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Spin-flip transition rate due to electron-magnon scattering in ferromagnetic thin films
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In a free-electron model of very thin ferromagnetic films, an electron occupies a ‘‘Fermi disk,’’ which is
reduced from one of the two bulk Fermi spheres, corresponding to spin-up and spin-down electrons. The
spin-flip transition rate due to electron-magnon scattering in such ferromagnetic thin films is due to electron
scattering between two of these ‘‘Fermi disks.’’ We study how electron confinement affects this rate. Normally
the spin-flip scattering rate decreases as the film thickness increases. But when the film thickness increases to
a point such that electrons of opposite spin start occupying a higher subband, the scattering increases abruptly.
This abrupt increase is more prominent at higher temperatures. As the film thickness increases toward infinity,
the spin-flip scattering rate in the film decreases to the value for the bulk magnetic material.
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I. INTRODUCTION

The recent discovery of giant magnetoresistance~GMR!
of magnetic multilayers—a decrease of resistance when
external magnetic field aligns the magnetization vectors
several adjacent layers1,2—has renewed interest in develo
ing a new generation of high-speed electronic devices u
this phenomenon. Such devices will feature spin-polari
electronic transport,3 and will involve ferromagnetic materi
als.

The first model of electronic transport in ferromagne
materials is a two-fluid model, assuming conduction in p
allel by spin-up and spin-down electrons.4 This model is
widely employed because spin-conserving scattering in
romagnets normally is much stronger than spin-flip scat
ing, and so the two-fluid model provides a sound basis
exploring a broad range of transport properties in ferrom
netic materials.5 In this two-fluid model, the total observe
resistivity can be written as

r5
r↑r↓

r↑1r↓
, ~1!

wherer↑ ~↓! is the resistivity of the majority~minority! spin
electrons. A spin-asymmetry ratioa can be defined

a5
r↓
r↑

, ~2!

such that fora.1(a,1), transport by spin-up~spin-down!
electrons dominates.

Recently an inverse magnetoresistance effect has bee
served in multilayers of the type (/A/C/B/C/)N , whereA
and B are different ferromagnetic materials which have o
posite spin asymmetries~namely, one hasa.1 and the other
hasa,1) andC is a nonferromagnetic metal such as Cu
Au.6–8 This inverse magnetoresistance effect has the re
tance being higher when the magnetization vectors in
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alternate ferromagnetic thin-film layers are parallel to o
another, rather than antiparallel.

The traditional two-fluid model can be improved by in
cluding the spin-flip scattering in ferromagnetic materia
which has the tendency to equalize the contributions of t
spin-currents especially at moderate temperatures. In cas
which the spin-flip scattering cannot be neglected, the to
observed resistivity in ferromagnetic materials generally c
be written as9

r5
r↑r↓1r↑↓~r↑1r↓!

r↑1r↓14r↑↓
. ~3!

One can write10

r↑5
m*

ne2t↑
, r↓5

m*

ne2t↓
, r↑↓5

m*

ne2t↑↓
, ~4!

wherem* is the effective mass of the electron andt↑ andt↓
are the corresponding separate relaxation times, andt↑↓ is
the spin-flip scattering relaxation time.

There are several spin-flip mechanisms in ferromagn
materials. Direct scattering between the spin-up and s
down electrons is known to be negligible.11 Electron-spin-
wave scattering, viz., electron-magnon scattering, is the p
cipal mechanism of spin-flip in ferromagnetic materials.9,10

There are some other ‘‘residual’’ spin-flip mechanisms, su
as~i! spin-flip scattering by impurities due to spin-orbit co
pling and~ii ! spin-flip from the combined action of interna
magnetic induction and spin-orbit coupling, but these app
to be far less important than electron-magnon scattering
determining the spin-flip relaxation timet↑↓ .9,10 @Such spin-
flip scattering could play an important role in the physics
direct or inverse giant magnetoresistance~GMR! in
multilayer ferromagnetic materials.# Although there have
been many theoretical investigations of the effects of el
tron confinement on electron transport in superlattices or
erojunctions of semiconductors12–15 and in thin films of or-
dinary metals,16,17 we are unaware of any correspondin
6934 ©2000 The American Physical Society
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treatment of electron-magnon scattering in confined fe
magnetic thin films or multilayers. Here we present such
investigation.

