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Generalized Wannier function method for photonic crystals
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The concept of generalized Wannier functions, adopted from the electronic theory of solids, is used to build
a localized representation of electromagnetic waves in dielectric materials. For two-dimensional photonic
crystals, we demonstrate the existence of such a localized state basis, and we establish an efficient computa-
tional method, allowing a tight-binding-like parameter free modelization of any dielectric structure deviating
from periodicity. Numerical simulations of a T-shaped photonic crystal waveguide prove its ability to deal with
large-scale systems and complex structures.

Over the past few years much effort has been devoted tBloch fields and frequencies of a periodic structure taken as
the study of the propagation of electromagnéB®/) waves a reference system. The calculation strategy goes as follows:
in periodic dielectric structures. The possibility of creating,in a first stage a TB empirical parametrization of the band
under favorable circumstances, frequency ranges for whicftructure of this reference system is performed. Together

EM wave propagation is forbidden has attracted much theowith the Bloch functions already determined, it then allows

retical and experimental attention’ The study of localized Itggic(za%rlgtxﬁ;%gr?ljrégiio\:l\/%?ntlﬁé ];Lé?:rté%rlse Z];/st?:mpgzralr?dtl)z
or ex'tended defectg In the;e photonlc.band @.@ G m:_:lte- characterized by calculating explicitly and without any addi-
rials is now becoming a field of growing activity owing to

th tential licati f th turbed struct : thtional assumption all the relevant matrix elements in this
€ potential applications ot tnese perturbed Sructures In ;i - The determination of the corresponding perturbed

realization qfh|gh-quahty wavegmdes_ ormmrocawtf’eﬁhg eigenmodes can then finally be obtained by employing a
next step will be the development of integrated photonic degeen's-function-based technique or a TB formalism
vices which will require_modelization techniques to dealcoupled with a supercell method which is more competitive
with very large systems. From a theoretical point of view theggy large-scale simulations.

plane-wave methodPWM) has been largely used to calcu-  Once the basis states are determined, this method can deal
late the band structures and defect modes in photonic crysvith any dielectric structure within a ‘“first-principles”
tals. Much less attention has been given to the possibility ocheme. This approach differs fundamentally from the mixed
an expansion of the EM wave field on localized functions inTB-plane-wave empirical framework recently proposed by
a similar way to the tight-bindindTB) description of the Lidorikis et al°for the treatment of 2D PBG structures with
electron states in solids. Since the approach uses small setshigh dielectric contrast. The homogeneous and localized
of basis functions, the computational effort is smaller thannature of the basis states used here avoids all the complica-
that required by methods based on plane waves. It then alions arising from the coupling between localized and ex-
lows one to consider complex systems with large unit cell§ended states. Furthermore, the nonempirical modelizatio_n of
where plane-wave methods come to their limits of appncaperturbatmns adopted here allows us to dgal Wlth afar Wlde_r
bility. However, the essence of this approach, and its efficlass of defects such as changes in the dielectric constant in

ciency to modelize complex systems, relies on the existence®Me units, where an empirical scheme appears difficult to
of localized basis states. Unlike the electron case wher@PP!Y- _ _ _

atomic orbitals localized on individual atoms constitute a 1 hiS photonic version of the TB method will now be pre-
natural basis, in the case of light propagating in a dielectriGentéd by studying a model S}’Stéht consists of a periodic
material only scattering extended states can be associat8ay of infinitely long d|elgctr|c rod§ whose vertical axes are
with the individual scattering centers. Thus the extension off@yed on a square lattice of lattice constentrhe rods
the TB method to PBG materials appears not to be trivialhave a dielectric constant of 11.56, a radius otio2nd are
We will contend ourselves here to its implementation in theBmbedded in vacuum. As in Refs. 10 and 11, we will limit
two-dimensional(2D) case, where one can get rid of the ourse]ve_s here to a study of the.propagatlon of. waves with
complications arising from the vectorial nature of the wave€lectric field parallel to the rod axigM waves. This work-
field while keeping the basic features of the problem. In thidnd model is sufficiently standard to ensure that no concep-
paper we demonstrate that a set of localized basis states 4§& nor numerical difficulties should be expected when deal-
sociated with a periodic 2D photonic crystal exists and cari"d With others different 2D problems. o
be constructed. We then establish an efficient computational Considering first the fully periodic structure, which is

procedure allowing large-scale simulations on complex PBGaken as the reference system, the scalar wave equation
obeyed by the electric field can be written as

structures.
Our work is rooted to the concept of generalized Wannier 2(k)
functions whose construction is performed in photonic crys- (—VE, (k,r)=¢ (r)w“_E (K,r) (1)
. . . . n ’ p 2 n ’ ’
tals. This construction only requires a prior knowledge of the c
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whereg (r) stands for the dielectric function of the periodic 10— I -
medium. A band index and a 2D vectok lying in the first 0.9 — °oo OOX\T
Brillouin zone have been used to label the band modes ~o ————oatpeasenis
E,(k,r) and their associated frequenay (k). 0.8+ ° e N 3>
These band modes have to first be calculated bylan 0.74 oo ® © S e i
initio method. With the PWM, 441 plane waves were amply ¢ & ) °°
sufficient to ensure a good convergence for the low- (E‘; 0.6 e
frequency bands of interest and their associated Bloch fields. ~ 0.5- °%s
These latter are then orthonormalized on the 2D crystal sur- '8 0.4
face as al
0.3
* ’ 2 M
LEn(k,r)sp(r)En,(k 1) AT =6p .kt - (2 0.2
0.1
In the present work we are interested in modes whose 0.0
frequencies lie in the vicinity of the first gap, between the M r X M

