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Intermediate-state structures of type-I superconductors

C. R. Reisin and S. G. Lipson
Department of Physics, Technion–Israel Institute of Technology, Haifa 32000, Israel

~Received 19 July 1999!

We have investigated pattern formation in the intermediate state of type-I superconductors, and have carried
out accurate measurements of the dominant spatial periods of the patterns formed, including those related to a
widely observed corrugated state. The relationship between the dominant spatial frequency and applied field is
compared with the old theory of Landau from 1937 as well as to a recent theory proposed by Goldstein,
Jackson, and Dorsey@Phys. Rev. Lett.76, 3818 ~1996!# in which the Meissner state is replaced by current
loops. The agreement with the latter model is significantly better than with earlier ones. We propose an
alternative interpretation for the current-loop theory based on the representation of the field by Fourier series,
which also gives us an understanding of the stability of small amplitude corrugations.
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I. INTRODUCTION

Consider a bulk type-I superconductor of arbitrary geo
etry placed in a magnetic fieldH,Hc . Due to demagnetiz-
ing effects associated with the sample geometry, it can br
into a number of normal and superconducting regions, fo
ing very intricate patterns, known as the ‘‘intermedia
state.’’1

In a thin-plate sample normal to the applied field the sta
structure of the intermediate state usually shows two w
defined basic spatial periods that depend on the externa
plied field, and which presumably express the condition
the normal and superconducting phases to coexist side
side in equilibrium. There is a main period, the ‘‘stripe
period, describing a domain pattern, and a ‘‘corrugatio
period ~approximately half the strip period! describing an
oscillatory structure within the stripe domains, which has
previously been adequately explained. In this work
present theoretical and experimental studies of the s
equilibrium structures of this state. By using a representa
of the magnetic field by Fourier series, we are able to exp
quantitatively the stripe-period dependence on the app
field, as well as the conditions for which the corrugated st
is stable.

In this work we present experimental studies of the per
dependence of the intermediate-state structures in a
lead-indium alloy sample. The experiments were perform
using magneto-optical techniques and image processing
allowed accurate measurements of the periodicity. The
sults were compared to an old model by Landau2 and to a
recent model by Goldstein, Jackson, and Dorsey,3 which
gives the same dependence as the Fourier representation
found a significantly better agreement between the meas
periodicity dependence and the latter theories than with
Landau theory. We also show that the corrugation perio
roughly constant as a function of the applied field.

II. THEORY

A. Period dependence of the intermediate state

A theoretical treatment of the intermediate-state struct
in superconductors was first given by Landau in 1937~Ref.
PRB 610163-1829/2000/61~6!/4251~8!/$15.00
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2! prior to any experimental work. The Landau model, r
ferred to as the ‘‘nonbranching model,’’ assumes that
intermediate state has a periodic laminar structure, in wh
the normal laminae near the surface broaden in order to
duce the magnetic energy above the surface, and that
field strength isHc all over the interface boundary. Suc
structures arise from a competition between the magne
field energy, the condensation energy of the superconduc
regions, and the interface energy between the normal
superconducting regions. Thus, the free-energy density
Landau’s model is given by

F5F01
Hc

2

4p FdD

a
1a fL~h!G , ~1!

with

f L~h!5
1

4p
@~11h!4 ln~11h!1~12h!4 ln~12h!

2~11h2!2 ln~11h2!24h2 ln~8h!#, ~2!

where f L(h) is the Landau function,4 h5H/Hc is the re-
duced field,a is the period of the structures,d is the thick-
ness of the sample, andD is the surface energy parameter
the domain walls. The termF0 represents the part of th
energy that does not depend ona. The equilibrium period of
the intermediate-state structures is obtained by minimiz
the free energy~1! with respect toa

a5S dD

f L~h! D
1/2

. ~3!

