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Phase diagram of the one-dimensional extended attractive Hubbard model
for large nearest-neighbor repulsion

A. A. Aligia
Comisión Nacional de Energı´a Atómica, Centro Ato´mico Bariloche and Instituto Balseiro, 8400 San Carlos de Bariloche,

Rio Negro, Argentina
~Received 28 September 1999!

We consider the extended Hubbard model with attractive on-site interactionU and nearest-neighbor repul-
sionsV. We construct an effective HamiltonianHeff for hoppingt!V and arbitraryU,0. Retaining the most
important terms,Heff can be mapped onto twoXXZ models, solved by the Bethe ansatz. The quantum phase
diagram shows two Luttinger liquid phases and a region of phase separation between them. For densityn
,0.422 andU,24, singlet superconducting correlations dominate at large distances. For some parameters,
the results are in qualitative agreement with experiments in Ba12xKxBiO3.
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I. INTRODUCTION

BaPb12xBixO3 and Ba12xKxBiO3 are superconductor
with transition temperaturesTc near 13 K~Ref. 1! and 30 K
~Ref. 2!, respectively. In spite of the fact that these syste
do not contain Cu and are nonmagnetic,3 they have important
similarities with the cuprate superconductors, like the per
skite structure, relatively highTc and low density of states a
the Fermi level.3 While the electron-phonon interaction
very important in these materials, as shown by inelastic n
tron measurements,4 and the existence of displacements of
atoms and lattice distortions,5–7 several other experiment
suggest that the pairing mechanism is, at least in part
electronic nature.3 Excitons combined with O
displacements,8,9 and on-site attractive interactionU based
on nonlinear screening,10,11have been proposed as the orig
of superconductivity in doped BaBiO3. In these approaches
repulsive interactions at finite distances play an import
role, that is consistent with poor screening of Coulomb
teractions by the low density of carriers.

As first shown by Rice and Sneddon,12 treating the dis-
placementsd of O ions in the direction of their neares
neighbor Bi ions in the antiadiabatic approximation, leads
a decrease inU by zg2/K, and an increase of the repulsionV
between nearest Bi atoms byg2/K, wherez is the coordina-
tion number,g the electron-phonon interaction, andK the
second derivative of the elastic energy with respect tod. This
leads naturally to the extended Hubbard model for the
scription of doped BaBiO3, and to superconductivity carrie
by bipolarons~a pair of carriers at Bi sites accompanied by
displacements!.12,13 While the excitonic mechanism involve
partial occupation of O states by holes,8 in agreement with
optical experiments,14–16it is still possible that this one-ban
model describes the low-energy physics~as in the
cuprates17!. This is certainly the case in the purely electron
model proposed by Varma, in which nonlinear screening
only reduces the bare atomicU;11 eV, but renders it
negative.10

In recent years, the phase diagram of the extended H
bard model in one dimension has been studied by nume
techniques, with particular emphasis in the quarter filled c
~number of particles per siten51/2).18–24 For n51/2 or n
52/3, V.5 and small negativeU, calculations of the corre
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lation exponentKr in systems of up toL516 sites, predict a
Luttinger liquid phase with dominant superconducting cor
lations at large distances.19,20 However, from an analysis
based on the infiniteV limit and the extrapolation of the spin
gap, Penc and Mila suggested that the results ofKr were
affected by finite-size effects, and the system would not b
Luttinger liquid in that region.19 For n51/2, perturbative ar-
guments around the infiniteV limit ~developed in more detai
here! suggested that this region corresponds to ph
separation.22 Monte Carlo studies in systems withL;64 lat-
tice sites23 have shown that the region of phase separation
the model extends to much lower values ofV than those
obtained forL<16, leaving practically no place for a Lut
tinger liquid phase with dominant superconducting corre
tions for largeV. The extent of this phase remains uncle
Furthermore, due to the above mentioned finite-size effe
and technical problems with different Monte Car
methods,23 the region of smalluUu andV.8t, wheret is the
hopping, is practically unaccessible to the present availa
numerical methods. This region is also out of the range
applicability of the continuum-limit field theory~also called
g-ology!, which has been applied to the extended Hubb
and related models.25–28

