antiferromagnets. Within thet-J model, the
charge dynamics of the doped antiferromagnet on the sq
lattice in the underdoped and optimally doped regimes h
been studied by a fermion-spin theory.11 It was found that
the optical conductivity shows non-Drude behavior at lo
energies and an anomalous midinfrared band in the cha
transfer gap, the resistivity exhibits a linear behavior in te
peratures in the optimally doped regime and a nearly lin
temperature dependence with deviations at low temperat
in the underdoped regime. It has been also shown that th
unusual normal-state properties in the doped square ant
romagnet were caused by the strong electron correlation.1,2,11

Since the strong electron correlation is common for b
doped square and triangular antiferromagnets, it is expe
that the unconventional charge dynamics observed on
square lattice may also be seen in the doped triangular a
ferromagnet. In this paper, we study the charge dynamic
the doped triangular antiferromagnet within thet-J model.
We find that the midinfrared peak of the optical conductiv
in the doped triangular antiferromagnets is severely
pressed due to the geometry effect. As a consequence
resistivity exhibits a nonlinear temperature dependence.
hope that the present study may induce further experime
work in the doped triangular antiferromagnet.

We start from thet-J model defined on the triangula
lattice which can be written as

H52t(
i ĥs

Cis
† Ci 1ĥs1H.c.2m(

is
Cis

† Cis1J(
i ĥ

Si•Si 1ĥ ,

~1!
7409 ©2000 The American Physical Society
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where the summation is over all sitesi, and for eachi, over
its nearest neighborĥ, Cis

† (Cis) are the electron creatio
~annihilation! operators,Si5Ci

†sCi /2 are spin operators
with s5(sx ,sy ,sz) as Pauli matrices, andm is the chemi-
cal potential. Thet-J model ~1! is subject to an importan
local constraint that double occupancy of a site by two el
trons with opposite spins is not allowed. In spite of its simp
form thet-J model~1! proved to be very difficult to analyze
analytically as well as numerically, largely because of t
electron single occupancy local constraint.12 Recently a
fermion-spin theory based on the charge-spin separatio
proposed13 to incorporate this local constraint. According
this theory we letCi↑5hi

†Si
2 and Ci↓5hi

†Si
1 , where the

spinless fermion operatorhi describes the charge~holon! de-
grees of freedom, while the pseudospin operatorSi describes
the spin~spinon! degrees of freedom. The main advantage
this approach is that the electron on-site local constraint
single occupancy can be treated exactly in analytical ca
lations. In this approach, the low-energy behavior of thet-J
model~1! in the fermion-spin representation can be rewritt
as,11

H52t(
i ĥ

hihi 1ĥ
†

~Si
1Si 1ĥ

2
1Si

2Si 1ĥ
1

!1H.c.

1m(
i

hi
†hi1Je f f(

i ĥ
Si•Si 1ĥ , ~2!

with Je f f5@(12d)22f2#, wheref5^hi
†hi 1ĥ& is the holon

particle-hole order parameter. The Hamiltonian~2! contains
the holon-spinon interaction, and therefore the spinon
holon are strongly coupled.

At the half-filling, thet-J model is reduced to the Heisen
berg model. In this case, the nature of the ground state
pecially the existence of antiferromagnetic long-range or
~AFLRO! for the antiferromagnetic~AF! Heisenberg mode
on the triangular lattice, has been extensively studied.14–18

Recently, it has been shown19 unambiguously that as in th
square lattice, there is indeed AFLRO in the ground state
the AF Heisenberg model on the triangular lattice. Howev
it has been also shown20 within the t-J model that AFLRO in
the doped square antiferromagnet vanishes around dopid
55%. Then AFLRO for the AF Heisenberg model on t
triangular lattice should be decreased rapidly with increas
dopings than that on the square lattice due to the geom
frustration, so in both the underdoped and optimally dop
regimes, there is no AFLRO for the doped triangular antif
romagnet, i.e.,̂ Si

z&50. Therefore in the following discus
sions, we will study the motion of holons in the backgrou
of spin liquid state in the underdoped and optimally dop
regimes. Not long ago, a self-consistent mean-field theor
the doped antiferromagnet on the square lattice in the un
doped and optimally doped regimes without AFLRO h
been developed by one of us in Ref. 21. That appro
should be applicable to the triangular lattice. Following d
cussions there, we can obtain the mean-field spinon and
lon Green’s functionsD (0)( i 2 j ,t2t8)5^^Si