This model has been modified by assuming differe
shapes for the domains.5–8 In 1957 Balashova and Sharvin9

revealed that the normal domains, although basically lam
as pictured by Landau, were, in fact, corrugated in a way t
no theory had taken into account. These more intricate
terns, documented in experiments, stimulated a
examination of the theoretical problem. Faber10 developed a
‘‘corrugation model’’ assuming that the lines of force cau
a more intricate way of spreading out as they emerge fr
the sample than was assumed in Landau models, and tha
4251 ©2000 The American Physical Society
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4252 PRB 61C. R. REISIN AND S. G. LIPSON
field energy should somehow include the surface energy
rameterD, since it should control the amplitude of the co
rugations. On comparing Faber’s model and the ‘‘no
branching model,’’ it can be seen that their predictions of
periodicity of the intermediate-state structures as a func
of the reduced field do not differ much in shape. Since
interface energyD is not well known, it can be said that an
set of experimental points which fits one theory can
scaled to fit the other.

Very little theoretical progress was made since Fabe
model, and the extensive experimental data obtained so
has only qualitative agreement with the earlier theorie11

Recently, Goldstein, Jackson, and Dorsey3,12 ~GJD! focused
on the role of the demagnetizing fields in producing the
served patterns and developed a model in which the Me
ner state is replaced by surface current loops~CL! and the
field energy by Biot-Savart interaction between these loo
This model was developed in a general way, with no rest
tion to periodic patterns such as the laminar state, in ana
to models of other two-dimensional~2D! systems that ex-
hibit patterns similar to the intermediate state. The ‘‘C
model’’ is based on domains bounded by current loops in
acting as in free space and subjected to the constrain
constant total magnetic flux through the sample. As a res
GJD assumed that the magnetic part of the free energy
sample has two contributions: that of the magnetization
sociated with current loops in the presence of the exte
field, and that of the self-induction and mutual induction
these loops.

GJD formulated the model for arbitrary domain shape a
calculated the equilibrium periodicity for a laminar structu
When the laminae are assumed to have interfaces norm
the sample surface, they found a free energy similar in fo
to that in the ‘‘nonbranching model’’~1!, and therefore an
equilibrium periodicity given by Eq.~3! but with f L(h) re-
placed by

f CL5
1

2p3 (
n51

`
sin2~nph!

n3 . ~4!

This function is slightly modified if the laminae are allowe
to broaden as they approach the sample surface. The f
tions f L(h) and f CL(h) have roughly similar forms and
hence the equilibrium periods are close in the two mod
One significant difference between the two functions is t
the functionf CL(h) has an exact symmetry under the tran
formation h→12h, a symmetry that is absent in the fun
tion f L(h). But it should be emphasized that although the
two theories do give similar predictions for the periodicity
a function of the reduced field, they cannot be made to
incide by allowing an arbitrary choice ofD.

We now present a different interpretation of the interm
diate state based on the representation of the field by Fo
series; although this involves the same physics, and lead
the same results as the CL model, it gives an intuitive und
standing of the origin of the corrugations. We assume
superconductor occupies the space2d/2,z,d/2. We rep-
resent the magnetic field in the region outside the superc
ductor by the reduced fieldh(x,y,z), in units of Hc . The
applied field ish, which has a value between 0 and 1. In
tially we suppose that the intermediate state takes the form
a-
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stripes parallel toy, with period a, such that the supercon
ducting~Meissner! state occupies fraction 12h and the nor-
mal part occupies fractionh. The interfaces are parallel toz.
We require a magnetic field that satisfies the condition t
uh(x,y,z)u51 at all points on the surface of the normal r
gions and alsohz50 at all points on the superconductin
regions. Currents are induced in the superconductor cau
a tangential field allowing the latter condition to be achiev
~it is required for the Meissner effect! and these must hav
some effect on the surface field on the normal regions. Th
effect there is quite small~Fig. 1! and results in an ‘‘over-
shoot’’ of the total field in the regions close to then-s
boundary, so that the former condition is not satisfied
actly. This can be rectified only by allowing a distortion
the interfaces. We shall therefore use an approximate re
sentation of the field by a Fourier series, which is exact
the superconducting surface and therefore has this overs
in the normal regions; however, at no point on the norm
surface isuhu,1. This field has the form in the regionz
.d/2;

hz~x,y,z!5
1

2
1 (

n51

`

cn cos~2pnx/a!

3exp@22pn~z2d/2!/a#, ~5!

which satisfies Laplace’s equation. The values ofcn are de-
termined byh. To satisfy Maxwell’s equations, this must b
accompanied by a second component;

hx~x,y,z!5 (
n51

`

cn sin~2pnx/a!exp@22pn~z2d/2!/a#.