II. GENERAL ANALYSIS

In a ferromagnetic thin film, both electrons and magno
are confined. In a free-electron model, for electrons confi
in the region of 0<z<L, the states become

exp~ ik•r !

~2p\!3/2 ⇒ exp~ iki•x!

2p\

3A2

L

exp~ i jzp/L !2exp~2 i jzp/L !

2i
, ~5!

where we usek to label three-dimensional wave vectors a
ki for two-dimensional wave vectors. Thez component of
the wave function is a standing wave with wave vec
j p/L. The energies become

\2k2

2m
⇒ \2ki

2

2m
1

\2

2m

j 2p2

L2 . ~6!

Here we consider the quantum confinement of the e
trons but neglect any confinement of the magnons and s
ply use a bulklike magnon spectrum.~This kind of approxi-
mation has been used successfully for many electron-pho
scattering calculations in semiconductor thin films.14,15!

In general, the most significant effects of confinement
electron states on the electron-magnon scattering in fe
magnetic thin films are the following:~i! The quantization of
electronic states changes the density of states and ther
the final-state distribution.~ii ! Confinement affects the enve
lope functions of electrons, with the major consequence
ing that crystal momentum in the confinement direction
not strictly conserved. The parameter that quantifies this
fect is G(ki8 , j 8,ki , j ,q), which is a complicated function o
the wave vectors involved.14,15 ~iii ! The quantum size effec
on the Fermi energy alters the scattering.

The first two of these effects exist in semiconductor th
films and have been analyzed before.12–15The Fermi-energy
effect only exists in metallic thin films. Here we extend t
treatment of the effect from ordinary metallic thin films18 to
ferromagnetic thin films, where the effect is complicated
the existence of two inequivalent electron-spin polarizatio

III. QUANTUM SIZE EFFECT ON THE FERMI ENERGY
OF A FERROMAGNETIC THIN FILM

Following Fert,10 we assume that the electrons have
isotropic effective massm and can be described by plan
waves if not confined. The thin film has the same crys
structure as the bulk but is only confined to a certain reg
0<z<L in the z direction.

In magnetic materials, we have two Fermi spheres,
for each spin polarization. The Fermi energy of the bu
magnetic material is

EF,b5
\2

2m
kF,b,↑

2 2NJS5
\2

2m
kF,b,↓

2 1NJS, ~7!
-
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where we use a subscriptb to label various bulk materia
quantities,S is the spin of the magnetic ion, andJ is the
electron-magnetic-ion interaction parameter. In this work
use the same parameters as in Ref. 10 for the Fermi ener
the bulk EF,b , the spin of the magnetic ionsS, and the in-
teraction parameterNJ.

The total electronic density in the magnetic bulk mater
is

Ne5
1

6p2 ~kF,b,↑
3 1kF,b,↓

3 !. ~8!

In thin magnetic metallic films we have twosetsof ‘‘Fermi
disks’’ corresponding to two Fermi spheres in the bulk, o
set for the spin-up electrons and the other set for the s
down electrons. Each Fermi disk corresponds to a spe
subbandj of electrons with either spin-up or spin-down. B
cause the total electronic density of a thin film is the same
in the bulk, in a thin film of thicknessL we have

1

4p2 S (
j 51

j F,↑

pkF, j ,↑
2 1(

j 51

j F,↓

pkF, j ,↓
2 D 5

L

6p2 ~kF,b,↑
3 1kF,b,↓

3 !.

~9!

When the thicknessL of the thin magnetic film is very small
all electrons are in the first spin-up subband, so that the c
dition on L is

\2

2m S kF,1,↑
2 1

p2

L2 D2NJS<
\2

2m

p2

L2 1NJS ~10!

or

L<
6pm

\2

1

kF,b,↑
3 1kF,b,↓

3 NJS, ~11!

by combining Eqs.~9! and~10!. As the thicknessL increases,
the electrons start to occupy the first spin-down subba
then the second spin-up subband, then the second spin-d
subband, and so on. In general the order in which electr
occupy thej th subband can be determined by the followi
equations:

1

4p
~ j F,↑kF, j F ,↑

2 1 j F,↓kF, j F ,↓
2 !5

L

6p2 ~kF,b,↑
3 1kF,b,↓

3 !