1(t);Sj
2(t8)&&0

and g(0)( i 2 j ,t2t8)5^^hi(t);hj
†(t8)&&0 of the doped trian-

gular antiferromagnet as
-
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D (0)~k,v!5
1

2
BkS 1

v2v~k!
2

1

v1v~k! D , ~3a!

g(0)~k,v!5
1

v2jk
, ~3b!

respectively, where Bk5D@(2exz1x)gk2(ex
12xz)#/v(k), D52ZJe f f , e5112tf/Je f f , gk5@coskx

12 cos(kx/2)cos(A3ky/2)#/3, Z is the number of the neares
neighbor sites, the mean-field holon excitation spectrumjk
52xtZgk2m, and mean-field spinon excitation spectrum

v2~k!5D2@a~Cz2exzgk!2aex/~2Z!1~12a!/~4Z!#

3~12egk!1D2@ae~C2xgk22xz /Z!/2

1e~12a!/~4Z!#~e2gk!,

with the spinon correlation functions

x5^Si
1Si 1ĥ

2
&, C5~1/Z2!(ĥĥ8^Si 1ĥ

1
Si 1ĥ8

2
&,

xz5^Si
zSi 1ĥ

z
&, Cz5~1/Z2!(ĥĥ8^Si 1ĥ

z
Si 1ĥ8

z
&.

In order not to violate the sum rulêSi
1Si

2&51/2 when
^Si

z&50, an important decoupling parametera has been in-
troduced, which is regarded as the vertex corrections.21,22

The spinon correlation functions, holon order parameter,
decoupling parametera, and the chemical potentialm can be
determined self-consistently. Within this mean-field theo
some physical properties of the doped triangular antifer
magnet have been calculated. At the half-filling, the s
liquid ground-state energy23 per site isEg /NZJ520.966, in
very good agreement with those obtained by using the va
tional RVB state.9,14 Away from the half-filling, the phase
separation present in the doped square antiferromagnet24 is
expected to be absent here. Moreover, the electron densi
states~DOS! V(v) has been calculated,25 and the result is
shown in Fig. 1 with ~a! the dopingd50.06 and ~b! d
50.12 for the parametert/J52.5 at zero temperature, wher
the existence of the normal-state gap in the electron DO
an important feature. This result also shows that the elec
DOS shifted towards higher energies with increasing do
holes, but the total weight is reduced. Since the integra
the electron DOS up to the Fermi energy has to be equa
the number of electrons, therefore there is a tendency tha
normal-state gap narrows with the increase of doping si
some states appear in the gap upon dopings. In compar
with the result of the doped square antiferromagnet,21 it is
shown that the normal-state gap in the doped triangular
tiferromagnet is mainly induced by the spinon frustration

At the mean-field level, the spinon and holon may
separated, but they are strongly coupled beyond the m
field approximation due to many-body correlations. To stu
the charge dynamics, it is necessary to consider the fluc
tions around the mean-field solution. In the framework
charge-spin separation, an electron is represented by
product of a holon and a spinon, then the external field
only be coupled to one of them. According to the Ioff
Larkin combination rule,26 the physical conductivitys(v) is
given by
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s21~v!5sh
21~v!1ss

21~v!, ~4!

wheresh(v) andss(v) are contributions from holons an
spinons, respectively, and they can be expressed27

sh(v)52Im Ph(v)/v and ss(v)52Im Ps(v)/v,
with Ph(t2t8)5^^ j h(t); j h(t8)&& and Ps(t2t8)

FIG. 1. Electron spectral density of the doped triangular anti
romagnet at the mean-field level in the doping~a! d50.06 and~b!
d50.12 for the parametert/J52.5 in the zero temperature.
e

-
x
p

-
e

,

5^^js(t);js(t8)&& being the holon and spinon current-curre
correlation functions, respectively. In the present fermio
spin theory, the current densities of holons and spinons
obtained by taking the time derivatives of the polarizati
operator with the use of equations of motion,j h

