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Isotope effect in the presence of a pseudogap
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We investigate the question of whether the unusual doping dependence of the isotope exponent observed in
underdoped higfi-. superconductors might be related to another unusual phenomenon observed in these
systems: the pseudogap phenomenon. Within different approximations we study the influence of a phenom-
enological pseudogap on the isotope exponent and find that it generally strongly increases the isotope expo-
nent, in qualitative agreement with experiments on underdoped Thigtempounds. This result is stable
against strong-coupling self-energy corrections and also holds for recently proposed spin-fluctuation exchange
models, if a weak additional electron-phonon coupling is considered.

[. INTRODUCTION high-T, cuprates. As has been shown by Carbotte and
co-workers?®?” an energy dependence of the electronic den-
The isotope effect in high-, cuprate superconductors is Sity of stategDOS) varying on the pairing energy scale can
unconventional in different respects. Optimally dopedmodify the isotope effect, and therefore we ask whether there
samples show a very small isotope exponentf the order  might be a link between the pseudogap phenomenon and the
of 0.05 or even smaller, in contrast to the conventionalisotope effect. Since there exists no widely accepted theory
Bardeen-Cooper-SchrieffdBCS) value of 0.5, which one for the pseudogap at present, here we will follow the idea of
expects for a conventional phonon induced pairingWilliams and co-workers and treat the pseudogap on a phe-
interaction® This unusually small value in connection with nomenological basis, introducing it into the single-particle
the high value ofl . lead to early suggestions that the pairing €xcitation spectrum. Such a procedure is reasonable, if the
interaction in high¥, cuprates might be predominantly elec- pseudogap itself does not show an isotope effect, as sug-
tronic in origin with a possible small phononic contribution. gested by recent NMR experimerifs?
This scenario, however, is difficult to reconcile with the fact  In the following we will study the influence of such a
that the isotope coefficient also shows an unusually strongseudogap on the isotope effect within different models. We
doping dependence, reaching values of 0.5, in some caséball start with the weak-couplingBCS) approximation
even higher, in the underdopet, reduced, compounds”."" where we consides- andd-wave symmetry of the supercon-
Many different models have been advanced in order to tnducting order parameter and of the pseudogap. In order to
to understand this unusual doping dependence in connectigi®€ Whether these results are stable for more realistic cases,
with the small isotope exponent at optimal doping, e.g., in-we will study two recently proposed models based on a spin-
fluence of van Hove singulariti€s! anharmonic phonorfs’  fluctuation exchange pairing interaction, e.g., the nearly an-
electron-phonon coupling in the presence of strong antiferrotiferromagnetic ~ Fermi-liquid (NAFL) model due to
magnetic correlation¥'! pair breaking effect®? magnetic =~ Monthoux and Pined and the self-consistent fluctuation-
impurities, or Jahn-Teller nonadiabaticiy**but no consen- exchange(FLEX) approximation for the two-dimensional
sus has been reached so far. Hubbard modef*
In recent years it became apparent that the physics of
underdoped higf-, superconductors is governed by the
pseudogap phenomenon. A behavior which is reminiscent of IIl. WEAK-COUPLING APPROXIMATION
the presence of a pseudogap, growing upon SUCCESSiVe UN-The jinearized gap equation in the weak-coupling limit for
derd_oplng, has be_en observed consistently in allarge numbgh anisotropic pairing interactidM(IZ,IZ’) reads
of different experiments, e.g., nuclear magnetic resonance
(NMR) Knight-shift and relaxation rate experiments, specific
heat, angular—r_esolved _ photoemission spectroscopy o1 _ _ tanhe /2T, -
(ARPES, tunneling, c-axis, and ab-plane dynamical A(k)=—2 V(KK )—————A(k"). (1)
conductivity!®’ Currently there is no consensus about the N4
origin18 ozf5 this pseudogap and many different proposals
exist: Williams and co-worker€ have shown that a phe- Here, , is the band dispersion anti(K) the superconduct-

nomenological model for a pseudogap havthg/ave sym- ing gap function. We want to assume that the pairing inter-

metry can account well for thermodynamic quantities in the ~. . . .
unde);doped cuprates y q action consists of two parts: a phononic pégtk,k’) and an

In the present manuscript we want to study whether thélectronic part Ve(k,Kk"), such that V(k,k')=Vp(K,K")
influence of the pseudogap might give a, perhaps more natur V¢(k,k’). The dominant contribution shall B&,. Then, in
ral, explanation for the unusual isotope effect in underdopedveak-coupling approximation we have