~6!

These fields were used to construct Fig. 1 for the cash
50.5 in which casecn5(21)(n21)/2/np for oddn. The field
energy arising from the nonuniformity of the field is then

E
d/2

`

uhu2dz5 (
n51

`

cn
2a/4pn ~7!

per unit area, on one side of the sample, in units ofm0Hc
2/2.

For the continuation, we shall use Fourier transforms
stead of series, the implication of a series being that

FIG. 1. Surface fields on a type-I superconductor in the int
mediate state.
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PRB 61 4253INTERMEDIATE-STATE STRUCTURES OF TYPE-I . . .
transform consists of an array ofd functions of strengthcn .
We can then make the following statements about the fiel
the surface of the specimen, in whichA represents a unit are
of integration,

E E
A
hz~x,y,d/2!dx dy5hA, ~8a!

E E
A
hz

2~x,y,d/2!dx dy5hA, ~8b!

sincehz(x,y,z) has either unit or zero value at each poin
Let us represent the Fourier transform ofhz(x,y,d/2) by

h̃(u,v) where~u,v! is the wave vector in the~x,y! plane and
w25u21v2. Then, sinceHz satisfies Laplace’s equation,

hz~x,y,z!5E E h̃~u,v !exp~2 iux2 ivy2wz!du dv.

~9!

Notice that since¹3H50 the transforms ofhx andhy are
iuh̃(u,v)/w and ivh̃(u,v)/w, respectively. In a two-
dimensional model wherehy50, the former transform be
comesi sign(u)h̃(u,v).

The field excess perA ~i.e., addition to that of the uniform
applied field!, taking into account also the energy due tohxy
which is equal to that ofhz , can be expressed in units o
m0Hc

2/2 as

EF5E
d/2

` E E
A
uh~x,y,z!u2dx dy dz

5E E uh̃~u,v !u2/2w du dv. ~10!

We also note, from Parseval’s theorem, that

E E uhz~x,y!u2dx dy5E E uh̃~u,v !u2du dv, ~11!

and from Eq.~8b! this integral has the valuehA.
Consider now the case of parallel-straight-striped doma

with period a52p/u0 . Then, v50 and w5uuu. Fourier
analysis withu5nu0 gives

h̃~u!5 (
n.1

~np!21sin~nph!d~u2nu0!. ~12!

Thus the field energy~10! is obtained withw5nu0 :

EF5 (
n.0

sin2~nph!

~np!2

1

2nu0
[

p f FS~h!

u0
, ~13!

where

f FS~h!5
1

2p3 (
n51

`
sin2~nph!

n3 . ~14!

This recovers the result~4! of GJD for domains with walls
normal to the sample surface, thus establishing the equ
lence between the two models.

The interface energy per unit area due to the stripe pat
with the spatial frequencyu0 is
at

s

a-

rn

ES5
dDu0

p
. ~15!

The total energyEF1ES is minimized when the stripe perio
a52p/u0 is

a5S dD

f FS~h! D
1/2

~16!

as obtained in~3!.

B. Corrugation problem

We now consider a case in which the stripes are co
gated, by introducing nonzero values forv. Figures 2~a! and
2~b! show the straight and corrugated patterns schematic
Both are assumed to have the same value ofh. The two-
dimensional Fourier spectra of the two cases are also sh
in Figs. 2~c! and 2~d!. Because of the corrugations, eachd
function on theu axis in Fig. 2~c! develops sidebands a
multiples of the basic frequencyv0 of the corrugations in
Fig. 2~d!. We can easily compare the excess field energie
the two cases. The development of the sidebands incre
the values ofw for some of the terms of the field energy~10!,
and since the total value ofuh̃(u,v)u2 is preserved, Eq.~11!,
the total field energy is reduced by corrugation. It remains
show that the corresponding increase in interface ene
does not always exceed this reduction.

The corrugated field, with amplitude« at the interface, is
best transformed in two stages:

h~x,y,z5d/2!5 f ~x2« cosv0y!, ~17!

h~u,y,d/2!5 (
n.0

sin~nph!

np
d~u2nu0!

3exp@2 iu« cos~v0y!#, ~18!

h~u,v,d/2!5 (
n.0,m

sin~nph!

np
d~u2nu0!

