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Order-parameter symmetries in high-temperature superconductors
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We present two representations of the order-parameter~OP! eigenfunctions for tetragonal cuprate supercon-
ductors, and for orthorhombic YBa2Cu3O72d and Bi2Sr2CaCu2O81d ~BSCCO!. Recent BSCCOc-axis twist
Josephson junction experiments of Liet al. demonstrate that the tunneling is strongly incoherent, and that the
OP contains an isotropics-wave component, but not anydx22y2-wave component. We propose ac-axis twist
tetracrystal ring experiment.
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Several developments have reopened the question o
symmetry of the order parameter~OP! in the high transition
temperature Tc superconductors.1–5 Although phase-
sensitive tricrystal experiments were interpreted in terms
an OP in YBa2Cu3O72d ~YBCO! dominated at low tempera
ture T by a dx22y2-wave component,6 other YBCO experi-
ments indicated a substantials-wave component,7 or even a
nodeless OP.4,5 c-axis Pb/Bi2Sr2CaCu2O81d ~BSCCO! Jo-
sephson demonstrated the existence of ans-wave OP com-
ponent in BSCCO at lowT.3

In BSCCO c-axis twist experiments, the critical curren
densitiesJc

J andJc
S of each twist junction and of the constitu

ent single crystals werethe same, regardless of twist angle
f0.1 As shown in the following, this implies that BSCCO
has strongly incoherentc-axis tunneling, and its OP contain
an isotropic s-wave component for T<Tc , but no
dx22y2-wave component.

The CuO2 plane bands cross the Fermi energyEF .8,9 The
crystal point group of a tetragonal CuO2 plane isC4v .10 The
group operations are the identityE, mirror reflectionssx ,sy

in theac,bc planes, respectively, mirror reflectionssd1 ,sd2

in the d1c,d2c planes containing the diagonalsd1 ,d2, re-
spectively, and rotationsC4

61, and C25C4
2 by 690° and

180° about thec axis, respectively.10 The bases of spin sin
glet functions belonging to the one-dimensional irreduci
representations ~IR’s! G of C4v are denoted us&,
udx22y2&, udxy&, and ugxy(x22y2)&. Under a given symmetry
operationOs , each functionu f & within a given basis satisfie
Osu f &5ls fu f &, wherels f is the corresponding group chara
ter or eigenvalue. Functions within the same basis arecom-
patible. Elements of different bases areincompatible.

We use two representations of the OP basis sets.
Fermi-surface~FS! restricted pairing~BCS! on a cylindrical
FS, the intralayer-paired quasiparticle momenta are
scribed byfk , wherekF5kF(cosfk ,sinfk). The OP basis
is then described using angular momentum quantum n
bers l. The respective four eigenfunction bases are rep
sented as a constant, cos(2fk), sin(2fk), and sin(4fk), each
multiplied by some function( l 50

` Alcos(4lfk), behaving as a
constant underC4v .
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For a tight-binding band structure, we use the real-sp
representation, in which the paired quasiparticles are loca
on distinct lattice sites, their separations along the Cu
bond directions counted by the quantum numbers (n,m).
The wave vectorsk5(kx ,ky) are within the first Brillouin
zone ~BZ! given by ukxu,ukyu<p/a. The respective four
eigenfunction bases are represented as a constant, coskxa)
2cos(kya), sin(kxa)sin(kya), and sin(kxa)sin(kya)@cos(kxa)
2cos(kya)#, each multiplied by some function
(n,m50

` Anmcos(nkxa)cos(mkya) with Anm5Amn , behaving as
a constant underC4v .

In orthorhombic YBCO, theb ~or y) axis is longer than
the a ~or x) axis. TheC2v

1 crystal point group of the CuO2
planes only allows the group operationsE, sx , sy , and
C2. The two allowable OP eigenfunctions denotedus
1dx22y2& and udxy1gxy(x22y2)& are listed for both represen
tations in Table I. In YBCO,s- and dx22y2-wave functions
are compatible.

In BSCCO, the orthorhombic axes are thediagonals
d1 (a) and d2 (b). The bc plane containing the periodic
lattice distortion Q forms a crystallographicsd2 mirror
plane.2,11 TheC2v

13 point group of the CuO2 planes allows the

TABLE I. Spin singlet OP eigenfunctions in the FS restricted~l!
and real space (n,m) representations, their IR notations, and ch
acter table for the orthorhombic point groupC2v

1 , appropriate for
YBCO.