In this work, we study the one-dimensional attracti
Hubbard model in the limitV@t. Extending previous
work,19 we derive an effective low-energy Hamiltonian in
cluding terms up to second order int. Under certain approxi-
mations, which are not essential for sufficiently largeV, the
effective Hamiltonian is mapped into twoXXZ models, rep-
resenting the movements of particles in singly and dou
occupied sites respectively. From the Bethe ansatz solu
of these models, the phase diagram in the thermodyna
limit L→` as a function ofn, U/t,0 and largeV/t is ob-
tained. In the next section, we explain the model and
mapping procedures. The results are shown in Sec. III. S
tion IV contains the conclusions and a discussion of the p
sible relation between our results and the phase diag
measured in Ba12xKxBiO3.7

II. MODEL AND EFFECTIVE HAMILTONIAN

The one-dimensional extended Hubbard Hamiltonian
standard notation is
7028 ©2000 The American Physical Society
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H52t(
is

~ci 11s
† cis1H.c.!1U(

i
ni↑ni↓1V(

i
ni 11ni ,

~1!

and we consider the caseU,0, V@t. In this limit, there are
no nearest-neighbor occupied sites in the low-energy s
space. The terms in Eq.~1! which mix states of this subspac
with states with nonzero occupancy at nearest-neighbor s
can be eliminated through a standard canonical transfor
tion, as described in Ref. 19. This procedure originates te
of order t2/V or smaller in the low-energy subspace. T
resulting effective Hamiltonian within this subspace@a pro-
jectorP5) iss8(12nisni 11s8) is implicit# can be written in
the form

Heff5Hs1Hd1Hsd , ~2!

whereHs involves only singly occupied sites:

Hs52t(
is

~ci 11s
† cis1H.c.!~12ni s̄!~12ni 11s̄!

1Vs (
iss8

nisni 12s8~12ni s̄!~12ni 12s̄!

1Vs (
iss8

~ci 13s
† ci 12sci 11s8

† cis81H.c.!, ~3!

with Vs52t2/V. The second term is an interaction betwe
second nearest neighbors, and the third term displaces
next-nearest-neighbor particles one lattice parameter.

The second term in Eq.~2! can be described entirely i
terms of the operatorsdi

†5ci↑
† ci↓

† , which create ‘‘doublons’’
at each site:

Hd5Dd(
i

di
†di2td(

is
~di 11

† di1H.c.!

1Vd(
i

di 12
† di 12di

†di , ~4!

where Dd5U24t2/(V2U), td52t2/(V2U), and Vd
54t2@1/(V2U)21/(3V2U)# are the effective on-site en
ergy, nearest-neighbor hopping, and next-nearest-neig
repulsion respectively, for doublons.

The last term in Eq.~2! describes interactions betwee
singly and doubly occupied sites:

Hsd5M1(
i

@~ci 11↑
† ci 21↓

† 1ci 21↑
† ci 11↓

† !

3~12ni 21!~12ni 11!~di 2112di1di 11!1H.c.#

1M2(
is

~cis
† di 12

† dici 12s1H.c.!

1Vsd (
isd562

nis~12ni s̄!di 1d
† di 1d . ~5!

HereM152t2@1/V11/(V2U)#/2 describes annihilation o
a doublon with creation of two particles at empty sites, a
the Hermitian conjugate process, whileM25t2/(2V2U)
(Vsd5t2@2/(V2U)22/(2V2U)21/(2V#) corresponds to
b-

s,
a-
s

wo

or

d

interchange~interaction! of a doublon and a particle at
singly occupied next-nearest-neighbor site.

For V51`, all terms ofHe f f vanish except the first term
of Eq. ~3! and the first term of Eq.~4!, andHeff can be solved
exactly.19 In this limit, for U.24t and sufficiently small
density n, the system has no doubly occupied sites and
described byHs . Instead, forU,24t, n<1, the ground
state ofHeff is the same as that ofHd and has no singly
occupied sites. For other values ofU and n<1, the system
phase separates into the phases just described, and the
of the region of phase separation~PS! can be obtained using
the Maxwell construction@finding the common tangent to th
curvesEs(n) andEd(n), whereEa(n) is the ground state o
Ha at densityn].

