
PHYSICAL REVIEW B 1 MARCH 2000-IVOLUME 61, NUMBER 9
Level broadening and quantum interference effects in insulators
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We study quantum interference effects in the context of the Nguyen-Spivak-Shklovskii~NSS! model in-
cluding level broadening due to inelastic events. Improving on a recent mean-field approach, we incorporate
path correlations and study both the log-conductance and its fluctuations. In contrast with mean field, we find
that all changes in the conductance, due to broadening, implycorrections to the localization length. Further-
more, the change in the magnetoconductance sign, predicted by mean field, is not borne out by direct solution
of the NSS model within reasonable broadening parameters. We compute a phase diagram for the magneto-
conductance in the broadening parameter space and propose a replica theory for weak inelastic events.
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The effects of inelastic events on quantum interference
insulators was recently addressed within the independ
path approximation1 by Entin-Wohlman, Levinson, and
Aronov ~ELA!.2 Phonons are introduced by adding an ima
nary part in the off-resonant local energies. ELA report
surprising conclusion that level broadening can bring abo
change of sign in the magneto conductance~MC! depending
on the relation between broadening width and level avera
They also find that the sign of the MC may be temperat
dependent. Such behaviors are important in determining
ferent experimental regimes as a function of temperat
disorder, and magnetic field strength. For example, does
reported change in the MC preempt wave function shrink
producing the same effect?

The shortcoming of the ELA approach, addressed her
the exclusion of path correlations permitting proper accou
ing of localization length effects.3,4 By correlation we mean
path sections shared by different electron paths on the la
or path intersections. Such effects should become more
portant as temperature decreases and hops become l
ranged. Path correlations are also unaccounted for by
minimal three-site Holstein model as different paths do
overlap. It is then worthwhile to ask whether the predict
changes in the MC sign survive proper account of path c
relations, and if so, are they amplitude effects or exponen
changes in the conductance?4,5

We have assessed this question by numerically solv
the Nguyen, Spivak, and Shklovskii~NSS! model of quan-
tum interference effects.6 At weak phonon scattering an
zero field, we find a small exponential enhancement of
conductance as opposed to the prefactor effect predicte
Ref. 2. When a magnetic field is applied, regions of posit
and negative MC are found. Nevertheless, negative MC
gions only occur for unreasonably large broadening, a
should rule them out in experiments. We also inquire into
conductance fluctuations and find that they continuously
crease, as broadening increases, until a saturation se
Finally, we propose a replica analysis, including path cor
lations, to justify some of the features described above
weak broadening.
PRB 610163-1829/2000/61~9!/5850~4!/$15.00
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To study quantum interference~QI! processes for a single
electron hop in the insulating regime, the NSS model pla
the impurities on the sites of a regular lattice. The initial a
final sites for the hop are chosen at the edges of a square
overall tunneling amplitude is computed by summing
~virtual! paths between the two points, each contributing
appropriate quantum mechanical complex weight.6,7 These
weights are obtained from an Anderson tight-binding Ham
tonian with on-site energies taking random values from
symmetric distribution of widthW and hopping matrix ele-
mentsV. To describe strong localization, the Anderson p
rameter is taken to be much smaller than one (V/W!1),6

which consequently favors forward-scattering paths. The
fective hopping matrix element is computed using a loca
expansion.8

To add inelastic events at intermediate sites, we cons
that local energies are broadened so thate i G

5e11 i e2.2 Ne-
glecting backscattering and for paths of lengtht, the overlap
amplitude ~Green’s function! between the initial and fina
sites is given by

^ i uG~E!u f &5VS V

WD t

J~ t !, J~ t !5(
G

eifG)
i G

h i G
, ~1!