€y
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ViR = Voot (K) (k") if Jel,|ew]<we . NMwe,0p,To)=1. ®
k)= 0 else, From this the isotope exponeat, can be calculated:
where w, is the characteristic energy scale of the electronic IN dL,
partea'nd is assymed t.o be indepe.nfjent of isotopic m'ass. 1dinT, 1, ana—wp .
#,(K) is the basis ft.mctlon Eor the pairing symmetry F:(_)n5|d- =5 4n o, =3 T_c N aL, ox Lo 9
ered. Forsswave pairingig(k) =1, for d,2_,2-wave pairing e
- e - dlp dT.  dle T,
z/zdxzfyz(k)zcos ,/\/2, and ford,,-wave pa|r|ng<//dxy(k) o o
=sin20,/2, where® = arctank, /k,) is the angular direc- In the weak-coupling limiw, ,we>T this gives
tion of the momentunk. 1 Vpo(1—Veole) 0
i ' i ibuti =% . 1
The phononic part may consist of different contributions 075 Vo(1+ VeoLo) + Veo(1— Vol p) (

having different symmetries. However, since we assumed

that the electronic part is dominating with a symmetry speciNote, that for a purely electronic interactidfy,=0 this ex-
fied by ¢,,, only they;,, component o/, having the same pression yieldsy,=0 and for a purely phononic interaction
symmetry, will affectT.. Therefore we can assume without V=0 it gives a=0.5, as one should expect. For a mixed

loss of generality interactionag will generally lie between 0 and 0.5. In fact,
R R one can easily show that for given valuesagf and w, one
o Ve (K (k) f lel,| e | < wp can always choos¥p,, and Ve, in such a way that a given
Vp(k,k')= 0 clse value of T, and aye[0,0.5] is reached?

Now we wish to consider the influence of a pseudogap. In
where w, is the characteristic phonon energy. In harmonicthe presence of a pseudogap we have to modify the single-
approximation, which we will adopt here,, varies with the  particle excitation spectrum. Following Williams and co-
isotopic mas like 1/y/M, while w, is assumed to be inde- workers, we replace in Eq1)

pendent of\. _
For such an interaction the gap function can be separated €=\ et Eé(k), (11)
into wo parts:A (k) = Ae(k) +Ap(k), with whereEg(IZ) is the pseudogap and will be chosen to be either
R AeOpo%,(E) it |ed<wep Eg,s(k)=Ego=const for answave pseudogap OEy 4(k)
A p(k)= ' (4) =E4ocos D), for a d-wave-type pseudogap. Note that this
0 else. symmetry of the pseudogap does not necessarily have to be

With this ansatz Eq(1) becomes a 2 matrix equation for identical with the pairing symmetry and we will allow them
the two order-parameter componedig andA ,,. Assuming to be independent in this section. However, the study in Ref.
a cylindrical Fermi surface with a constant density of states1? suggests that both symmetries aredafave type in un-

Eq. (1) can be written in the form _derdoped higﬁFC compounds and we will focus on this case
in the following sections. With the replacement Efjl) the
(Aeo) (VeOL(we) VeoL(we)>(Aeo) © function L becomes
= , 5
ApO VpOL(we) VpOL(wp) ApO 2+ ES(@)
where we defined the functidn(w) N(O) (27 p Al ——=—
L(w :_f de (0 f de
. (@7 |, VO | b =i
” tan >T . (12
L(w)=N(0) fo dfT:N(O)m(T)- (6)  Equations(7) and(9) still remain valid, if one uses this ex-

pression forL(w). In the weak-coupling limitw,,w,
The last expression holds in the weak-coupling limit-T. >T.,E4 we then find for the isotope exponent
N(0) denotes the density of states at the Fermi level. In

deriving Eq.(5) we assumed.<w,, as is usually the case 1 27 o lpf?(@))
for spin-fluctuation exchange moddksee the following sec- a=ag f d@f de
tions). However, the final result E§13) does not depend on 4mTclo 0 Ve + E§(®)
this choice. Letting.,=L(w,) andL.=L(w,) the leading costf—————
eigenvalue of the matrix in Ed5) is ¢ (13)
~ VeoletVpolp wherea is the isotope exponent EQLO) in the absence of
Mwe,wp,T)= 2 a pseudogap. Equatidi3) shows thata/a, only depends

onEgy /T, the pairing symmetry), (0) and the symmetry
of the pseudogap. Sinck, is a function ofE, determined
from Eg. (8), for a given symmetry of both the pseudogap
R and the pairing state/ « is auniversalfunction of T¢ /T .
Here, Too=T(E4=0). In Fig. 1 we showx/a, as a func-
andT. is determined from the implicit equation tion of T /T, for different symmetries. The solid line shows