For the sake of clarity we call ‘‘metallic’’~M! the phase
without double occupancy~ground state ofHs), and ‘‘bipo-
laronic’’ ~BP!, the phase described by the ground state
Hd , although the negativeU is not necessarily related with
atomic displacements in a real system. For finite but largeV,
the energy cost for constructing a uniform phase with bo
singly and doubly occupied sites is high in comparison w
M1 , M2 andVsd . Thus, in the ground state,Hsd can only act
in the PS region, at the boundary between M and BP pha
and is irrelevant in the thermodynamic limit. Our main a
proximation is the neglect ofHsd . This should be correct a
long as the energy gain ofHs in the PS region (;t) is larger
than the terms ofHsd(;t2/V). We also neglect the last term
of Eq. ~3!. This term vanishes at the extreme densities of
M phase (n50 and n51/2). The ratio of its expectation
value with respect to the expectation value of the first term
Eq. ~3! can be estimated by perturbation theory:

r 5
t

V Fns cos~pns!2
1

p
sin~pns!G , ~6!

wherens5n/(12n). The remaining terms ofHs , and the
whole of Hd can both be mapped into a spinless fermi
modelHa

s f (a5s or d):

Ha
s f5Da(

i
f i

†f i2ta(
is

~ f i 11
† f i1H.c.!1Va f i

†f i f i 11
† f i 11 ,

~7!

with Ds50. Whena5s, a site occupied by a fermionf i
†

corresponds to a single occupied siteandan empty site at the
right of it, as explained in detail by Penc and Mila19 @a simi-
lar mapping was also used in a model for oxygen ordering
YBa2 Cu3O61x ~Ref. 29!#. Then, forL sites andN particles
in Hs , the corresponding number of sites and particles inHs

s f

areLs5L2N, Ns5N. Then, the energy per sitees(n) of Hs

for densityn is related to the corresponding quantityes
s f(ns)

of Hs
s f by

es~n!5
Es

L
5

Ls

L

Es
s f

Ls
5~12n!es

s f~ns!. ~8!

Similarly, Hd can be cast into the form of Eq.~7!, mapping a
doubly occupied site and an empty site at the right of it in
a single site occupied by a fermion. The mapping of t
different physical quantities is the same as that used befor
find the correlation exponentKr in a generalizedt-J model
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with very large three-site term.30,31 The number of sites and
fermions inHd

s f areLd5L2N/2, Nd5N/2. The energy per
site of Hd is given in terms of that ofHd

s f by

ed~n!5S 12
n

2Ded
s f~nd!; nd5

n

22n
. ~9!

To calculateKr , we also need the mapping of the velocity30

vd5
L

Ld
vd

s f5
2

22n
vd

s f ~10!

and/or the Drude weight

Dd5
L

2

]2Ed~F!

]F2
54

Ld

L

]2Ed
s f~Fs f!

]Fs f
2

52~22n!Dd
s f .

~11!

HereEd(F) @Ed
s f(Fs f)# is the energy of a ring described b

Hd (Hd
s f) threaded by a fluxF (Fs f). The correlation expo-

nent can be calculated as31

Kr5
pvd

2]2ed /]n2
5

pDd

vd
5pS Dd

2]2ed /]n2D 1/2

. ~12!

Similar expressions giveKr for Hs , but we do not give
them, since in the M phase alwaysKr,1, and we are inter-
ested in the regionKr.1, for which superconducting corre
lations dominate at large distances.

Using a Jordan-Wigner transformation,Ha
s f is trans-

formed into an equivalentXXZ model withLa sites andMa
spins down:

Ha
s f[Ha

XXZ52ta(
i

~Si
xSi 11

x 1Si
ySi 11

y !1Va(
i

Si
zSi 11

z

1DaNa1Va~Na2La/4!. ~13!

We have calculated the energyea
s f(na) solving numerically

the integral equations of the exact Bethe ansatz solutio
Eq. ~13! in the thermodynamic limit.32 To obtain Kr , we
have calculated the excitation energies for two small m
menta, solving numerically the corresponding Bethe ans
equations.33 This allowed us to extractvd

s f(nd). From it, the
numerical second derivative ofed(n), Eqs.~9!, ~10! and the
first Eq. ~12!, Kr was calculated forndÞ1/2. For nd51/2,
we had technical problems in the calculation ofvd

s f(nd), but
fortunately, analytical expressions are known:34,35

vd
s f5

pt sinm

m
, Dd

s f5
vd

s f

4~p2m!
,

m5arccos~V/2t !. ~14!

Using Eqs.~10!, ~11!, ~12! and ~14!, one has forn52/3
(nd51/2)

Kr~2/3!5
4

9~12m/p!
. ~15!

For Va50, Ha
s f can be solved trivially30 and Eqs.~9!, ~10!,

~11!, ~12! lead to another analytical result forVd50:
of

-
tz

Kr~2/3!5
~22n!2

2
. ~16!

Since alwaysVd /td.0, and Kr decreases with increasin
Vd , Eq. ~16! implies that for largeV, no phase with domi-
nant superconducting correlations exists forn>22A2
.0.59.