wherefG is the phase picked up on the directed pathG and
u i &,u f & the initial and final sites, respectively. The interfe
ence information is captured by the functionJ(t), while the
factor (V/W) t is the leading contribution to the expecte
exponential decay of the localized wavefunction. In Ref
the interference term has the form) i G

h i G
5 j r1 i j i , where

the j r ,i are uncorrelated. We take the broadening model
erally, so strictly speaking one should use

h i G
5

g1 i e2 /W

11~e2 /W!2
, ~2!

whereg5e1 /W takes values61 on the bonds with equa
probability. This choice correlates real and imaginary pa
in the expression for the overlap amplitude on the bonds.
imaginary part of the local energy levels,e2, is chosen from
a flatop distribution with a finite positive mean. The width
5850 ©2000 The American Physical Society
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the flatop,De2, is such thate2 remains positive definite. The
level average should also be smaller than the energy di
ence to the Fermi level so that in summaryDe2/2<^e2&
!W. We have setW51 in the numerics. For any particula
realization of randomness, all paths and their correlations
evolved using the transfer matrix algorithm.4

We performed extensive transfer matrix computations
the two-dimensional NSS model using Eqs.~1! and 2. Lattice
sizes of up tot5600 and 2000 realizations of randomne
were typically used. The magnetic field only changes
phase of hopping electrons in the model.

At zero field, we find that a small amount of level broa
ening enhances conductanceexponentially, i.e., changes in
the slope of loguJu2, which increase linearly with sizet. Fig-
ure 1 shows the difference between the log-conductanc
finite and zero broadening~at De250.1 fixed!. The dotted
line represents the zero broadening reference. At^e2&
50.05 ~full circles! the conductance is enhanced for all sy
tem sizes shown. As one sweeps through^e2&50.07520.1
~full squares and up triangles!, the conductance is still in
creased but less so, as compared to 0.05. Finally bey
^e2&50.1 ~full up triangles!, the conductance decrease
Note that there is a size dependence, i.e., for^e2&50.15 we
observe an enhanced conductance fort,100, while above,
the conductance is reduced. The value of system sizet for
which the crossover occurs decreases as^e2& increases. The
inset of Fig. 1 shows a followup of the conductance seque
for a fixed value oft. As explained by ELA, the increase i
the conductance is due to the fact that, at zero field and
broadening, randomly signed paths result in an interfere
minimum. Any small added phase due to broadening of
field, will result in increasing the transmission.

The fluctuations, on the other hand, exhibit a monoto
reduction in the same range described above, as depicte
Fig. 2. The inset in the figure shows theV ar(lnuJu2) as a
function of system size, for increasing values of the aver

FIG. 1. The figure shows the change in log-conductance a
function of system size for different values of the broadening av
age, De250.1 and B50. The linear dependence evidenc
asymptotic exponential changes in the conductance implying
rection to the localization length. Arrows indicate sequence
curves. The inset shows the data for a fixed sizet5300. The con-
ductance is first enhanced and then reduced by level broadeni
r-

re

r

e

at

-

nd
.

ce

o
ce
e

e
in

e

broadening. Further increase of level broadening results
continuously decreasing conductance while, concurren
the conductance fluctuations decreaseuntil a saturation is
reached at around̂e2&50.5. Phase memory is only lost i
such saturation range. Before that, the system still respo
to the magnetic field.

Figure 3 shows the phase diagram for the sign of the M
in broadening parameter space. The first region~region I!
corresponds to a positive MC. This region extends furt
than the enhancement region atB50 ~see Fig. 1!. In region
II, the MC is negative. In both ranges the conductan
changes are exponential~Fig. 3 inset!, implying a change in
the localization lengthj, i.e., first an increase then a decrea
in j. We note that the broadening is already very stro

a
r-

r-
f

.

FIG. 2. Change of the fluctuations of lnuJu2 as a function of the
average broadening for the same parameters of Fig. 1. The vari
exhibits only a monotone decay as a function of^e2&, in agreement
with the behavior of path intersections in the replica argument~see
text!. The inset shows the variance as a function of system sizet.