3Jm~«nu0!d~v2mv0!, ~19!

since the transform of exp@2iu« cos(v0 y)# has ordersm, with
amplitude (2p/v0)Jm(u«). For small enough«, only J0(x)
'12x2/4 andJ1'x/2 need be included. Then the field e
ergy for small«nu0 is

FIG. 2. Stripes and corrugations:~a! stripes;~b! corrugations;
~c! Fourier spectrum of~a!; ~d! Fourier spectrum of~b!.
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EF' (
n.0

sin2~nph!

~np!2

3F @12~«nu0!2/4#2

2nu0
1

~«nu0!2/2

2An2u0
21v0

2
1¯G . ~20!

It follows that the increase in field energy resulting from t
corrugations~10! and ~20! is, to order«2,

DEF'2 (
n.0

sin2~nph!

~np!2

~«nu0!2

2 F 1

2nu0
2

1

2An2u0
21v0

2G .

~21!

FIG. 3. Free energyDEF1DES @Eq. ~24!# for u0d530.
It is clear that this series converges because at largen the
terms approach those of Eq.~10!.

The interface energy can be calculated directly, also
order«2. For the same geometry, with interfaces atz5d/2,
x5np/u01« cos(v0 y), the increase in length~per unit area
of sample! is found by direct integration to be«2v0

2u0/4p.
To minimize the interface area for given« andv0 , the am-
plitude of the corrugations within the sample decays withz
exponentially with decay lengthv0

21, so that the extra inter-
face energy is

DES5
D«2v0

2u0

4p2v0
5

D«2v0u0

8p
. ~22!

The total energy thus contains the uncorrugated te
~13! and ~15!, which are minimized by givingu0 the value
2p/a, and the corrugation terms~21! and~22!, proportional
to «2, with value,

DEF1DES52 (
n.0

sin2~nph!

p2

~«u0!2

4 F 1

nu0
2

1

An2u0
21v0

2G
1

D«2v0u0

8p
. ~23!

SubstitutingD54p2u0
22f (h)d21 from Eq.~16!, we find that

we must minimize,
-

g

FIG. 4. Image analysis of cor
rugated pattern:~a! typical corru-
gated pattern,h50.53. Normal re-
gions are bright, superconductin
regions are dark;~b! 2D FFT of
~a!; ~c! spectral intensity–
experimental points~d!, fitted
curve ~ !.
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FIG. 5. Image analysis of laminar pattern:~a! typical corrugated pattern,H5270 G,b520°. Normal regions are bright, superconducti
regions are dark;~b! 2D FFT of ~a!; ~c! spectral intensity–experimental points~d!, fitted curve~ !.
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DEF1DES5
u0«2

4 H (
n.0

sin2~nph!

p2 F1

n
2

1

An21v0
2/u0

2G
2

2pv0f ~h!

u0
2d J . ~24!

It can be seen that this expression is a function ofv0 /u0 and
u0d. Figure 3 shows an example of this function, for the ca
whereu0d530 ath50.5, typical of the experiments. It ca
be seen that there is a distinct minimum, with a negat
value of Eq.~24!, at v0 /u0>2, which indicates the stability
of small-amplitude corrugations under these conditions.
this approximation, the corrugations are stable only foru0d
.20 ath50.5, and the range of fields~symmetrically around
h50.5! for which they are stable increases withu0d. More-
over, it appears that the frequencyv0 of the minimum is
approximately independent of the field as observed exp
mentally.

As already mentioned, the intermediate-state structur
a type-I superconductor in a perpendicular field@Fig. 4~a!#
consists of domains with a well-defined periodicity but o
ented isotropically. This results from the absence of any p
ferred orientation of a field component within the plane
the sample. A nearly ideal, straight laminar domain struct
can be established experimentally by applying an inclin
e

e

n

ri-

of

e-
f
e
d

field @‘‘Sharvin geometry’’ ~Ref. 13!#. Because of the field
component parallel to the sample, the domain orientatio
no longer isotropically distributed, but rather directed pref
entially along the parallel field component. For this geome
the periodicity expressions~3! and ~16! are modified to13

a5S dD

f L~CN! D
1/2

~CN
2 cot2b11!1/2, ~25!

where

CN5
Hx

~Hc
22Hz

2!1/25
h sinb

~12h2 cos2b!1/2

is the bulk fraction of the sample in the normal state andb is
the angle between the applied field and sample surface.