III. BETHE ANSATZ RESULTS

In Fig. 1 we show the energy per site ofHs @es(n)# with
the last term neglected, and that ofHd @ed(n)#, as a function
of densityn for U522 andV57. We taket51 as the unit
of energy. The dotted line represents the energy for aver
compositionn, of an inhomogeneous~phase separated! mix-
ture of the ‘‘metallic’’ ~M! phase described byHs for density
n150.2307 and the ‘‘bipolaron’’~BP! phase~ground state of
Hd) for densityn250.5901. These compositionsni , repre-
sented by diamonds in Fig. 1, are obtained finding the co
mon tangent to both curveses(n) anded(n) ~Maxwell con-
struction!. Between them, the energy of the phase separa
phase is lower than bothes(n) anded(n). The energyes(n)
is dominated by the first term of Eq.~3!, which already exists
for V51`. The effect of finite largeV is small@except near
n51/2 for which the first term of Eq.~3! vanishes#, and does
not changen1 significantly. Instead, the effect of a finit
large V on n2 is dramatic, reducing it fromn251 to n2
,0.6. This is because forV51`, ed(n) is always a straight
line @extending fromed(0)50 to ed(1)521 if U522].
The second and third term ofHd @Eq.~4!#, taken into account
exactly, are responsible for the curvature ofed(n) and the
shift of n2 from 1. This is the main effect of finite largeV.

Another important effect of a finiteV is that the pairs
acquire mobility and for low densities, superconducting c
relations dominate at large distances (Kr.1) in the BP
phase. In Fig. 2 we representKr(n) in this phase for the
same parameters of Fig. 1. Also shown is the analytical
sult Eq.~16!, which is an upper bound ofKr for any values
of U,0 andV@t. For V→1`, we obtain a critical density
nc50.422 for whichKr(nc)51. For n,nc and arbitrary
values ofU,0 andV@t, the exponentKr(n).1. Thus,nc

lies in the interval (0.422,22A2). For 25<U<0 and 5
<V<20, we find thatnc,0.45. Also, nc depends very

FIG. 1. Ground-state energy of the phase with singly occup
sites~dashed line! and doubly occupied sites~full line! as a function
of density. The dotted line is the Maxwell construction~see text!.
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weakly onU andV within the studied range of parameter
decreasing with increasing repulsions. ForU522, V57 ~as
in Figs. 1 and 2!, nc50.429. These results disagree wi
those obtained by numerical diagonalization of sm
systems,19,20 which obtainedKr.1 for small values ofuUu,
largeV andn51/2, n52/3, but agree with the statement th
the system might not be a Luttinger liquid in that region19

and with recent Monte Carlo results in larger system23

These results and the ones shown below indicate that the
phase separation~PS! in that region. We believe that th
reason for the artificially large values ofKr in the above
mentioned numerical results is that they were calculated
ing the first Eq.~12! with ]2e/]n251/(kn2) determined nu-
merically from the energy forN, N22 andN12 particles
with N/L5n. In phase separated regions~dashed line in Fig.
1!, the compressibilityk diverges in the thermodynami
limit, but in small systems,k can be large and positive due
finite-size effects, leading to very large values ofKr , while
in fact the system is not a Luttinger liquid. This effect w
present in numerical studies of the one-dimensionalt-J
model with correlated hopping.36

In Fig. 3 we show the phase diagram of the model, de
mined using the Maxwell construction~as in Fig. 1! for dif-
ferent values ofU andV ~points indicated with solid symbol
in Fig. 3!, and searching the critical densitiesnc for which
Kr(nc)51. The phase diagram forV→1` was already
known, except for the boundary atn50.422, which separate
the BP phase withKr,1 ~in which charge correlation func
tions are the dominant ones at large distances! from the ‘‘su-
perconducting’’~S! phase withKr.1. The most noticeable
effect of a finiteV, already present forV as large as 20t is the
change in the boundary between the BP and PS regions,
consequence of the above mentioned curvature ofed(n) for
V,1`. Also, asV decreases, the region S withKr.1 in-
creases, moving to larger values ofU and to slightly larger
densities. Finally, the PS region is reduced.