2
p

4L2 @F~ j F,↑!1F~ j F,↓!#,

~12!

where we have

F~ j !5 j 32
j ~ j 11!~2 j 11!

6
. ~13!

Here j F,↑( j F,↓) is the index of the highest occupied spin-u
~spin-down! subband andkF, j F ,↑(kF, j F ,↓) is the Fermi wave-
vector of that subband. We have

\2

2m S kF, j F ,↑
2 1

j F,↑
2 p2

L2 D 2NJS5
\2

2m S kF, j F ,↓
2 1

j F,↓
2 p2

L2 D
1NJS. ~14!
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In Fig. 1 we showj F for electrons of two different spin
directions as function ofkF,bL/p, determined by Eqs.~12!
and ~14! with parametersEF,b57.1 eV, S51.06, andNJ
50.4 eV. The reduced thicknesskF,bL/p for the electrons to
occupy the first 20 subbands are 0~1 ↑!, 0.090~1 ↓!, 1.621
~2 ↑!, 1.713~2 ↓!, 2.637~3 ↑!, 2.783~3 ↓!, 3.620~4 ↑!, 3.830
~4 ↓!, 4.600~5 ↑!, 4.870~5 ↓!, 5.576~6 ↑!, 5.906~6 ↓!, 6.551
~7 ↑!, 6.940~7 ↓!, 7.524~8 ↑!, 7.794~8 ↓!, 8.497~9 ↑!, 9.006
~9 ↓!, 9.470~10 ↑!, and 10.038~10 ↓!. In Fig. 2 we show the
Fermi wave vectors in different subbands as functions of
reduced thickness of the thin film. In Fig. 3 we show t
Fermi wave vectors of the highest occupied spin-up a
spin-down subbands as functions of the reduced thickn
The physical picture in which electrons of two different spi
sequentially occupy the ‘‘Fermi disks,’’ first of one spin an
then of another, is the starting point of this investigation.

FIG. 1. Highest occupied subband indicesj F , namely,j F,↑ and
j F,↓ , for electrons of two different spin directions as functions
reduced thickness of the magnetic thin filmkF,bL/p. Solid lines:
j F,↑ ; dashed lines:j F,↓ .

FIG. 2. Fermi wave vectors in different subbandskF, j ,s, where
s5↑ or ↓, namely,kF, j ,↑ , andkF, j ,↓ , as functions of reduced thick
ness of the magnetic thin filmkF,bL/p. Solid lines:kF, j ,↑; dashed
lines: kF, j ,↓.
e

d
s.

IV. THE BOLTZMANN EQUATION AND THE
RELAXATION TIME APPROXIMATION

In magnetic thin films, spin-flip scattering occurs betwe
two sets of ‘‘Fermi disks,’’ and each set corresponds to
specific spin direction. Following Fert,10 we begin from the
Boltzmann electron transport equation for the distributi
function f. We consider in-plane electronic transport for ele
trons in a ferromagnetic thin film:10

] f ↑~ki , j !

]t G
scatt

1
] f ↑~ki , j !

]t G
field

50. ~15!

In the thin film plane, the field term for the transport is

] f ↑~ki , j !

]t G
field

52
e\ki•E

m

] f ↑~ki , j !

]E
, ~16!

and the scattering term is

] f ↑~ki , j !

]t G
scatt

5 (
s,ki8 , j 8

$ f s~ki8 , j 8!@12 f ↑~ki , j !#

3P~ki8 , j 8,s,ki , j ,↑ !

2 f ↑~ki , j !@12 f s~ki8 , j 8!#

3P~ki , j ,↑,ki8 , j 8,s!%. ~17!

Here s labels different spin states, either↑ or ↓, andP is a
transition rate. The perturbed distribution function is e
pressed in terms offki , j ,s :

f s~ki , j !5 f 0@Es~ki , j !#2fki , j ,s

] f 0@Es~ki , j !#

]E
. ~18!