E\/v Le— Vol p)2+4VoV ol 2
+2(e0e pOp)+ e0Vpote
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10.0 might wonder whether this effect will survive in more real-
istic models for superconductivity. In order to see, how
80 L strong-coupling effects affect the results, we want to con-
' sider a recently proposed spinfluctuation exchange model,
the nearly antiferromagnetic Fermi liquilAFL) model due
., 8o0rf to Monthoux and Pine® Within this model the pairing in-
3 teraction is provided by exchange of antiferromagnetic spin-
3 40k fluctuations and the pairing symmetry id,2 2. The
) (frequency-dependenpairing interaction is given by
2.0 V(qiivm):ng(qiivm)u (14
whereg is a coupling constanty,,, the Bose-Matsubara fre-
o.o0 5 quencies, and the spin susceptibilityis given by
T/T -
e M@= —— 2 RNGT:)
FIG. 1. Weak-coupling result Eq13) for the isotope exponent 1+£9(9-Q) tvm/ws

al ay as a function ofT /T, in the presence of a pseudogaR, =3 . . . .
and T, denote the values in the absence of the pseudogap. ThHere’Q_(W’W) is the antiferromagnetic wave vectd,is

solid line shows the result for as-wave pseudogap. For a t?"? magnetip correlation '9”9”" an@ the qharacterigtic
dye_,2-wave pseudogap the results for swave pairing symmetry sp_ln-fluctuatlon fre_:quency. Using this interaction the Migdal-
(dotted ling, ad,z_2-wave pairing symmetrydashed-dotted line Eliashberg equations for strong-coupling superconductors
and ad,,-wave pairing symmetrydashed ling are shown. The &ré solved self-consistently. Here one has to solve for the
solid squares are experimental results on Pr-doped YBCO frongelf-energy.,

Ref. 1.

. 1 Lo .
the isotope exponent for aawave pseudogap. This result is 2(kiwn) =1 E V(k=K',iwp—ioy)G(Kioy),
independent of the pairing symmetry, as can be seen by per- Kion (16)
forming the angular integration in Eq13). For an aniso-
tropic pseudogap havind,2_,2-wave symmetry, however, along with Dyson’s equation for the Green’s functiGn
the pairing symmetry does affect the result. The dotted line
shows the result for ars-wave superconductor with a S 1
dy2_2-wave pseudogap, while the dashed-dotted line shows Gkiwn)= iw,—e—3(K,iop)
the ‘result for a d2_,2-wave superconductor with a no Tk non
dy2_y2-wave pseudogap. The weakdst/ T, dependence is self-consistently. Using this solutioii, is determined from
found for a d,, superconductor with ad,>_,>-wave the linearized gap equation
pseudogagdashed ling In all cases one can see from Eq.

17

(13) that a/aq diverges forT,—0. Thus in principle arbi- S 1 - ,

trarily high values ofa can be reached. As an illustration, d(k,iwn) =~ N k'E' V(k=K',ion—iwn)
experimental results on Pr-doped YBCO are shown in this N

figure as solid squarésHere, it should be noted that experi- % |G(I2,i wn)|2¢(|2,iwn), (18)

mental results on different compounds can differ somewhat
and also vary with the dopant usésee Ref. L Certainly = where ¢ is the gap function. For the band structusg a
these differences need further explanatiery., see the re- tight-binding band with next-nearest-neighbor hopping has
view in Ref. 14 and cannot be understood solely due to thebeen used in Ref. 30 and we will adopt that here.
influence of the pseudogap. Here, we only want to focus on In order to have a small nonzero isotope exponent at op-
the influence of a pseudogap alone and investigate the getimal doping we consider coupling to an additional phonon
eral tendency and order of magnitude of the effect, which isnode, the “buckling” mode studied in Refs. 10, 33, and 34.
similar in many compounds. This mode provides an attraction in thg _,2-wave channel

As an important conclusion we can draw from theseand its pairing interaction reads
weak-coupling results that a pseudogap in general leads to an

increase of the isotope exponemtover its valueag in the - Ox ay w,zJ
absence of a pseudogap. The quantitative size of this effect Vp(Qivm) =Vpo C°§§+C°§7 2ot (19
m™ @p

depends on the symmetries of the pseudogap and the pairing
state. However, the qualitative behavior is very similar in all
cases. The size afy can become small, if a strong electronic
coupling constanV¢, and a small phononic coupling,, is
considered.