The caseV55 is probably beyond the quantitative valid
ity of our largeV approximation. Monte Carlo results forV
58 ~Fig. 14 of Ref. 23! are in qualitative agreement with ou
results. Quantitatively, Clayet al. obtain that for U50,
phase separation begins atn1;0.5, while for V57 we ob-
tain n150.345. This difference might be due to the effect
terms of ordertm with m.2 or the third term ofHs @Eq. ~3!#,
which we have neglected. Terms of ordert4 reducetd and
increasen1. The limit between S and M phases at low de

FIG. 2. Correlation exponentKr as a function of density in the
‘‘bipolaron’’ ~BP! phase forU522 and V57 ~full line!. The
dashed line is the result in absence of the effective nearest-neig
repulsion between doubly occupied sites (Vd50).
ll

is

s-

r-

s a

f

-

sities is affected neither byHsd @Eq. ~5!# nor by the third
term ofHs , but might be changed slightly by terms of ord
t4.

IV. SUMMARY AND DISCUSSION

Generalizing a previous approach,19 we have constructed
an effective HamiltonianHeff for the extended Hubbard
model whenV@t and U<0. This permits us to study the
region V.8t, which is outside the region of validity o
weak-coupling approaches,25–28 while numerical diagonal-
ization of small systems19,20,22 display important finite-size
effects, as discussed in Sec. III, and Monte Carlo calculati
have some technical problems.23 The effective Hamiltonian
can be divided in three parts:Hs , Hd , andHsd . The latter is
irrelevant for sufficiently largeV, and Hs (Hd) acts on a
phase in which all particles move in singly~doubly! occu-
pied sites.Hd and the most important terms ofHs were
mapped into a Bethe ansatz exactly solvable model, wh
allows us to obtain the energy and correlation exponentKr in
the thermodynamic limit. From this information we hav
constructed the phase diagram. We obtain a region for
and intermediate densities and sufficiently negativeU, in
which the system behaves as a Luttinger liquid with dom
nant superconducting correlations at large distances, for
finite V@t. The existence of this phase and the main chan
in the phase diagram with respect to theV51` limit, are
due to the dynamics of doubly occupied sites inHd , con-
troled by terms of ordert2/(V2U). The most noticeable
effect of a finiteV for moderate values ofuUu (U.24), is
that the upper density of the phase separation~PS! region is

or

FIG. 3. Phase diagram of the model in the density-U plane, for
different values ofV. The phase without doubly occupied sites
called ‘‘metallic’’ ~M!, while the phase with no singly occupie
sites is denoted as ‘‘bipolaronic’’~BP!, and if Kr.1 we call it
‘‘superconducting’’~S!. The region of phase separation is label
PS.
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7032 PRB 61A. A. ALIGIA
reduced fromn51 to much lower values. Instead, the larg
density for which superconducting correlations dominate
large distances remains nearn50.42. Thus, the place left by
the PS region is mostly occupied by the BP~‘‘bipolaronic’’
‘‘normal’’ ! phase rather than by the S~‘‘superconducting ’’!
phase. Nevertheless, asV decreases from very large values
V;7, the upper value ofU for which the S phase exist
increases from24 to ;23.

The extended Hubbard model with attractiveU can be
justified in different ways, as a model for doped BaBiO3, as
discussed in Sec. I. In spite of the different dimensionality
the real compound, one can discuss qualitatively the phy
expected from the phase diagram~Fig. 3!. BaBiO3 has one
electron per site (n51), and the ground state of the model
a charge density wave, in which nearest-neighbor sites
not equivalent, as experimentally observed.5–7 For suffi-
ciently negativeU, asn decreases~corresponding to partia
replacement of Ba for K! keeping nc;0.4,n,1, the
ground state of the model is a Luttinger liquid with domina
m

ev
.
T

w-
sp

e,
R.

ct.

sp

rd
J.

at

hy

.C
Y

.

t

f
cs

re

t

charge density wave correlations at large distances, w
wave vector 2kF5pn. Experimentally, the ground state o
Ba12xKxBiO3 has different charge density wave orderin
for 0<x,;0.4 (1>n.;0.6).7 As n is further lowered
~corresponding to increasingx512n), the model enters a
region with dominant superconducting correlations at la
distances, which has a corresponding superconducting p
in Ba12xKxBiO3 ~for ;0.4,x,0.5)7. Abovex50.5 the ex-
perimental system cannot be formed, since the solub
limit of K atoms is exceeded. This picture is also consist
with mean-field calculations in the three-dimensional mo
for different parameters.10
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A.A. Aligia, M.D. Núñez Regueiro, and E.R. Gagliano,ibid. 40,
4405 ~1989!; A.A. Aligia and M. Baliña, ibid. 47, 14 380
~1993!.

9J.O. Sofo, A.A. Aligia, and M.D. Nu´ñez Regueiro, Phys. Rev. B
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