first two bands. A convenient localized basis for their expan-
sion is_, then qbtained by constructing the Wannigr functions_Ool d of dielectric rods(s=11.6 with radius 0.2l. Solid lines
?;:ggla'}'iisglt\r/‘v:ngnrigl:guﬁ];:tti)gr?gsc:;rgtubaetecgagsitf?:; f;i?:léfgi(r:\ orrespond to numerical results from the PWM, while circles cor-
s . - r%spond to a TB fit. Only the lower-frequency region which is rel-
to the irreducible representations of the square grouR, -+ for the present study is shown
(Cay).X2 We have found that eight functions per lattice site '
are sufficient to obtain a good description: two functions
with symmetryA, (s type), four functions with symmetriz
(two py types and twg, types, one function with symmetry
B,(dy2.y2 type), and one function with symmetry
B,(d,y type). Since they are unitary transforms of the Bloch
functions, the Wannier functions obey the orthonormality
condition

FIG. 1. TM photonic band structure of a 2D square lattice-

with that obtained by the PWM. The agreement between the
two calculations is quite good for the lowest-frequency
bands. Because of our limitation to first-neighbor interac-
tions, the quality of the fit slightly decreases with increasing
frequency. However, it will be shown that this worsening
does not seriously affect the determination of the defect
modes in which we are interested. The basis functions in-
volved in this TB parametrization procedure can then be ef-
fa’,;(r—R)sp(r)am,(r—R’)d2r= SmmOr.r'» (3)  fectively constructed by performing two successive unitary
S transformations on the Bloch waves already calculated by
where an indexn=1,8 has been used to label the functionsthe PWM. Generalized Bloch functions are first defined for

centered at lattice sitR. A TB-like parametrization of the €achk in the BZ zone by taking linear combinations of the

bands can then be performed. Writing Eg). in this basis, it  Bloch functions as
is found that the operatd = — V2 has to satisfy the follow-

ing eigenvalue equation: <I>m(k,r)=; U* (KE(K,r), @)
wp(k)
2 O iy (K)Uprn(K) = ——5—Umn(k), (4 where the unitary 88 matrix U, (k) is formed by the or-
m ¢ thonormalized eigenvectors obtained in solving &). Then
whereU (k) are the eigenvectors. Here the Wannier functions are obtained by Fourier transforming

these generalized Bloch functiods,(k,r),
mm,(k)=; e”“Rf ax(r)(—V3ay, (r—R)d?r. (5)

1 .
am(r—R)=\/—_E e KR (k,r), )
The matrix representation of this operator is obtained by Nk

using the standard Slater-Koster method. The symmetr

properties of the basis functions allow tkelependent terms . . .
§ymmetry considerations allow the summation to be re-

Omm (k) to be expressed in terms of a reduced number o tricted to the irreducible wedge of the BZ. B/Avectors in

integrals. These are then considered as free parameters in the . X
: . his reduced zone have been considered. An idea of the lo-
procedure where the solutioif$ of the determinantal 88

equation calizatipn of the resulting Wannier func_:tions can be infe(red
' from Fig. 2, where we plot two functions with respective
del® y (K) = Q 8y | =0, (6) sym_metries_Al z_ind E. T_hese_ plots are made in tti&0) di-
rection, which is the direction of their slowest decrease. A
are fitted to the result®?(k)/c? of the plane-wave calcula- strong localization of these Wannier functions about their
tion. Taking into account only first-neighbor interactions, theorigin, followed by small decaying oscillations around suc-
fit involves the determination of 26 independent parametersessive lattice sites, can be observed. This rapid decay of the
The resulting band-structure scheme calculated along higlamplitudes beyond the first-neighbor site is coherent with the
symmetry directions in the BZ is shown in Fig. 1, togetherlimitation to first-neighbor interactions in the parametrization

WhereN is the number of unit cells in the 2D periodic lattice.
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FIG. 2. Wannier functions of the square lattice wih (a) and ® ‘ ‘ ® . . ®
E (b) symmetries plotted along th@&0) direction. The integer val-

ues ofx/d correspond to successive neighbors in this direction. OO0 O0OO0O0OeO0O0OO0O0O0
O O O OO e OO O O0OO0

procedure, and gives a clear indication of the validity of this
TB-like approach for the description of the periodic struc- ©0O0O0O0®O0O0O0O0o0
ture. O O O O O O O O 0O O

We next consider structures containing defects. These
perturbed structures are characterized by the local deviation o000 . © 0000

Ae(r) of the dielectric constant from its original periodic
value e(r) in the reference system. The wave equation in FIG. 3. Two characteristic modes of a T-shaped waveguide. The

this case takes the following form: dielectric rods are represented by open circles. The intensity of the
electric field is plotted with gray circles whose diameter is propor-
2 tional to the intensity(in arbitrary unit$. The reduced frequencies
—_y2_ w—z[sp(r)+As(r)] E(r)=0. (9)  of the mode are 0.308 and 0.377 for tfa and (b) cases, respec-
c tively.