III. EXPERIMENTAL SYSTEM

We now present experimental studies of the static eq
librium state of the intermediate-state structures of a b
lead-indium alloy sample, for both corrugated and lamin
patterns. In the following, we describe the experimental s
tem used for the direct observation of flux penetration in
type-I superconductors.

The experimental setup developed for the current rese
is divided into three basic parts—an optical system, a c
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4256 PRB 61C. R. REISIN AND S. G. LIPSON
ostat, and a magnetic-field generator. The studies were
ried out in a miniature continuous-flow helium cryost
placed on a polarizing microscope. The intermediate-s
structures were observed by means of the magnetoop
Faraday effect using EuSe evaporated on an optical win
as the magneto-optical active material.14 The investigated
sample was a disk of bulk Pb10.5-wt% In, 3 mm diameter
and 0.14 mm thickness. The sample was prepared by me
together high purity materials, and was annealed and che
cally polished. Susceptibility measurements were perform
on the sample in order to determine its critical temperatu
which was found to beTc57.18 K. The external field was
generated by a set of magnetic coils, so that the perpend
lar and the parallel components of the field were control
independently. The patterns were photographed by a v
camera, recorded on a video tape, and then analyzed by
puter.

IV. DATA ANALYSIS

We achieved a sufficiently high accuracy of measurem
to distinguish between the predictions of equilibrium perio
icities of the Landau and CL theories by use of a hig
contrast magneto-optical observation technique and sp
frequency analysis of the images. The magneto-optical te
nique offers the possibility of observing static and dynam
processes with 1-mm resolution. Digital-contrast-
enhancement methods were used to increase the visibilit
the detailed information, and spatial frequency analysis
complete images, based on a two-dimensional fast-Fou
transform~FFT! method, was used for the determination
the equilibrium periodicities.

The Fourier transform of a real image is a centrosymm
ric function F(u,v) with peaks at the characteristic freque
cies of the pattern and at the origin~zero-order peak!. The
spectral intensity is

I ~k!5E
0

` uF~u,v !u2d@~u21v2!2k2#

2pk
du dv. ~26!

The characteristic frequencies are extracted by fittingI (k) to
two Gaussian peaks, and a smooth background. The re
for fitting I (k) to two Gaussian functions is that the corr
gated patterns show two distinct wavelengths, that of
‘‘stripes’’ and that of the corrugations of the individual do
mains. The image analysis allowed us to measure both p
odicities simultaneously. A typical example of the ima
analysis of a corrugated pattern is presented in Fig. 4.
2D FFT of the pattern shows two annular peaks at two
ferent frequenciesuk1u and uk2u corresponding to the period
icity of the structures and the corrugation wavelength,
spectively. The annular forms of the peaks are due to
absence of any preferred domain orientation in these
terns. The spectral intensity function was found by apply
Eq. ~26!, after which the frequencies were extracted and
periodicities were calculated. After applying the ima
analysis method to laminar patterns, the 2D FFT of the p
tern had two peaks around6k, corresponding to a single
characteristic periodicity of these patterns~Fig. 5!. The peri-
odicities could be measured to an accuracy of about 1%
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V. PERIOD DEPENDENCE OF THE INTERMEDIATE
STATE STRUCTURES

The equilibrium patterns of the intermediate-state str
tures were recorded as a function of the applied field a
analyzed as described above. The results were compare
Landau’s model, Eq.~2! and Eq.~3!, and to the CL model,
Eq. ~14! and Eq.~16!, which predict a close but differen
form of the period dependence in the equilibrium state.

Corrugated pattern: The domain patterns show two dis
tinct wavelengths, that of the ‘‘stripes’’ and that of the co
rugations of the individual domains. The image analysis
lowed us to measure both periodicities simultaneously.