Here we can choose the form

fki , j ,s5as, jki•E, ~19!

whereas, j is a proportionality constant.19

FIG. 3. Fermi wave vectors of the highest occupied spin-up
spin-down subbands as functions of the reduced thickness of
magnetic thin film kF,bL/p. Solid lines: kF, j F,↑; chained lines:
kF, j F,↓.
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Treating the Boltzmann equation in the relaxation tim
approximation, we have for spin up

2
e\

m
ki•E

] f 0@E↑~ki , j !#

]E
5

f ↑~ki , j !2 f 0@E↑~ki , j !#

t↑, j

1
f ↑~ki , j !2 f ↓~ki , j !

t j ,ki ,↑↓
.

~20!

For spin-down electrons, we have a similar equation to
~20!.

In this work we are mainly interested in spin-flip scatte
ings which change the direction of the electron spin. Acco
ing to Fert,10 the transition probability from statek ↑ to state
(k1q)↓, with absorption of a magnonq in the bulk, is

P@k↑,~k1q!↓#

5
4pSNJ2~q!

\

1

eeq /kBT21
f 0@E↑~k!#

3$12 f 0@E↑~k!1eq#%d@E↓~k1q!2E↑~k!2eq#.

~21!

Similarly, in a ferromagnetic thin film, for the transition from
the state (ki , j ,↑) to the state (ki8 , j 8,↓) with absorption of
one magnon, the equilibrium transition rate is

P~ki , j ,↑,ki8 , j 8,↓ !5
4pSNJ2~q!

\

1

eeq /kBT21

3 f 0@E↑~ki , j !#$12 f 0@E↓~ki8 , j 8!#%

3d@E↓~ki8 , j 8!2E↑~ki , j !

2eq#uI ~ki8 , j 8,ki , j ,q!u2. ~22!

Hereeq is the energy of the magnon and we have14,15

I ~ki8 , j 8,K i , j ,q!5I ~k8,k!G~ki8 , j 8,ki , j ,q!, ~23!

where, withuk(r ) the cell-periodic part of the electron wav
function, we have

I ~k8,k!5E uk8
* ~r !uk~r !dr , ~24!

and the integral is over the unit cell.G(k8,k,q) is an overlap
integral,f5exp(iq•r ) andc is an envelope wave function

G~k8,k,q!5E c* ~k8,r !f~q,r !c~k,r !dr . ~25!

The major difference between the scattering of an elec
by a magnon in a bulk metal and in a thin film is the functi
G(k8,k,q). In the bulk metal we have

G~k8,k,q!5d~k82k2q!, ~26!

but in the thin filmG(k8,k,q) is more complicated.
It is usually a good approximation to take the ce

periodic parts of the electron wave function as unaffected
confinement. Therefore,I (k8,k) can be obtained from the
.

-

n

y

bulk expression, although the dependence on scattering a
could be affected by restrictions on the wave vectors.

V. THE OVERLAP INTEGRAL IN TWO DIMENSIONS

We need to calculate the overlap integral14

G~k8,k,q!5E c* ~k8,r !f~q,r !c~k,r !dr . ~27!

Due to the ~assumed! electron confinement in the regio
0<z<L, we have

c~k,r !5A 2

AL
eikix sinS j p

L
zD . ~28!

Integration of Eq.~27! over the plane gives

G~k8,k,q!5G~ j 8, j ,qz!dk
i8 ,ki1qi

, ~29!

where we have

G~ j 8, j ,qz!5E
0

L

c j 8e
iqzc j~z!dz. ~30!

The crystal momentum in the plane is conserved, but in
confinement direction we have15

G~ j 8, j ,qz!5
1

2 Fsin$~qz1kz82kz!L/2%

~qz1kz82kz!L/2
ei ~qz1kz82kz!L/2

1
sin$~qz2kz81kz!L/2%

~qz2kz81kz!L/2
ei ~qz2kz81kz!L/2

1
sin$~qz1kz81kz!L/2%

~qz1kz81kz!L/2
ei ~qz1kz81kz!L/2

1
sin$~qz2kz82kz!L/2%

~qz2kz82kz!L/2
ei ~qz2kz82kz!L/2G ,

~31!

where kz5 j p/L and kz85 j 8p/L. Equation~31! shows no
restriction onqz for given initial wave-vector indexj and
final index j 8, although maxima inG( j 8, j ,qz) occur for the
four momentum-conserving values

qz56~ j 86 j !
p

L
. ~32!

