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Inelastic neutron scattering and lattice-dynamics studies of almandine Fe3Al2Si3O12
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This paper reports detailed lattice dynamical studies involving experimental inelastic neutron-scattering
measurements and theoretical shell model calculations of the vibrational and thermodynamic properties of the
garnet mineral almandine Fe3Al2Si3O12. Inelastic neutron-scattering studies using the time-of-flight technique
provide the measurement of the phonon density of states~DOS! of almandine, which have been interpreted
based on the model calculations. The calculated DOS is in good agreement with the inelastic neutron-scattering
data and has been used to compute various macroscopic properties like the specific heat, thermal expansion,
equation of state, and mean-square atomic displacements.
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I. INTRODUCTION

Garnets with general formulaA3B2C3O12 ~whereA, B, C
are cations! are used in several devices including compu
memories, lasers, and microwave optical elements.1 The gar-
net minerals belong to an important group of rock-formi
silicates, which are important constituents of the eart
crust, upper mantle, and transition zone. They are dis
guished by their chemical diversity, close structural simila
ties, physical properties, and petrologic implications. Garn

are cubic~space groupIa3̄d, a511.5– 12 Å) and posses
relatively high refractive index (n51.7– 1.94), densities (r
53.5– 4.3 gm/cm3)1 and hardness~6.5–7.5 mhos!. Garnets
are hosts for aluminum in the earth’s upper mantle2,3 and at
high pressures, transform to silicate perovskite,3–5 a pre-
dominant constituent of the earth’s lower mantle. Rare-ea
containing garnets exhibit a rich variety of colors across
visible spectrum, which makes them useful as gemstone

The six ideal end-member garnets are pyro
Mg3Al2Si3O12, almandine Fe3Al2Si3O12, spessartine
Mn3Al2Si3O12, uvarovite Ca3Cr2Si3O12, grossular
Ca3Al2Si3O12, and andradite Ca3Fe2Si3O12. Because their
cation composition changes continuously, the knowledge
their mixing properties is essential to the understanding
the chemistry involving garnets and rock substances. Ac
rate characterization of the structural, vibrational, and th
modynamic properties of constituent end-members pha
are therefore very important.

X-ray diffraction,6,7 infrared, and Raman spectroscopy8

ultrasonic9,10 and calorimetric studies11,12 have been used to
understand the crystal structure, phonon frequencies, el
constants, compressibilities, specific heat, and thermal
pansion of several end member garnets. Inelastic neut
scattering measurements of the acoustic mode phonon
persion relations13 of pyrope, the vibrational spectrum o
hydrogarnets,14 and the phonon density of states of cryst
line and glassy samples of grossular,15 ~aimed at understand
ing the anomalies in heat capacity! have been reported. The
oretical calculations have been used to study the acou
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mode phonon frequencies of pyrope13 and the crystal
structure,16,17 elastic properties16,17 and mean-square atomi
displacements18 of garnets. Calculations of the thermod
namic properties of garnets using models of the density
states~based on observed elastic properties and Raman
infrared frequencies!, have also been reported.17,19.

The mineral almandine finds several important geologi
applications.20,21 The phase equilibria of multicomponen
systems22 including almandine have been extensively used
geothermometers and geobarometers. Almandine is
known to exhibit interesting magnetic behavior at low te
peratures. Magnetic susceptibility measurements23 reveal an-
tiferromagnetic ordering in synthetic almandine at 7.5
Low-temperature heat capacity measurements using a
batic calorimetry also indicate al transition at 8.7 K attrib-
uted to magnetic ordering of the Fe21 sublattice.

It is of interest to understand the stability of almandi
under lower mantle conditions. Earlier, aluminous gar
phases were believed to be absent5 in the Earth’s lower
mantle ~due to the phase transitions of garnets to silic
perovskite3–5 at high pressure!. Recent observations of a ne
tetragonal almandine-pyrope phase as inclusions in low
mantle diamonds,2 has revoked the interest in understandi
the equation of state- and high-pressure behavior
almandine-pyrope garnets.

A major geophysical goal is to predict the thermodynam
properties and phase transitions of mantle-forming phase
the pressure and temperature they experience in the ea
interior. An essential prerequisite for these studies is an
curate understanding of the phonon density of states. In
paper, using a combination of theoretical lattice dynami
calculations and inelastic neutron-scattering studies, we h
studied the phonon density of states and its manifestation
various thermodynamic properties of the garnet end-mem
almandine. The calculations enabled microscopic interpr
tions of the measured inelastic neutron-scattering data.
model has also been fruitfully used to compute various
croscopic and macroscopic properties including the cry
structure, elastic constants, phonon frequencies, densit
states, specific heat, thermal expansion, equation of s
3983 ©2000 The American Physical Society
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and mean square-atomic displacements of almandine; th
sults are overall in good agreement with the experime
data. The organization of the paper is as follows: Sectio
gives the experimental details, while Sec. III describes
lattice dynamical studies. A discussion of the results is giv
in Sec. IV, while Sec. V presents the conclusions.

