PHYSICAL REVIEW B VOLUME 61, NUMBER 1 1 JANUARY 2000-I

Meissner state in finite superconducting cylinders with uniform applied magnetic field
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We study the magnetic response of superconductors in the presence of low values of a uniform applied
magnetic field. We report measurements of dc magnetization and ac magnetic susceptibility performed on
niobium cylinders of different length-to-radius ratios, which show a dramatic enhancement of the initial
magnetization for thin samples, due to the demagnetizing effects. The experimental results are analyzed by
applying a model that calculates the magnetic response of the superconductor, taking into account the effects
of the demagnetizing fields. We use the results of magnetization and current and field distributions of perfectly
diamagnetic cylinders to discuss the physics of the demagnetizing effects in the Meissner state of type-Il
superconductors.

I. INTRODUCTION previous works on very thin stripand disks. These works
deal basically with current and field distributions in super-

Important intrinsic parameters of superconductors, sucltonductors in the mixed state, with critical-state supercur-
as the lower critical fieldH.; and the critical current density rents penetrating into the bulk of the material. Besides, Chen,
J., are experimentally obtained by measuring their responsBrug, and Goldfarb have calculated demagnetizing factors
to an applied magnetic field. The procedures to obtain thestor cylinders as a function of the length-to-diameter ratio and
parameters often rely on theoretical approaches developddr different values of the susceptibilityy (including
for infinite samples. When considering realistic finite-sizex=—1).
superconductors, important complications arise, so that these However, to our knowledge, there has not been done a
methods fail. Even in the case of a uniform field applied to asystematic study involving the comparison between experi-
finite superconductor, in general it is not easy to extract inments and theoretical data of the Meissner state in supercon-
formation about the intrinsic parameters of the superconducting cylinders. This is equivalent to asking which are the
ductor since the magnetic response may be strongly depenurrents that completely shield a cylindrical volume and the
dent on its shape. Demagnetizing effects appearing in finiteesulting magnetization.
samples make the internal magnetic fiéld=B/uq in the In this work we systematically investigate the magnetic
sample different than the applied o€, . The exact relation response of superconducting cylinders in the complete
between both magnetic vectors is in general unknown. As ahielding state, by quantitatively studying the effect of de-
consequence of this indetermination of the local magnetignagnetizing fields in their Meissner response. This paper is
field in the sample, the estimations ldf; and other param- organized as follows. In Sec. Il we discuss the experimental
eters are very complicated. Sometimes this problem isetup and measured samples. In Sec. lll we present the ex-
treated by considering a constant demagnetizing fadimo  perimental results obtained from dc magnetization and ac
that the magnetic field in the sample volutdds assumed to magnetic susceptibility techniques, performed on niobium

be related to the applied magnetic figtid by cylindrical samples. We introduce in Sec. IV an approach to
study the magnetic response of completely diamagnetic finite
H=H,—NM. (1)  cvlinders. This model allows the interpretation and under-

standing of our experimental results, which is discussed in

This procedure is correct only for ellipsoidal-shape sample$ec. V. The model enables us to calculate the surface current
and when the external magnetic field is parallel to one of itglistributions resulting from the magnetic shielding of the
principal axis® In all other cases this equation is not valid cylinder, as well as the magnetic fields created in the exterior
and it becomes very hard to find a simple relation betwee®f the samples by the induced supercurrents. The results are
the magnetic vectorsl and Ha- Moreover, in genera| the discussed in Sec. VI. Finally, we summarize our conclusions
field H is related withH, in a different way from point to  in Sec. VII.

point in the superconductor.