Regarding the magnon energy as negligible in the ene
conservation allows us to decouple the sum overqz from
energy conservation for a given intra- or intersubband tr
sition. Converting the sum overqz to an integral, we find13,14

(
qz

uG~ j 8, j ,qz!u25E
2`

1`

uG~ j 8, j ,qz!u2dqz

L

2p
511

1

2
d j 8, j .

~33!

VI. SPIN-FLIP SCATTERING TIME IN A MAGNETIC
THIN FILM

For a spin up electron in theu j ,ki↑& state in a thin film of
thicknessL, the spin-flip scattering rate is
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1

t j ,ki ,↑↓
5

2p

\ E u^ f ↓uH intu i ↑&u2d~Ef ,↓2Ei ,↑!dNf

5
AL

8p3

4pSNJ2

\ E dqiqi E duE dqz

A

4p2

3E dki8(
j 8

f 0@E↑~ki , j !#

3$12 f 0@E↓~ki8 , j 8!#%

3d~ki82ki7qi!uG~ j 8, j ,qz!u2

3Fn~q!1
1

2
7

1

2Gd~Ej 8,k
i8 ,↓2Ej ,ki ,↑7Eq!

~34!

By integrating overk8 and using Eq.~33!, we find that

1

t j ,ki ,↑↓
5

A

4p2

4pSNJ2

\ E dqiqi E du

3(
j 8

S 11
1

2
d j , j 8D f 0@E↑~ki , j !#

3$12 f 0@E↓~ki6qi , j 8!#%

3Fn~q!1
1

2
7

1

2Gd~Ej 8,ki6qi ,↓2Ej ,ki ,↑7Eq!.

~35!

By neglecting the energyEq of the magnon in the energy
conservingd function, we obtain

1

t j ,ki ,↑↓
5

A

4p2

4pSNJ2

\ E dqiqi E du

3(
j 8

S 11
1

2
d j , j 8D f 0@E↑~ki , j !#

3$12 f 0@E↓~ki6qi , j 8!#%Fn~q!1
1

2
7

1

2G
3dS 2NJS6

\2

m
kF, j ,↑qi cosu1

\2

2m
q2

1
\2

2m

~ j 822 j 2!p2

L2 D . ~36!

By introducing t5cosu, we have u5cos21 t and du5
21/A12t2dt. Therefore,

1

t j ,ki ,↑↓
5

A

4p2

4pSNJ2

\ E dqiqi

3(
j 8

S 11
1

2
d j , j 8D f 0@E↑~ki , j !#

3$12 f 0@E↓~ki6qi , j 8!#%
3Fn~q!1
1

2
7

1

2G E 21

A12t2
dt

3dS 2NJS6
\2

m
kF, j ,↑qit1

\2

2m
qi

2

1
\2

2m

~ j 822 j 2!p2

L2 D . ~37!

Finishing the integral overt and noticing the role of the
factor f 0@E↑(ki , j )#$12 f 0@E↓(ki6qi , j 8)#%, we obtain

1

t j ,ki ,↑↓
5

A

4p2

4pSNJ2

\ (
j 8

3E
q1

q2
dqi

1

F j , j 8~qi!

3S 11
1

2
d j , j 8D 1

\2kF, j ,↑
m

Fn~q!1
1

2
7

1

2G , ~38!

where we have

q15ukF, j ,↑2kF, j 8,↓u,

q25ukF, j ,↑2kF, j 8,↓u12kF, j ,↑ if kF, j ,↑<kF, j 8,↓ ,

5ukF, j ,↑2kF, j 8,↓u12kF, j ,↓ if kF, j ,↑>kF, j 8,↓ ,

and

F j , j 8~q!

5A12S 2NJS1~\2/2m!@q21~p2/L2!~ j 21 j 82!#

~\2/m!kF, j ,↑q
D 2

,

~39!

Then we can obtain the averaged spin-flip ratet↑↓,L
21 by

taking an average oft j ,ki ,↑↓21 over j ,ki , weighted by the
two-dimensional density of states.