IR OP sx ,sy

Eigenfunction (sa ,sb)

A1 us1dx22y2& 11

⇒
l

a01A2( l 51
` al cos(2lfk)

⇒
n,m

(n,m50
` anm cos(nkxa)cos(mkyb)

A2 udxy1gxy(x22y2)& -1

⇒
l

A2( l 51
` bl sin(2lfk)

⇒
n,m

(n,m51
` bnm sin(nkxa)sin(mkyb)
5913 ©2000 The American Physical Society



h

ac

I.

a-
t-

d

e

,

-

per-
g

ay-

d
ing

d

re

s

t

e

ht

4

n.

ed
d

t

5914 PRB 61BRIEF REPORTS
symmetry operationsE, sd2, and C2. The OP eigenfunc-
tions us1dxy& and udx22y21gxy(x22y2)& are represented bot
ways in Table II. In BSCCO,s- anddx22y2-wave OP func-
tions areincompatible.

The orthorhombic crystal symmetry requires the inter
tion for spin singlet pairing to have the form

l~k,k8!5(
i j

(
G5A1

A2

w iG~k!l i j ,Gw j G~k8!, ~1!

where eachw iG is a basis element from either Table I or I
An OP D(k,T)5( i 51

2 D i(T)w iAi
(k) with two incompatible

components arises when one elementw iAi
appears from each

IR basisAi , or l i j ,G5l i i ,Ai
d i j . The Ginzburg-Landau~GL!

free energyF0, from which theC numbersD i(T) can be
determined, is

F05(
i 51

2

F0i1euD1D2u21d Re~D1
2D2*

2!, ~2!

where F0i5a i uD i u21b i uD i u4 and a i(T)5a i0(T2Tci). In
weak coupling~BCS! theory, the bare transition temper
turesTci are obtained from thel i i ,Ai

, and the constants sa

isfy b i.0, e.d.0. AssumingTc1.Tc2, the S1 regime,
Tc2

, <T,Tc5Tc1, has uD1(T)uÞuD2(T)u50. In regime
S2, T,Tc2

, , both uD1uÞ0 and uD2uÞ0, and the OP is the
nodelessD11 iD2 state. Thisonly occurs below the secon
phase transition atTc2

, .
An OP having two compatible components arises wh

both basis elementsi , j 51,2 belong to thesameIR, Aa ,
where a is either 1 or 2. Then, l(k,k8)
5( i , j 51

2 w iAa
(k)l i j ,Aa

w jAa
(k8), where l i j ,Aa

5l j i ,Aa
. Di-

agonalizing l(k,k8), we obtain l̃(k,k8)
5( i 51

2 w̃ iAa
(k)l̃ i i ,Aa

w̃ iAa
(k8) and the OP eigenfunction

D(k,T)5( i 51
2 D i(T)w̃ iAa

(k). The GL free energyF1 then

acquires a term additional toF0, Eq. ~2!,

TABLE II. Spin singlet OP eigenfunctions in the FS restrict
~l! and real space (n,m) representations, their IR notations, an
character table for the orthorhombic point groupC2v

13 , appropriate

for BSCCO, wherekd1a5 k̃x1 k̃y andkd2b5 k̃x2 k̃y . k̃x and k̃y are
dimensionless coefficients of the appropriate basis vectors of
reciprocal lattice, which point along the Cu-O bond directions.

IR OP sd2

Eigenfunction (sb)

A1 us1dxy& 11

⇒
l

a01A2( l 51
` al cos@2l(fk2p/4)#

⇒
n,m

(n,m50
` anm cos(nkd1a)cos(mkd2b)

A2 udx22y21gxy(x22y2)& -1

⇒
l

A2( l 51
` bl sin@2l(fk2p/4)#

⇒
n,m

(n,m50
` bnm sin(nkd1a)sin(mkd2b)
-

n

F15F01Re~D1D2* !(
i 51

2

m i uD i u2. ~3!

The compatible OP components mix intwo ways. First,
the original basis functionsw iAa

(k) mix via the linear trans-

formation which diagonalizesl(k,k8). Second, the sub
dominant OPD2 is coupled toD1 just belowTc5Tc1 via the
m1 term. Depending upon the sign ofm1, the phases ofD2
and D1 differ by 0 or p, and uD2(T)u}uD1(T)u3}(Tc
2T)3/2 just belowTc . This modifies the relativeT depen-
dences ofD1 ,D2 in the ‘‘D11D2’’ state. Both mixings occur
withouta second phase transition. Thus, thek dependence of
D(k,T) changes smoothly withT.13

We now consider the case of a high-temperature su
conducting~HTSC! Josephson junction formed by twistin
bicrystal halves an anglef0 about thec axis, as pictured in
Fig. 1 of Ref. 14. For weak tunneling between adjacent l
ers n and n8, Jc

i 5u4eT(v^ f i(k2k8)Fn(k i)Fn8(k i8)&nùn8u
for i 5J,S, wherekS5k, kS85k8, but kJ5k1 and kJ85k28
are rotated by6f0/2 about thec-axis, respectively.̂ ••
•&nùn8 is an integral over the overlapping first BZs, an
f i(q) is the spatial average of the quasiparticle tunnel
matrix element squared.14 For Jc

i to O( f i), Fn5Dn /@v2

1jn
21uDnu2#, etc., wherev is a Matsubara frequency, an

the quasiparticle dispersionsjn and OPsDn are independent
of f i . In this limit, Bloch’s theorem and group theory requi
each component of theDn(k i ,T) and theDn8(k i8 ,T) to lock
onto the local Cu-O bond orientation. Thus,Dn(k,T)
5( j 51