Recently, there have been important theoretical advances
in treating the magnetic response of finite superconducting
samples. The magnetic response of finite superconductors in We have performed the magnetic characterization of ten
the critical state including demagnetizing effects have beewrylindrical niobium polycrystalline samples with different
recently calculated for stripsand cylinders;™ following  values for the ratid./R, whereL andR are the length and

Il. SAMPLES AND EXPERIMENTAL SETUP
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TABLE I. Values of length(L) and radius(R) for the ten Nb 1 r T T r T T
samples studied. ol
I ¥
Samples L (mm=0.01) R (mm=0.01) Measurements -1 i 7
otk ——A1

Al 9.72 1.43 ac and dc 2 e Al
A2 1.44 1.43 dc g B A5
A3 0.30 1.39 dc = 4l I
A4 1.38 1.43 ac sk ——B5 |
A5 0.3 1.43 ac
B1 9.82 1.00 ac and dc sr )
B2 1.50 0.97 dc r , , , , , LT
B3 0.30 0.96 dc 0 2 4 6 8 10 12
B4 1.34 0.89 ac
B5 0.44 0.99 ac T [K]

FIG. 1. Real part of the ac magnetic susceptibility as a function
of temperaturey’(T) performed with the parametehs=80 A/m,

the radius of the sample, respectivdlsee Table )l They andf=100 Hz. Sample identifications are listed in Table I.

were obtained from two different pieces of brut niobium.
After machined, they were cleaned in ultrasound bath, and As mentioned above, we have also verified the magnetic

later by using a HCI-HN@ solution. behavior of the cylinders by measuring isotherriva(H,)

Wefha\?a thdieq rtlwo familileg(vith five sa][nples in gach curves. The measurements were performe@i-aB K. We

ong o cylinders with nominal diameters o 1'94 and 2.86 g\, these results in Fig. 2. There we can see again the

mm, respectwely. Samples with the same nommal yalue fo trong shape effect on the obtained curves. The lower the

Ejhf? dlarpleter twhereTcr:]ut fror_nt_the sbaTe piece, in c;l/lmdders Otatio L/R, the higher the value of the initial slop/H.
ierent lengtns. 1he variation between nominal and reaj 5o we can see the shape effect on the point at which the

values of the diameter is smaller than 4%. magnetization curve departs from a straight line, which cor-

Bgfore perform_mg magnetic measurements, we havg der'esponds to the position where the flux starts to penetrate in
termined the quality of all samples through x-ray dlffr""Ct'onthe superconductor. Thus flux penetration starts at lower

(XRD) and scanning electron microscof$EM) analysis. fi

. . elds for large values of /R, as expected.
For the XRD we used a Siemens D/5000 diffractometer, andI Az it wasgmgntignf;d in the Tasi(zection samples with the
for the SEM, we used a Jeol JSM-5800/LV microscope. same nominal diameter were cut from the same piece, in

The magnetic charactenzaﬂon was performed througrE:ylinders with different lengths. Since the variation between
both the magnetization as a function of the external dc Mags 5minal and real values of the diameter is smaller than 4%,

ng_tic field, M(Ha?’ and the complex ac magnetic suscepti-only shape effects will be responsible for the observed dif-
bility, as a function of the absolute temperatyf€T). To ference in their magnetic response

perform those experiments we have used a Quantum Design
MPMS5 superconducting quantum interference device mag-
netometer able to operate in the rangesT2<400 K, 0.1
<h<300 A/m, and X f<1000 Hz, whereT, h, andf are In order to study the Meissner state and analyze the ex-
the absolute temperature, the amplitude, and the frequency ptrimental data, we have developed a model to calculate the
the ac magnetic field, respectively. In all cases, to avoidurface currents that shield any axially symmetric applied

trapped magnetic flux, samples were zero-field co@#’)  magnetic field inside a cylindrical material. This model could
before each experiment. The magnetic field was always ap-

plied along the axis of the cylinders.

IV. DESCRIPTION OF THE MODEL

Ill. EXPERIMENTAL RESULTS

The XRD and SEM analysis confirmed the high quality of
the niobium samples, as verified by the absence of impurities
and the low density of grain boundaries. Measurements of
the complex ac magnetic susceptibilityy(T)=x'(T)
+x"(T), were performed with the parametdrs-80 A/m,
andf=100 Hz, and are shown in Fig. 1. These experiments
also confirm the quality of our polycrystals, by showing a —A—B3
critical temperaturél -=9.2 K, and sharp superconducting - ' L L -
transitions, with typical width of 0.2 K. This value is consid- 0 ! 2 3 4 5
ered excellent for a polycrystalline sample. These measure- H [104 A/m]
ments also point out the strong shape effeci¢m). As can 2
be seen in Fig. 1, the lower the ratidR is, the larger the FIG. 2. dc magnetization loops as a function of the applied
shape effect is, evidenced for larger values of the modulus ahagnetic fieldvi(H,) at T=8 K. Sample identifications are listed
x'(T). in Table 1.