The experiment was performed at a temperatureT
54.62 K with the sample within a homogeneous magne
field applied perpendicular to the sample surface. The in
mediate state was established at a constant temperatur
raising the field from zero@(SI)T transition# and by lowering
the field from aboveHc @(NI)T transition#. The domains con-
sist of domains of well-defined periodicity but oriented is
tropically. The periodicities of the structures of the (NI)T
and (SI)T transitions were measured as a function of t
applied reduced magnetic-field strengthh5H/Hc . Since it

FIG. 6. Periodicity of corrugated structures as a function of
reduced field, Landau model~ !, and CL model~ !. The
points are the experimentally observed periodicities scaled usingDL

~s! andDCL ~d!: ~a! (NI)T transition;~b! (SI)T transition.
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PRB 61 4257INTERMEDIATE-STATE STRUCTURES OF TYPE-I . . .
was not possible to measure the critical fieldHc at the tem-
perature of the experiment with any precision, it was o
tained by extrapolation of the reciprocal value of the perio
icity as a function of the applied field. We obtainedHc(T
54.62 K)533565 G.

Figure 6 shows the experimental results of the periodic
of the structures as a function of the reduced fieldh, for
(NI)T and (SI)T transitions compared with the curves pr
dicted by Landau and by the CL model. The experimenta
observed periodicities were scaled to the different models
calculating the best values for the surface energy param
The value DL5839633 Å was obtained for the Landa
model and DCL5771632 Å for the CL model at T
54.62 K. The experimental results show significantly bet
agreement with the period dependence of the intermed
state structures according to the CL model. A significant d
ference between the period of the structures of the (NI)T and
(SI)T transitions was not found.

One interesting point to note is that at low fields at t
(SI)T transition, the patterns consist of macroflux droplets
different diameters. This phenomenon was observed
Goren and Tinkham15 who showed that the energy differenc
between such a state and a periodic state is very sma
may be nucleated at low fields by small local variations
the physical properties~such as thickness or composition! of
the film or in the path followed when entering the state.

Figure 7 shows the ratio between the corrugation wa
length and the structure periodicity as a function of the
duced field. It can be seen that within the experimental er
it is constant with a mean value of 0.5260.02, which can be
compared with the model value of approximately 0.5 in t
region of fields shown~Fig. 3!.

Laminar domain structures were established by apply
an inclined field. Because of the field component paralle
the sample, the domain orientation is directed preferenti
along the parallel field component. The technique adopte
this experiment was to keep the parallel component of
field constant at 26965 G while the perpendicular compo

FIG. 7. Ratio between corrugation wavelength and structure
riodicity as a function of the reduced field for (NI)T transition~d!
and (SI)T transition~s!.
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nent was varied independently. The experiment was p
formed atT54.67 K.

The period of the laminar structures was measured a
function of the applied reduced field in (NI)T transition. The
critical field Hc(T) was obtained by using the empirical tem
perature dependenceH(T)5Ho@12(T/Tc)

2#.
Figure 8 shows the experimental results scaled us

DCL5755665 Å andDL5758665 Å obtained by fitting the
data to the CL and Landau’s models, respectively. The
sults were compared with the Landau model and the
model using Sharvin’s extension for inclined-field geome
~25!. Once again we found a significantly better experimen
agreement of the period dependence of the intermediate-
structures with the CL model, and that the data cannot
scaled to fit the Landau model within the experimental er
by a single value ofD.

Finally, we can compare the values of the surface ene
parameter obtained in the corrugated and laminar pattern
calculating the surface parameter energy atT50 K using the
temperature-dependence functionD(T)5D0(12T/Tc)

21/2.
The values agreed well:D(T50)5460620 Å and D(T
50)5446638 Å, respectively.

VI. CONCLUSIONS

We investigated the pattern formation of the intermedi
state in type-I superconductors on both corrugated and la
nar domain structures. This paper deals with the static as
of the phenomena.

We developed an image-processing analysis method
accurate determination of the period dependence of
intermediate-state structures from magneto-optic images.
ing this method on both corrugated and laminar dom
structures, we have shown that the measured periodicities
in significantly better agreement with Goldsteinet al.’s cur-
rent loop model than with Landau’s nonbranching model.
addition, we have proposed a simple extension of the
model to explain the observation of a corrugated state w
the field is normal to the sample.

FIG. 8. Periodicity of laminar structures as a function of t
reduced field, Landau model~ ! and CL model~ ! for
Sharvin’s geometry. The points are the experimentally obser
periodicities scaled usingDL ~s! andDCL ~d! @(NI)T transition#.
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