We do not expect the main results to depend strongly on
the details of the electron-phonon spectrum, as long as its
coupling strength is small compared with the spin-fluctuation
interaction. It is important, however, that the electron-
phonon interaction has an attractive component in the
dy2_y2-wave channel, as has been discussed above3q.

Having seen that a pseudogap can lead to an increase bfr the calculations we choose the parameters given by
the isotope exponent in a weak-coupling superconductor, ononthoux and Pinesé=2.3a, xo=44 states/eV, hopping

IIl. STRONG-COUPLING EFFECTS: NAFL MODEL
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TABLE I. Coupling constants for the NAFL model with an 0.4 — T T T
additional coupling to the buckling mode E(L9) for different [ N\ weak—counlin
values of the spin-fluctuation frequeneys. Eg g, denotes the - W ©.=0.2t ping

........ s_ .

value of the pseudogapy,, which completely suppressés . 0.3 [ '-.\ A @ =0.06t .
h " \ .......... s_ . ]

N\ —— — - ©,=0.03t

wglt g/t Aph Eqg.supp/ Teo

0.03 5.1 0.31 12.3 s 02}
0.06 3.2 0.15 6.5 i
0.2 24 0.10 4.0

0.1

matrix element t=250 meV, wherea is the lattice :
constant? For the spin-fluctuation frequenays we choose ol v o
three different values 0.030.06, and 0.2, in order to study 30 40 50 60 70 80 90

the crossover from weak-coupling to strong-coupling behav- TIK]

ior. For the characteristic phonon frequency we choose a ¢

typical value ofw,=0.2. Following Ref. 30, the interaction FIG. 2. Isotope coefficient as a function ofl, for the NAFL
strengthgy andV , are adjusted such that the transition tem-model with an additional coupling to the buckling phonon mode.
perature becomeS ;=90 K and the isotope exponent The opening of the pseudogap leads to a suppressidn ahd an
reachesay=0.05. Results for the coupling constants areincrease ofa. The solid line shows the corresponding weak-
shown in Table I. Here, the electron-phonon coupling con-coupling result from Fig. 1. Results are shown for different values

stant\ p, is defined in the usual way: of the characteristic spin-fluctuation frequenays=0.03 (dashed
line), ws=0.06 (dotted ling, andw,=0.2t (dashed-dotted lineln
= d0 1 1 each case the coupling constants have been adjusted suchghat
= — N = 3.Q+i ). =90 K anday=0.05.
Nph=2 s ONZ = IM{Vp(q,Q+i6)} (20 0

IV. SELF-CONSISTENT FLEX APPROXIMATION
From Table | we can see that higher coupling constgraiie

required for smaller spin-fluctuation frequencies. Compara- Within the NAFL model the spin-fluctuation pairing in--

tively small values of the electron-phonon coupling constantéraction is fixed and does not change with the electronic

are sufficient to yield an isotope exponenj=0.05. properties. However, it is clear both experimentally and
In order to study the influence of a pseudogap we introiheoretically that the pseudogap does affect the spin suscep-

duce ad-wave pseudogaﬁg(IZ) —Eocos M, as suggested tibility and thus should affect the spin-fluctuation pairing in-

by the analysis of Williams and co-workek&into the single- teraction itself. To st_udy such _klnd of effects it is necessary
to treat the electronic properties and the electronic pairing

E::::g:g gf;étﬁgofﬁniﬁgﬁtgcﬂﬁy replacing in the Slngle'interaction in a self-consistent way. Such a self-consistent
' treatment is provided by the so-called fluctuation-exchange
_ (FLEX) approximatiori® for the two-dimensional Hubbard
e+ReX==+ \/( e+ ReX)%+ Eé(k). (21)  model and also yields al,._y2-wave superconducting
state®>>~3" The main difference with the NAFL model is that
Here it is necessary to take into account the real part ofhe spin susceptibility is calculated from the interacting
the self-energy®, since the pseudogap opens at the FermfGreen’s functions within an random-phase approximation-
surface, which is renormalized due to the self-energy. Tabl&/Pe approximation. Then the pairing interaction reads
| also shows the amplitude of the pseudogap, denoted by .
Eg,supp Which completely suppresség to 0. Experimen- Xo(Q,ivm)
tally, the ratio ofEg ¢,,pt0 Teo is about 6-15, depending on 1-Uy (a i)
the materiaf®!’ The values found here indeed turn out to be orm
of this order of magnitude. Note, that the renormalization ofwhere the bubble susceptibility, is calculated from the
the pseudogaf,(k) due to the self-energy is taken into  fully dressed single-particle Green's functi@h [Eq. (17)]
account in this approximation. In contrast to the weak-Self-consistently:
coupling approximation in the previous section, the