M [10* A/m]
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R R i=n L; being the self-inductance of thecircuit, while it contrib-
e ji=1 /0000000000 < utes to reduce the energy by a factarl J®%. So, after an
3 external field is applied, we seek for the circuit that decreases
5 the energy the most and set a current stépghere. The same
- ] s criterion is used next to choose either to increase the current
E at the same circuit by another stap, or instead putAl at
i 0 |2 some new circuit. In the last cagand in the general case
: when they are curents circulating in many circuits of the
0 sample, the energy cost to set a current step has an extra
E term coming from the mutual inductances of all other cur-
1 i=2n+m -1 3 rents:
L i OOO00000O0DOCX

/ i=n+m

FIG. 3. Sketch of the discretization of the cylinder used in the
model.

k#j

The mutual inductancell;; between the andj linear cir-

. . . cuits are calculated using the Neumann formulsee, for

be applied, in principle, to both type-1 and type-Il supercon-gyample Ref. 8 To avoid diverging self-inductances, we
ductors belowH; and H;, respectively, and also to good p5ye ysed a cutoff and calculated the self-inductance of a

conductors in a high-frequency applied magnetic field. jrcyit with radiusp from the mutual inductance between the
It is well known that supercurrents are induced in the.qnsjdered circuit and one with the same current at a radial
superconductors in response to variations of the applie ositionp + €. An appropriate choice for has been found to

magnetic field. For zero-field-cooled type-Il superconductor e e=0.78\R, whereAR is the radial separation between

in the Meissner state, in order to minimize the magnetic eNtvo consecutive circuits in the end faceSR=R/n).

ergy, these supercurrents completely shield the applied mag- The minimun enerav corresponding to a aiven value of
netic field inside the superconductor. This shielding occuri‘.rI nimu 9y ponding gven vau
t

he whol | : ¢ hi : h he applied magnetic field will be reached when it becomes
over the whole sample volume except for a thin surface she possible to further decrease the magnetic energy by setting
of thickness\ (the London penetration depthwhere super-

extra current steps. From the existing current profile, we can

currents flow. Our model simulates this process. It will en-gaqj optain the different magnitudes we are interested in.
able us to calculate the current distribution that shields thel’he magnetization, which has only axial directioh,, is

applied magnetic field, by finding at the currents that mim'calculated by using
mize the magnetic energy in the system. For simplicity, we

will assume thafn is negligible. In this approximation, the 1
calculated supercurrents flow only in the cylinder surfaces. M,=— iPiZ- (5)
We consider a cylindrical type-Il superconductor of ra- R2L 7T

dius R and lengthL with its axis in thez direction, in the . :

) ) L ~ The magnetic inductioB® could be computed from the cur-
presence of a uniform applied magnetic fitld=Haz. We  ont hrofiles using the Biot-Savart formulas. However, we
use cylindrical coordinateg(e,z). Owing to the symmetry ;s 5 simpler way, which allows the calculationBffrom
of the problem all shielding currents will have azimuthal e fiux. In our model, the total magnetic flux that threads

direction. We divide the superconducting cylinder surfacesy, circylar circuit(not necessarily those in the surfaces of
into a series of concentric circular circuits in which currentsthe superconductpran be easily calculated as

can flow, with no limitation in the value of current. We con-

sidern of such circuits in each one of the cylinder’s ends and D(p,2)=D%(p,2)+ D (p,2), (6)

m circuits in the lateral surfacésee Fig. 3. These linear

circuits are indexed, as seen in Fig. 3, from1 toi=2n  where the internal flux that threadg a&ircuit due to all the

+m-1. currents is@}zEijklk (the term of the self-inductances is
The method to obtain the current profile is the following. also included Then, the axial component of the total mag-

We start with a zero-field-coole@FC) superconductor and netic induction is simply

set an applied fieldH,. The magnetic flux that threads the

area closed by thiecircuit due to the external field is O(p+AR,2)—D(p,2)

B AR "