2 Dn j(T)w jA j
(k) for two incompatible OP component

on thenth layer. Althoughf i(q) can contain both coheren
(q50) and incoherent (q arbitrary! parts, for purely incoher-
ent tunneling~AB!, f i(q)5 f 0

i , ^Fn&5^Fn8&, and eachJc
i

50, exceptfor an s-wave OP, projecting out its FS averag
nearTc .12

If the FS were cylindrical andf J(q) were coherent, then
the twist experiments would infer an isotropics-wave OP.
However, this scenario is unlikely, since the FS is tig

FIG. 1. Plot ofI c(f0)/I c(0) for the case considered in Ref. 1
of a dominantdx22y2-wave and subdominantdxy-wave OP, the rela-
tive amounts varying with layer index away from the twist junctio
The parameters for these curves areTc2 /Tc50.2, Tc2

, /Tc

50.1304,e/6b50.5, d/6b50.1, and the curves forhd5hd850.1
and hd5hd850.001 are indicated. Curves fort5T/Tc

50.99,0.9,0.5 are presented.
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binding.8,9,13 The dominant coherent tunneling processes
volve quasiparticle states near the FSs on each side o
junction. For both the BCS and most strong coupling mod
Dn50, except for a narrow region of the BZ near the F
Since the intersection of tight-binding FSs twisted6f0/2
about thec axis is vanishingly small,c-axis twisting reduces
such coherent processes, causingJc

J(f0)/Jc
J(0) to be largest

for f050,90°, even for an isotropics-wave OP. The twist
experiments thus imply strongly incoherent tunneling.1

Previously, we investigated whether in the GL regim
tunneling to higher order in thef i might allow a dominant
dx22y2-wave OP to twist, by locally mixing in a subdomina
s- and/ordxy-wave OP component by the proximity effec
thereby compensating for the junction twist.14 We found that
such OP proximity twisting is possible, allowingJc

J(f0)
Þ0 for all f0. However, the amplitude of thedxy OP com-
ponent is very small forT@Tc2

, , andTc2
, must be so low as

to be unobservable. Also, the proximity effect locally su
presses the dominant OP component, reducingJc

J(f0) for
f0Þ0.

The amplitude of thedxy OP component is determine
somewhat by the ratioT/Tc2

, , but mostly by thed-wave
Josephson coupling strengthshd8 and hd obtained from the
^ f i(k2k8)w jA j

(k i)w j 8Aj 8
(k i8)&nùn8 with j , j 851,2 atEF for

i 5J,S, respectively. The weaker thehd8 , the lower theT at
which OP twisting can partially compensate for the juncti
twist. For Tc2 /Tc50.2 and strong (hd5hd851) coupling,
we found a small but finiteJc

J(45°) at t5T/Tc50.7. How-
ever, reducinghd8 to 0.01 withhd51 dramatically reduced
Jc

J(45°) at t50.7.14

Moreover, since BSCCO is highly anisotropic,2,3 we have
recalculatedJc

J(f0)/Jc
J(0) for hd5hd850.1,0.001, and plot-

ted the results fort50.5,0.9,0.99 in Fig. 1. Forhd50.1,
these effects are small but clearly visible. Forhd50.001, the
suppression of the dominantdx22y2-wave OP componen
would be noticeable only very close toTc . For T below the
fluctuation regime, Jc

J(f0)/Jc
J(0)'ucos(2f0)u. Clearly,

d-wave OP twistingcannotexplain the twist experiments.1

We therefore consider only one OP eigenfunction c
structed fromcompatiblefunctions. A full calculation in the
real space representation will be presented elsewhere.16 In
the FS restricted representation,f J(q) contains coheren
uJu2d (2)(k2k8) and incoherent ( l 50

` f l0cos@l(fk2fk8)#
parts.14,15 For either YBCO or BSCCO, when the OP eige
functions belong to the same IR,A1 or A2 in Tables I and II,
Jc

J(f0)/Jc
J(0) is the same. Just belowTc , the integrals can

be performed exactly. Since the single crystal and twist ju
tions are chemically identical, with identicalc-axis spacings,
we takeuJu2 and thef l0 to be independent off0.1,2,11 We
define h0

inc5em2f 00/(4Tc) and h l5 f l0 / f 00

1CuJu2/(m f00Tc) for l>0, whereC57z(3)/(2p5) and m
is the planar effective mass. We note thath2}hd8 in Fig. 1.
We find

Jc
J~f0!/h0

inc5Ua01(
l 51

`

a l cos~2lf0!U, ~4!

where for l>1, a l5h2lal
2 ,h2lbl

2 for the A1 ,A2 states, re-
spectively. Theal andbl are the OP eigenfunction expansio
-
he
s,
.