Within theT TB formalism the_ perturbation_ can be compl_etelyva|ues compare favorably with the PWM results, 0.380 and
characterized by constructing the matrix representation of 374, respectivel{? It is to be noted that here only nearest
Ae(r) in the Wannier function basis. This is greatly facili- neighbors have been taken into account in the TB calcula-
tated by the short-range properties of these functions: thg,ns poth in periodic and perturbed structures. Inclusion of
only non-negligible matrix elements are those which involvey, e gistant interactions should improve the accuracy of the
functions centered in the close vicinity of the perturbed dotggc approximation which, however, appears at this stage
main. These are easily obtained by 2D numerical integrationg pe quite competitive for further investigations of perturbed
Equation(9) can then be solved by using the TB method, ¢trctures.

coupled with either the Green's function meth¢BBGF The potential usefulness of this approach for modeling
method or with the supercell approximatidiBSC approxi-  extended PBG structures involving microcavities and
mation. In thg former case, the Green's matrix associateqyayeguides will finally be assessed here by considering the
with the (—V*) operator in the periodic structure can be gpecific case of a T-shaped PBG waveguide. This structure is
constructed from the solutions of E@), while in the second  ¢reated by removing rods in the periodic original 2D lattice

case or_1|y thg TB representation of Beoperator previously %(syee Fig. 3 The TBSC method allows Eq9) to be solved
determined is needed. Both methods are used here to Stugy; this specific configuration, obtaining the fiefi(r) asso-

the two types of point defects obtained by reducing and eXgjated with the eigenfrequenay, as

panding the initial radius of a single rod, respectively. These

two calculations will allow an appreciation of the validity of

the TB determination of the defect modes in the two charac- Ei(r)= E C (R)a,(r—R). (10)
teristic situations where these are extracted from the bands ' mrR m

lying above or below the gap. The specific values attributed

to the radius are respectively zero, corresponding to the cre- gecause of the localization of the Wannier functions

ation of a vacancy, and @3 For both cases it was found 4,q,nq their respective centers, a clear indication about the
that a 3¢3 supercell suffices, in the TBSC approximation, 0jntensity variations of the wave field in the structure can then
obtain results agreeing with those obtained with the TBGRye optained by calculating and plotting

method. In the first case a single nondegeneretdype

monopole defect mode appears in the gap at a reduced fre-

guencywd/27c=0.390, while in the second case a doubly |'(R)=E |Ci (R)|? (11)
degenerate mode witB symmetry is found at 0.384. Both ' mo
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for each siteR in the supercell. Figure 3 plotgR) for two  essary matrix elements characterizing any perturbation of a
characteristic modes. The first one at the reduced frequenagference structure are explicitly calculated. Furthermore the
w;d/2mc=0.308 constitutes a bound state whose electrighort-range properties of the basis functions drastically re-
field is strongly localized at the junction of the three duce the effective number of those which have to be calcu-
waveguides. The second one at 0.377 is confined inside thated. The difficulties related to the evaluatidrand the
whole waveguide. It corresponds to a guided mode. The eXransferability of the parameters in empirical versions of the
istence of such a mode shows the ability of PBG waveguideg method® are then circumvented. The efficiency of such a
to guide light through cross junctions. _ localized representation of EM waves should become deci-
Such types of plot made for specific patterns of line de-jye in numerical simulations on disordered or quasicrystal-
fects in periodic structures may give useful information e giryctures to investigate their localization properties for
about their associated guiding pr.operne.s for' EM Wai’es'light. Also, an extension of this approach to the treatment of
Due to the reduced number of basis functions involifeste 3D structures, with vector Wannier functidfiseplacing the

eight basis functions per lattice sitthhe TBSC method ap- : . o
; . ” scalar ones obtained here, appears feasible and promising.

pears to be appealing because of its ability to handle ex- . L ;
As a conclusion we have shown that it is possible to cal-

tended structures with reasonable matrix sizes. For c:ompari—It licitly a localized state basi ina Wannier f
son a PWM calculation made on the & supercell culate explicitly a localized stale basis using vvannier func-

considered here would involve at least*1flane waves, tions in 2D photonic crystals and that a TB formalism based

since more than 100 plane waves per sis is generally ©n th_es_e functipns constitutes a very gfficient tool in the
acceptelare needed to obtain well-converged resullts. It is tod€Scription of eigenmodes associated with structures deviat-
be noted that, although this approach retains the simplicityd from periodicity. This method offers a promising way to
and efficiency of the empirical TB method, no adjustablestudy large integrated photonic devices associating micro-
parameter is involved in the calculation. Instead all the neccavities and waveguides.
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