FIG. 3. Phase diagram showing the two MC regimes as a fu
tion of level broadening in the physical parameter range. Thedot-
dashedcurve, separating the phases, is drawn as a guide to the
Points above~below! the curve denote negative MC~positive MC!
conductance regions found numerically. The hatched region co
sponds toDe2/2.^e2&. The inset shows evidence of exponent
corrections to the conductance for1MC and 2MC regimes
~curves above and below dotted line, respectively!.
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5852 PRB 61BRIEF REPORTS
(^e2&;W51 in simulations! when one enters the negativ
MC region. This would imply level widths so large that on
would no longer be in the insulating state. Consequently,
believe the limit of negative MC, predicted by mean field,
never reached in experimental conditions.

As expected, the response to the field gets weake
broadening is increased within region I. This is manifest b
in the log-conductance and its fluctuations. In region
while the MC is negative, there is no change in the fluct
tions within the error bars~and within physical paramete
range!. The border of region I coincides with the rando
phase limit studied in Ref. 4. It is only in this limit that w
obtain the unitary symmetry in the presence of path corr
tions. We note that, in the region where there is a nega
MC, the fluctuations, again, decrease sharply with broad
ing ~after having saturated for 0.5,e2,1). Nevertheless, the
fluctuations now increase with the field in correlation w
the log-conductance.

We now present a replica argument accounting for
observed numerical results. The correspondence betw
discrete and continuum replica arguments has been de
oped in previous papers9,4 and will only briefly be accounted
here.

The quantityJ is a sum of all single paths between th
initial and final impurities. As we have complex numbers
the bonds of the lattice model, we must consider the m
ments^(JJ* )n&) corresponding to the characteristic functio
exp(n lnuJu2). To distinguish between paths fromJ andJ* we
label them as forward (J) or backward (J* ) propagating in
‘‘time.’’ The moment ^(JJ* )& will represent all paths pairs
one fromJ and one fromJ* going between the initial and
final impurities. To analyze the averages over disorder,
focus on the bonds, which carry independent rand
variables.9

If a single path crosses a bond, the contribution from t
bond after averaging is given bŷh&5^(g1 i e2 /W)/(1
1(e2 /W)2)&. Hereg561 with equal probability according
to the NSS model. The brackets^•&, denote both averag
over6 disorder and broadening. This quantity is strictly le
than one in absolute value. Crossing of different sets ot
bonds for each term in̂JJ* & has the form^h& t^h* & t and
implies an exponential decay with the length of the syste
On the other hand, iftwo pathscross a particular bond~pair-
ing!, there are three possibilities;̂hh&5^h* h* & and
^hh* &. The first of these averages involves either two f
ward or backward paths propagating together~crossing the
same bond!. These we labelcharged pathsbecause they are
field sensitive. On the other hand the second expression
volves one forward and one backward path propagating
gether. The latter we label asneutral pathsand do not re-
spond to the field.

Neutral paths make the largest contribution to^(JJ* )n&,
decaying much slower with lengtht than charged paths. Fur
thermore, for small level broadening (^e2&,,1), both neu-
tral and charged paths decay much slower than single,
paired, paths. As in the analysis of Ref. 4, averaging t
encouragespaths pairing.10

Averaging implies combinatorial interactions betwe
path pairs. In the absence of broadening, there is a comb
torial attraction factor of three per intersection. As neut
paths decay much slower than charged paths they will g
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the dominant contribution. Nevertheless, charged paths
occur for short lengths in between two neutral path inters
tions. The multiplicity is then 4̂hh* &1(^hh&1^h* h* &).
When broadening is zerôhh* &51 and ^hh&5^h* h* &
51 so we have a factor of six~three per crossing!, while if
broadening is nonzero the charged terms decrease more
idly than their neutral counterparts, and the effective attr
tion is reduced.

In order to obtain analytical expressions we go to t
continuum limit, where discrete paths are seen as world li
of bosons with contact interactions.9 In the continuum, the
presence of broadening results in

^ lnuJ~ t !u2&5~ ln 21 ln^hh* &2r!t,

C3~ lnuJ~ t !u2!56rt. ~3!