-

-

-

coefficients in the FS restricted representation in Tables I
II. Most important,a05a0

2(11h0) can be finite for theA1

states, but for theA2 states,a050!
For pure l-wave states,Jc

J(f0)/Jc
J(0)5ucos(lf0)u, as

shown for l 50,1,2 in Fig. 4 of Ref. 1. For an isotropic (l
50) s-wave state,Jc

J(f0)/Jc
J(0)51, consistent with the

data.1 The other purel-wave states have somef0* at which
Jc

J(f0* )50. For l 52, f0* 545°, and for l 54, f0*
522.5°,67.5°. Including higherl compatible components
will not change these qualitative results. As shown in Fig.
anA2 state always has somef0* at whichJc

J(f0* )50. If the
isotropic component of anA1 state were nearly negligible
then Jc

J(f0)/Jc
J(0) could also be highly anisotropic. Othe

wise, anA1 state gives the least anisotropicJc
J(f0) behavior.

Thus, the observationJc
J(f0)/Jc

S51 at and belowTc in
BSCCO isprima facieevidence that the dominant OP isus
1dxy&, with an isotropic component.1

In addition, if the tunneling across the twist and intrins
junctions were equal and purely incoherent, (f l0→0 for l
Þ0), then the udx22y21gxy(x22y2)& state would have
Jc

J(f0)5Jc
S50;f0, and the us1dxy& state would have

Jc
J(f0)/Jc

S51, as observed, provided that it had an isotro
s-wave component.1 An example of an OP consistent wit
many experiments is the ‘‘extendeds-wave’’ OP,
$@cos(kxa)2cos(kya)#21e2%1/2, which is expandable as a te
tragonals-wave function with near nodes fore!1. Although
the c-axis tunneling in BSCCO must be strongly incohere
it need not be purely incoherent. If it is not purely incohe
ent, however, then the OP must be isotropic.

Since the c-axis twist and tricrystal experiments ar
incompatible,1,6 we propose an experiment to settle the iss
The new geometry is the tetracrystal ring shown in Fig. 3
single crystal of BSCCO is cleaved twice into three piec
shown as dark, medium, and light. The medium piece is
into two equally thick pieces, which are placed across
dark crystal, forming anglesf12 andf23. The light crystal is
then placed atop the medium ones, forming a straight (0°
180°) anglef34 with one of them, andf4156f31 with the
other, the sign depending uponf34. Then, the entire trian-
gular ring is fused together.

FIG. 2. Plots ofuA1cos(2f0)1Bcos(4f0)u/u11A1Bu, along with
theA,B values, of the lowestl contributions toJc

J(f0)/Jc
J(0) in Eq.

~4!. Upper two curves:A1 states. Lower three curves:A2 states.
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One calculates theI c(f i j ) for each OP eigenfunction
WheneverI c(f0* )50, I c changes sign atf0* , and I c,0
implies ap junction. The phase of a single junction can
chosen to minimize the free energy, thereby changingI c to
uI cu whenI c,0. But, for the tetracrystal, the relative junctio
phases are fixed by the loop.

The equations for a ring ofab-planar junctions also apply

FIG. 3. Proposed configuration of ac-axis version of the tric-
rystal ring experiment. Dark crystal: bottom. Light crystal: top. M
dium shading: equal thickness crystals. Arrows indicate the di
tion of a given single crystal axis.
N.
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to a ring of c-axis junctions.6 The self-inductanceL should
satisfy the requirementb5LI c

J/F0@1 with large single
crystals, whereI c

J is the minimum junction critical curren
value.17 However, for high flux detector sensitivity, the are
inside the ring should be sufficiently small. If thes-wave OP
component dominates, there would be nop junctions in the
ring, and integral multiples of the flux quantumF05hc/2e
would be trapped inside. However, if thedx22y2 OP compo-
nent dominates, then if all threef i j satisfy cos(2fij),0 ~as
in an equilateral triangle!, the ring would contain an odd
number ofp junctions, trapping half-integral multiples o
F0. Other OP scenarios can be studied by varying thef i j .

Thus, thec-axis twist experiments provide strong ev
dence that the OP isus1dxy&, with a nonvanishing isotropic
component, and that thec-axis tunneling is strongly incoher
ent. In addition, either the OP is isotropic or thec-axis tun-
neling is purely incoherent, as in AB.12 We propose ac-axis
tetracrystal experiment to settle the conflict with the tricry
tal experiment.
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