52tex( i ĥĥhi 1ĥ
†

hi , j s5tef( i ĥĥ(Si
1Si 1ĥ

2
1Si

2Si 1ĥ
1 ), re-

spectively. As in the case of a doped squa
antiferromagnet,11 formally there is no direct contribution to
the current-current correlation from spinons. However,
cause of the strong correlation between holons and spin
the spinons’ contribution is implicit through the spinon ord
parametersx, xz , C, andCz , which enter the holon part o
contribution to the current-current correlation. The hol
current-current correlationPh(v) can be evaluated as

Ph~ ivn!52~2texZ!2
1

N (
k

gsk
2 1

b

3(
ivn8

g~k,ivn81 ivn!g~k,ivn8!, ~5!

where ivn is the Matsubara frequency,gsk
2 5$@sinkx

1sin(kx/2)cos(A3ky/2)#213@sin(A3ky/2)cos(kx/2)#2%/9, and
g(k,ivn) is the full holon Green’s function. Previously, th
second-order holon self-energy from the spinon pair bub
in the doped square antiferromagnet have been discuss
Ref. 11. Following their discussions, we obtain the seco
order holon self-energy in the present doped triangular a
ferromagnet as

-

Sh
(2)~k,v!5~ 1

2 Zt!2
1

N2 (
pp8

~gp82k1gp81p1k!
2Bp8Bp1p8S 2

nF~jp1k!@nB~vp8!2nB~vp1p8!#2nB~vp1p8!nB~2vp8!

v1vp1p82vp82jp1k

1
nF~jp1k!@nB~vp1p8!2nB~2vp8!#1nB~vp8!nB~vp1p8!

v1vp81vp1p82jp1k

2
nF~jp1k!@nB~vp1p8!2nB~2vp8!#2nB~2vp8!nB~2vp1p8!

v2vp1p82vp82jp1k
D , ~6!
the
ivity
er-
of
al
-
on-
wherenF(jk) is the Fermi-Dirac distribution function, while
nB(vk) is the Bose-Einstein distribution function. Then th
full holon Green’s functions are expressed asg21(k,v)
5g(0)21(k,v)2Sh

(2)(k,v). For the convenience of the dis
cussion, this full holon Green’s function can also be e
pressed as frequency integrals in terms of the spectral re
sentation as

g~k,ivn!5E
2`

` dv

2p

Ah~k,v!

ivn2v
, ~7!

with the holon spectral functionAh(k,v)522 Img(k,v).
Substituting Eq.~7! into Eq. ~5!, and evaluating the fre
quency summations, we obtain the conductivity of the dop
triangular antiferromagnet as
-
re-

d

s~v!5
1

2
~2texZ!2

1

N (
k

gsk
2 E

2`

` dv8

2p

3Ah~k,v81v!Ah~k,v8!
nF~v81v!2nF~v8!

v
.

~8!

In the underdoped and optimally doped regimes,
charge response, as manifested by the optical conduct
and resistivity, is a powerful probe for the systems of int
acting electrons, and provides very detailed information
the excitations, which interact with carriers in the norm
state. The optical conductivity~8! has been calculated nu
merically, and the zero temperature results with doping c
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centrationd50.12 ~solid line!, d50.09 ~dashed line!, and
d50.06 ~dotted line! for the parametert/J52.5 are plotted
in Fig. 2, where we take chargee as the unit. Our results
show that in the underdoped and optimally doped regim
the characteristic features of the conductivity spectrum
~1! a low-energy peak atv,0.4t, ~2! considerable weights
appear inside the charge-transfer gap of the undoped
tems, defining the midinfrared band, and~3! the conductivity
decays rapidly at low energies. Moreover, the gap in
conductivity is doping dependent, decreases with increa
dopings, and vanishes in the overdoped regime. In comp
son with the results of the doped square antiferromagn11

we find that although the qualitative shape of the opti
conductivity spectrum of both doped square and triangu
antiferromagnets seems to be similar, the midinfrared pea
the doped triangular antiferromagnet has been severely
pressed. Since the spectral weight from both the low-ene
peak and midinfrared sideband represents the actual
carrier density,12 the suppression of the midinfrared band
the doped triangular antiferromagnet means that only a s
amount of the free carrier is taken from the Drude absorp
to the midinfrared band, which leads to the unusual deca
conductivity at low energies in the optimally doped regim
Unlike the doped square antiferromagnet, the optical cond
tivity for the doped triangular antiferromagnet cannot be
ted as 1/v as would be expected for the doped square a
ferromagnet.