2= pomp?Ha, ) , ,
The radial componerB, (p,z) is calculated from the values
p; being the radius of thé circuit. The magnetic flux con- of the axial one, imposing the condition that the divergence

tributes with an energy that has to be counteracted by in®f B equals zero.

duced surface currents. A step of currexit that is set in Finally, if the external magnetic field is further increased,
somej circuit requires an energy the same procedure starts again from the present distribution
of current.
The values oh andm have been chosen sufficiently large
E-=1L-(AI)2 3) so that the results are independent of their particular value.
27 ' Typical values aren-m~7500—-10000. The computation
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FIG. 4. Initial susceptibility for diamagnetic cylinders of radius ~ FIG. 5. Theoretical sketch of the total magnetic field liefor
R and lengthL as a function of_L/R. Squares and circles are ex- three diamagnetic cylinders with length-to-radius ratié®=(a)
perimental data from ac and dc experiments performed on niobiurf-2, (b) 1, and(c) 10. The lines describe the field direction at every
cylinders, respectively. The line corresponds to our model calculaPoint, but the field strength is not given by the density of lines.
tion. Vertical error bars are smaller than symbol size.

Kini

(b) (©

VI. DISCUSSION

time for an initial curve in a personal Digital Workstation A. Effect of the demagnetizing fields

takes few minutes for anl/R ratio. The experimental and theoretical results can be under-
We would like to remark that, with the method describedstood from analyzing the effect of the demagnetizing fields.
here, we obtain the current distribution, field profiles, mag-in an unrealistic infinitely long sample, if the field is applied
netization, and all the other results without using any freealong its axis, shielding currents will flow only in the lateral
parameter. Only the direction of currents has to be knownsurface, with a constant value along the cylinder. This cre-
which is straightforward in this geometry. ates a spatially uniform magnetic field over the supercon-
ductor, which make8=0 inside. In finite samples, how-
ever, in the top and bottom end surfaces the tangential
V. COMPARISON OF EXPERIMENTAL magnetic field is not continuous and shielding currents are
AND THEORETICAL DATA also there induced. Hence these currents create an extra non-
) ) . uniform magnetic field over the lateral surface of the cylin-
_ In'Fig. 4 we compare the experimental values of the ini-ger 5o the currents flowing in this surface will not have a
tial magnetic susceptlbllltyim obtained from both dc and ac gnstant value. It is easily seéby a simple examination of
measurements, with those calculated from our mo.dgl., fofhe magnetic field created by each single current Jdbpt
different values ofL./R. The calculated values of the initial the effect that the demagnetizing fields produce in the lateral
slope are only function of the length-to-radius rdtiR. The  gyrface region is to enhance the local magnetic field. In this
agreement with the experimental data is then very satisfagsage, its total value is larger than the actual valukl of As
tory, confirming the validity of our theoretical approach. 5 yesult, higher values of current are necessary to shield the
Both experimental and calculated data indicate a strong inypplied magnetic field, yielding to larger values of both the
crease in the absolute value of the initial susceptibility whenyagnetization and the magnetic susceptibility. It is clear that
decreasing the cylinder aspect ratio. When the sample is Vefye thinner the sample is, the larger this effect occurs, which

large (for L>10R), the initial susceptibilityy;, approaches explains the increase ¢f| when decreasing/R.
the value predicted for infinite sampleg;,=—1. For

shorter samples, the magnetization gets larger in magnitude

for the same value of the applied magnetic field. We find that B. Field and current profiles

the general behavior of the dependencggfonL/R is well The previous discussions can be illustrated by studying
describedwith a departure of less than 1.5% from our cal- the distribution of the magnetic field in finite cylinders. In
culations by the approximate formula given by Brantt: Fig. 5 we show the calculated total magnetic inductofor