VII. RESULTS AND DISCUSSION

In Fig. 4 we show the major results of our calculation
the ratio of the spin-flip scattering ratet↑↓,L

21 in the ferro-
magnetic thin film of thicknessL to the corresponding spin
flip scattering rate in the bulk ferromagnetic materi
t↑↓,b

21, for different temperatures and for different reduc
thicknessesL of the magnetic thin film. The parameters w
used were those Fert used for Fe:10 S51.06. NJ50.4 eV,
m5me , m512me , and EF,b57.1 eV. From these param
eters, the largest value ofkF,bL/p in Fig. 4 corresponds to a
film thickness of about 23 Å.

From this figure, there are several points which are no
worthy: ~i! In general, as the thickness increases, the ratio
spin-flip scattering rates decreases. Thus, for very thin fil
the scattering is considerably enhanced. This is very sim
to the enhancement with the reduced thickness of the pho
scattering rate in semiconductor thin films.15 ~ii ! Whenever
the film thickness increases to the point that the spin-do
electrons can start occupying a higher subband, the spin
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scattering in the thin film~and also the ratio! has an abrupt
increase, because a new channel of spin-flip scatterin
opened.~iii ! This effect is more significant when the tem

FIG. 4. Ratio of scattering times, 1/t↑↓,L/1/t↑↓,b5t↑↓,b /t↑↓,L ,
for different temperatures versus the reduced thickness of the m
netic thin film kF,bL/p, for the caseS51.06, NJ50.4 eV, m
5me , m512me , EF57.1 eV. Dotted line,T510 K; short dashed
line, T530 K; long dashed line,T5100 K; chained line,T
5300 K; solid line,T51000 K.
.
la

e

,
er

.
E.

r,
is

perature is higher, because at low temperature there are
enough magnons to support this scattering to a new Fe
‘‘disk.’’ ~iv! For the same film thickness, the lower the tem
perature is, the larger the ratio is.~v! As the reduced thick-
nesskF,bL/p increases, the ratio goes to unity.

The spin-flip scattering effect discussed here is expec
to play a role in the physics of spin-polarized electron tra
port. However, due to the fact that spin-conserving scatte
invariably dominates over spin-flip scattering, we do not e
pect that the spin-flip scattering discussed here will norma
have a dominant effect on the conductivity of thin films.

In recently investigated spin-polarized devices, such
those involving giant magnetic resistance or spin-polariz
transistors, the interface scattering between the normal-m
films and the ferromagnetic films, and the spin-flip scatter
in the normal metal films, will probably play more signifi
cant roles than the spin-flip effects discussed here. None
less, especially for very thin films, the spin-flip scatteri
rate is considerably larger than in bulk material, and t
enhancement of the scattering rate should be incorpor
into any analysis of the transport of electrons in ferroma
netic thin films.
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8S. Y. Hsu, A. Barthe´lémy, P. Holody, R. Loloee, P. A. Schroede
and A. Fert, Phys. Rev. Lett.78, 2652~1997!.
s,

v.

,

9A. Fert and I. A. Compbell, J. Phys. F: Met. Phys.6, 849~1976!.
10A. Fert, J. Phys. C2, 1784~1969!.
11A. Bourquart, E. Daniel, and A. Fert, Phys. Lett.26A, 260

~1968!.
12K. Hess, Appl. Phys. Lett.35, 495 ~1979!.
13P. J. Price, Ann. Phys.~N.Y.! 133, 217 ~1981!.
14B. K. Ridley, J. Phys. C15, 5899~1982!.
15B. K. Ridley, Electrons and Phonons in Semiconductor Multila

ers ~Cambridge University Press, New York, 1997!.
16V. B. Sandomirskii, Zh. Eksp. Teor. Fiz.52, 158 ~1967! @Sov.

Phys. JETP25, 101 ~1967!#.
17For example, N. Trivedi, and N. W. Ashcroft, Phys. Rev. B38,

12 298~1988!; L. Sheng, D. Y. Xing, and Z. D. Wang,ibid. 51,
7325 ~1995!.

18S. Y. Ren and J. D. Dow~unpublished!.
19J. M. Ziman,Electrons and Phonons~Oxford University Press,

Oxford, 1960!, p. 284 ff.