V(ﬁ,ivm)zguz , (22)

seudogap as seen in the density of states is washed out now - 1 S . .
gnd thu% ig a real “pseudd®® gap?/ Xo(@ivm) == kz:’] Gk+a.iwntivm) G(kiwy).
In Fig. 2 we showr as a function ofT; for three different (23)

values of the spin-fluctuation frequenay; along with the

weak-coupling result for d,2_,2-wave superconductor with This guarantees that any change in the one particle
ad,2_2-wave pseudogap from Fig. 1. For higher values ofGreen’s function is reflected in the pairing interaction and
the spin-fluctuation frequency gradually approaches the vice versa. In Fig. 3 we show(T./T.o) within FLEX ap-
weak-coupling result as one should expect. For small proximation with an additional coupling to the buckling
=0.03 there are some deviations from the weak-couplingmode already considered in the NAFL model above. Results
limit. However, the results are not affected very much. are shown for different values of the on-site Hubbard repul-
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0.4 L W T y T y the pseudogap not only reducd&s via the reduction of
[ o v\ weak—coupling ] single-particle spectral weight at the Fermi level, but it also
i vox e U=3.6t ] suppresses the lowest frequency spin fluctuations. Since
03 L g ‘\ U U=3st ] these are predominantly pair breakitig? this increases the
[ Loy W .. U=4.0t ] effective coupling strength of the spin fluctuati8has com-
b_‘ \ *\ Co—. U=4.1t . pared with the phonons and thus leads to a reductiodm. of
85 0.2 V. CONCLUSIONS
- We studied the influence of a pseudogap on the isotope
0.1 1 exponent for different models having an electronic pairing
interaction with a subdominant electron-phonon interaction.
In the weak-coupling limit we found that the introduction of
00'2 : 014 : 016 : 018 : 1 a pseudogap leads to a strong increase of the isotope expo-

nent above its value in the absence of a pseudogapTfor
T/Teo —0 the isotope exponent diverges, allowing arbitrarily high
values. The symmetries of the order parameter and the
FIG. 3. Isotope coefficiente as a function ofT./T, within pseudogap only lead to quantitative, but not qualitative
FLEX approximation with an additional coupling to the buckling changes of these results. Strong-coupling effects within the
phono_n mode. Results for different value_s of the on-site Hubbarq\lAFL model do not affect the results very much. The size of
[iigl;Iﬂo—nfaa(rgazggévgéit:;i% (do(;tjcixn]?' dU :h?"g d(da;hed , the pseudogap compared wifh turns out to be of the right
Lo T e § gandU=4.1t (dashed-dot-dotted ;o ¢ magnitude. Self-consistent treatment of the spin-
line). The solid line shows the corresponding weak-coupling resu"fluctuation paifing interaction in the presence of the

from Fig. 1. pseudogap can lead to stronger deviations from the weak-
sion U along with the weak-coupling result. Here, a bandCOUpli.ng limit. The ggneral tendency that th? isotope eXpo-
filing of Nn=0.84 for a simple tight-binding band has been nent rises upon opening of the pseudogap still remains, how-

assumed. The electron-phonon coupling strength again hds < From these results it does not seem unreasonable that
been adjusted to giverp=0.05 for Ego=0. For U<3.8, the pseudogap mdee;d can have an important mfluenqe on the
a(T./T) very much follows the weak-coupling limit. Only Isotope effe_ct a_nd might be, at Iegst partially, responsible for

if U reaches values of the order of @r higher, deviations the increasing isotope exponent in the underdoped cuprates.
from the weak-coupling limit become apparent. For higher
values ofU, a(T./T.q) becomes flatter and starts to rise
only at smaller values of .. This is a consequence of the  The author would like to thank A. Bill, H. Castella, and

influence of the pseudogap on the spin-fluctuation pairind\. Schopohl for valuable discussions and for providing en-
interaction. In contrast to the NAFL model the opening of couragement for the present study.
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