C3(lnuJ(t)u2) denotes the third cummulant of the argume
the leading measure of fluctuations to order oft, and r is
proportional to the attraction factor between paths~or multi-
plicity discussed above4!. With the previous expressions i
mind, we can explain the features described previously;
~3! implies a monotonous decay, with broadening para
eters, of the path interactions~or r in continuum theory!.
This results in a monotonous decay of the fluctuations
cording toC3(lnuJ(t)u2). This is indeed what is observed i
the transfer matrix studies~see Fig. 2! up to ^e2&51.

In order to simultaneously explain the initial increase a
then decrease of the log-conductance, we must take into
count the term ln̂hh* & in Eq. ~3!. Such a term gets reduce
continuously with broadening. Nevertheless, at small bro
ening the reduction ofr is strong winning over ln̂hh* & and
thus increasing lnuJu2. At larger broadening the reduction ofr
begins to saturate~see Fig. 2! and the term ln̂hh* & domi-
nates, reducing the conductance monotonically. Although
mapping between the discrete model and the continuum d
not permit derivingr explicitly we have plotted Eq.~3! for
^ lnuJ(t)u2& with one free parameter, i.e., takingr
5C(4^hh* &1(^hh&1^h* h* &)). Using W51 and fixing
De250.1 we obtain Fig. 4. Although the agreement is n

FIG. 4. Interplay between local and global~path interaction!
contributions, according to replicas, giving the conductance
hancement with broadening. As explained in the text, the figure
a single adjustable parameter for the behavior ofr in Eq. ~3!. We
have takenW51 andt5300 as in Fig. 1.
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PRB 61 5853BRIEF REPORTS
quantitative the interplay between intersections and the lo
contribution explained above is borne out. The replica
proach outlined here takes only the leading contribution
suming that neutral paths go together always except, o
briefly, at intersections.

Regarding the field dependence, previous rep
arguments4 have shown that the field couples through tw
consecutive path intersections~bubble diagram!. The inter-
section now has the form 4^hh* &1(^hh&exp(2if)
1^h*h* &exp(22if))54^hh* &12^hh&cos(2f), where f is
the flux enclosed by the diagram. As the field increases,
any fixed broadening, the attraction is reduced (cosf gets
smaller as f increases, increasing lnuJu2 and reducing
V ar(lnuJu2) @see Eq.~3!#.

We have not been able to explain, through replicas,
change in the MC sign for large broadening. Although t
parameter range in which it occurs is unphysical, it implie
change in the localization length~according to numerics! and
should be related to the path crossings.

In conclusion, we have studied the effects of level bro
ening on the NSS model for quantum coherence in
strongly localized regime. Our approach in contrast with t
of ELA, includes path correlations and takes the level bro
ening model literally. We found that path correlations tu
amplitude effects, implied by mean field, into exponent
effects, suggesting important corrections to the localizat
length. Furthermore, we find that fluctuations always get
duced by broadening in a nontrivial way.
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With the tools of replica theory we are able to explain t
above features in terms of an interplay between reduction
the effective path interactions and the local bond average
to broadening. The effective path interaction always d
creases and governs the fluctuations. The log-conducta
depends both on the path interactions and local bond a
ageŝ hh* &. Departing from Eq.~3! one identifies a localj0
and a global~interference! jg contribution to the localization
length4

j0
2152 ln

W

A2^hh* &V
, ~4!

jg
215r. ~5!

Obviously, the phonon model used here is the simplest p
sible approach and does not consistently describe con
with a thermal reservoir. Such a consistent model, preserv
unitarity, would involve absorption and re-injection of pro
ability amplitude as done by Entin-Wohlmanet al.11 in the
context of the Holstein model and D’Amato and Pastawsk12

for one-dimensional systems. Work in this direction is
progress.
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