cylinders with three different values &f/R. The displayed
lines indicate the direction oB (tangential to the lines at
5, 8 . 4R3 L 2R each poin), although their densities do not reflect in general
x=—mRL—-ZR— ——tan) 1.25 2 In| 1+ —— the field strength. These results show that only in the case of
(8) the largesL/R ratio the magnetic field in the lateral surface
can be considered as basically having a congiaxial) di-
rection over the cylinder length. In the other two cases, the
The values of the initial slope calculated from our model aremagnetic field loses its main axial direction, gradually bend-
also compatible with those given by Chen, Brug, anding towards the axis at both cylinder ends.
Goldfarb' for cylinders withy = —1 with a maximum devia- In Fig. 6 we plot the calculated surface current density
tion of 1.0%. corresponding to th&/R=1 case. In both top and bottom
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FIG. 6. Theoretical values of the surface shielding curkefar 200t
the casd./R=1, as a function of radial and axial positiopgndz,
respectivelyK is normalized to the valuk, defined as the surface -400}
current value that would shield the same applied fidlg for an L/R=10
infinite sample, that isKo=H,. The left part of the figure corre- -600} ‘ . .
sponds to the current in the end surfaces of the cylikdgrsand 0 100 200 300 400
the right one to the current in the lateral surféGge,,. The arrows
mark the plateau of almost costant currésee text Ha [A/m]

FIG. 7. Theoretical contribution from the lateral and end sur-
ends of the cylinder, the strength of the shielding supercurfaces of diamagnetic cylinders to the magnetization, for the cases
rents flowing in the azimuthal direction gradually grois  L/R=0.2, 1, and 10. Dotted, dashed, and solid lines correspond to
absolute valuefrom a zero value over the axis to a diverging the contribution from the lateral surface, the contribution from the
behavior when reaching the cylinder edgfs divergence is end surfaces, and the total, respectively.
smoothed because of our discretization; in actual experi-
ments the nonzero value of makes also smooth values

The currents in the lateral surface are also stronger at thg,e mixed state. Within the critical-state model framework,
edges and their intensity decrease towards the center of ﬂfﬁe magnetization in the mixed state is known to be depen-

sample, where they have a roughly constant value over thgerlt on the particulad,(B) dependence of the sampfes.

playeau shown in '.:'g' 6. The extension of this plgtému This depends itself on factors such as the detailed micro-
defined as the region where the surface current differs less o :
than 5% with respect to the minimum value, located at thestructure of the sample. Thus samples with different micro-

centey is of about 70% of the total cylinder length, for structures may haye a differgnce distribution'pf pinning
L/R=10. This percentage decreases to 46 and 36% f0§trengths and chat!ons, which influences the critical current
L/R=1 andL/R=0.2, respectivelyfor clarity, Fig. 6 does and the magnetization. The samples we have measured were
not show the data for the caseR=0.2 and 10. This is in cut from two different cylinders, which explains why the
correspondence with the regions, shown in Fig. 5, where th¥ (Ha) loops for intermediate values df, are different.
magnetic field is almost constant. Besides, our calculationdNe systematic behavior observed in the initial susceptibility
show that the relative contribution of the currents in the enciespite using samples from different original pieces, sup-
surfaces to the magnetization increases by decreasing tif#@rts the generality of our results for any diamagnetic cylin-
cylinder thickness. The contributions of the lateral and theder.

end surfaces to the total magnetization are depicted in Fig. 7.

These results show that, whereas in a long sampleR (

=10) about 94% of the contribution to the superconductor VIl. CONCLUSIONS

magnetization comes from the lateral surface, this percentage

decreases to about 72 and 43%, fdR=1 andL/R=0.2, In this work we propose a model based on energy mini-
respectively. mization which allows the calculation of the magnetic re-

sponse for perfectly diamagnetic cylinders of any size with
high precision. The only assumption we have considered is
that the magnetic penetration depths negligible. We have

In the M(H,) experimental data, Fig. 2, the curves for experimentally verified the validity of this model by measur-
differentL/R show a systematic behavior in the first portion ing the low-field magnetic response of niobium cylinders
of the initial curve(region of interest There the shielding with different values for the length-to-radius ratio. We have
should be perfect. Nevertheless, the trend is not so clear falemonstrated both experimentally and theoretically that the
larger values of the applied magnetic field. In the middle parivalue of the initial susceptibility of zero-field-cooled type-Il
of the loop, it is known that bulk supercurrents penetrate intesuperconductor cylinders is a function of only the sample
the superconductor, which goes from the Meissner state taspect ratio, and calculated its value for a wide range of

C. Remarks about the generality of the results
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