The quantity which is closely related to the frequenc
dependent conductivity~8! is the resistivity, which can be
expressed asr(T)51/s0(T), where the dc conductivity
s0(T) can be obtained from Eq.~8! as s0(T)
5 lim

v→0
s(v). This resistivity has been calculated n

merically, and the results at doping concentrationd50.12
and d50.06 for the parametert/J52.5 are shown in Fig.
3~a! and Fig. 3~b!, respectively. In contrast to the case of t
doped square antiferromagnet,11 the present results show th
the resistivity of the doped triangular antiferromagnet exh
its a nonlinearity in temperatures.

Within the charge-spin separation framework, the cha
dynamics is dominated by the scattering of charged holo
which are strongly renormalized because of the strong in

FIG. 2. The optical conductivity with doping concentrationd
50.12~solid line!, d50.09~dashed line!, andd50.06~dotted line!
at temperatureT50 for the parametert/J52.5.
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actions with fluctuations of the surrounding spinon exci
tions. It has been shown that a remarkable property of
pseudogap in the doped antiferromagnet is that it appea
both spinon and holon excitations. For the doped square
tiferromagnet, the linear behavior in temperatures in the
timally doped regime and a nearly linear temperature dep
dence with deviations at low temperatures in the underdo
regime in the resistivity are connected with the hol
pseudogap behavior,28 since the holon pseudogap in th
doped square antiferromagnet is doping and temperature
pendent, and grows monotonically as the dopingd decreases
and disappears in the optimally doped regime. Moreov
this holon pseudogap also decreases with increasing
peratures, and vanishes at higher temperatures.28 But in con-
trast to the case of the doped square antiferromagnet,
holon pseudogap in the doped triangular antiferromagne
almost doping and temperature independent, which can
understood from the physical property of the holon DO
Vh(v)51/N(kAh(k,v). We have performed a numerica
calculation for the holon DOS, and the result at the dop
d50.06 andd50.12 for the parametert/J52.5 at the tem-
peratureT50 are shown in Figs. 4~a! and 4~b!, respectively.
For comparison, the corresponding mean-field result~dashed
line! is also shown in Fig. 4. The holon DOS in the unde
dopingd50.06 as a function of energy for the temperatu
~a! T50.1J and ~b! T50.5J are plotted in Fig. 5. These
results show that the holon DOS in the mean-field appro
mation ~MFA! contain the central part only, which come
from the noninteracting particles. After including fluctu
tions the central peak is renormalized as two peaks separ
by the holon pseudogap. This holon pseudogap in the do
triangular antiferromagnet persists in the overdoped reg
even at higher temperatures, and is closely related to
strong spinon frustration. This holon pseudogap would a
reduce the holon scattering and thus is responsible for

FIG. 3. The resistivity in the doping concentration~a! d50.12
and ~b! d50.06 for the parametert/J52.5.
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nonlinear dependence in temperatures of the resistivity in
doped triangular antiferromagnet. In particular, we also n
that the holon and spinon dispersions in the 2Dt-J model on
the triangular lattice are very similar to those in the 2Dt-t8-J
model on the square lattice, whereas the latter has b
argued29 as the proper model of the copper oxide materials
the underdoped regime. On the other hand, the geom
effect~then spin frustration effect! is induced by the structure
distortion of the CuO2 planes in the orthorhombic structur
in the underdoped regime,30 and some anomalous properti
are closely related to this lattice distortion. This is also w
the behaviors of the present optical conductivity and resis
ity in the doped triangular antiferromagnet are qualitativ
consistent with the copper oxide materials in the underdo
regime.

In summary, we have discussed the charge dynamic
the doped triangular antiferromagnet in the underdoped

FIG. 4. The holon density of states att/J52.5 for ~a! the doping
d50.06 and~b! d50.12 in the zero temperature. The dashed line
the result at the mean-field level.
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optimally doped regimes within the framework of th
fermion-spin theory based on the charge-spin separation.
holon part has been treated by using the loop expansio
the second order. Our results show that the charge dyna
is mainly caused by charged holons moving in the ba
ground of spinon excitations. The optical conductivity spe
trum shows an unusual behavior at low energies and
anomalous midinfrared band, while the resistivity exhibits
nonlinearity in temperatures.
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