II. EXPERIMENT

The natural polycrystalline sample of almandine is pu
fied using chemical and magnetic analysis. Structural an
sis from neutron powder diffraction indicates that the alm
dine sample is of a single phase. The inelastic neutr
scattering experiments were carried out using the hi
resolution medium-energy chopper spectrometer~HRMECS!
at the Intense Pulsed Neutron Source of Argonne Natio
Laboratory. The HRMECS spectrometer is based on
time-of-flight technique and is equipped with a large detec
bank covering a wide range~210° to 140°! of scattering
angles. By choosing a relatively high incident neutron ene
(Eo around 250 meV!, measurement of the scattering fun
tion S(Q,E) over a wide range of momentum and ener
transfers can be undertaken and the data can be aver
over a wide range ofQ from 10 to 15 Å21 . This procedure
is needed to ensure an effectively uniform sampling
wavevectors over the Brillouin zone, according to the inc
herent approximation.24 In general, the energy resolutionDE
~full width at half-maximum! of HRMECS varies from;4%
of the incident energy (Eo) in the elastic region to;2% near
the end of the neutron energy-loss spectrum. A polycrys
line sample of 40 gm was placed inside a sealed alumin
container in the shape of a thin slab~dimension 753100
32 mm3), which was mounted on to the cold plate of
high-power closed-cycle helium refrigerator at a 45° an
with the incident neutron beam. Such a geometry minimiz
multiple scattering effects. In order to reduce multiphon
scattering, the phonon measurements were carried out a
temperatures~6 K and 15 K!. The low-temperature specifi
heat11 data and magnetic susceptibility measurements23 show
that there is an antiferromagnetic to paramagnetic transi
at temperature around 7.5 K. We have carried out additio
runs withEo540 meV at small wave vectors (Q,4 Å21),
at 6 K and 15 K to separate the magnetic and phonon c
tributions. Background scattering was subtracted from
data by using an empty-container run. Measurements of e
tic incoherent scattering from a vanadium standard provi
detector calibration and intensity normalization.

The phonon density of states can be obtained from
measured scattering functionS(Q,E) which in the incoher-
ent approximation is given by24

Sinc
(1)~Q,E!5(

k

bk
2

^b2&
e22Wk(Q)

Q2

2mk

gk~E/\!

E
~n11!,

~1!

where the population factorn5@exp(E/kBT)21#21, 2Wk is
the Debye-Waller factor, andmk andgk(v) are, respectively,
the mass and displacement weighted density of states o
oms of typek.
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III. LATTICE DYNAMICAL CALCULATIONS

The garnets crystallize in cubic system6,7 ~space group
Ia3̄d). The body-centered cell contains eight formula un
of A3B2C3O12, whereA, B, andC ~5Si for silicate garnets!
are cations.A, B, and Si cations forms three types of coord
nation polyhedra~Fig. 1! with O anions: a dodecahedro
aroundA cation, an octahedron aroundB cation and a tetra-
hedra around Si. In view of the structural complexity whi
involves large number of atoms in the unit cell, we ha
carried out lattice dynamical studies using an atomistic
proach involving semiempirical interatomic potentials.

The calculations have been carried in the quasiharmo
approximation using the interatomic potentials consisting
Coulombic and short ranged Born-Mayer type interactio
terms, given by

V~r !5
e2

4pe0

Z~k!Z~k8!

r
1a expF 2br

R~k!1R~k8!
G2

C

r 6
,

~2!

where,r is the separation between the atoms of a typek and
k8 andR(k) andZ(k) are, respectively, the effective radiu
and charge of thekth atom. a51822 eV, b512.364, and
C5100 eV Å6 have been treated as constants; this cho
has been successfully used earlier to study the phonon
sity of states and thermodynamic properties of several c
plex solids.25 The effective charge and radius paramet
used in our calculations are given in Table I. The van d
Waals interaction has been introduced only between the o
gen atoms. The stretching potential between Si-O bond i
the form

FIG. 1. Polyhedral representation of the structure of almand
Fe3Al2Si3O12. The dodecahedra around Fe atoms, octahe
around Al atoms, and the silicate tetrahedra are shown.

TABLE I. The potential parameters used in the shell mod
calculations.

Fe Al Si O

Z 1.66 2.31 2.40 21.40
R (Å) 1.47 1.27 1.03 1.89
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V~r !52D exp@2n~r 2r o!2/~2r !#, ~3!

whereD52.3 eV, n510.0 Å21, r o51.80 Å. The polariz-
ibility of the oxygen atom has been introduced in the fram
work of the shell model25,26 with the shell chargeY(O)5
22.0 and shell-core force constantK(O)5110 eV Å22 .

The calculated structure and elastic constants of alma
ine ~Tables II and III! are in very good agreement with ava
able experimental data. The calculations have been ca
out using the current version of the software DISPR~Ref.
27! developed at Trombay.

The phonon density of states is calculated by integra
over a 43434 mesh of wave vectors in one octant of t
cubic reciprocal space unit cell. The experimentally m
sured phonon density of states is weighted with the neut
scattering cross-section of the constituent atoms. To com
with the experimental data, we have calculated the neut
cross-section-weighted one phonon density of states, g
by

g(n)~E!5A(
k

4pbk
2

Mk
gk~E!, ~4!

whereA is the normalization constant andbk , Mk andgk(E)
are respectively, the neutron-scattering length, mass, and
tial density of states of thekth atom. The factor 4pbk

2/Mk

for Fe, Al, Si, and O atoms are 0.201, 0.055, 0.077 and 0.
barns/amu, respectively.

The calculated phonon density of states was used
evaluate the specific heat. The thermal expansion in
quasiharmonic approximation is given by

aV5
1

BV (
i

G iCVi~T!, ~5!

TABLE II. Comparison between the experimental~Ref. 6! ~at
293 K! and calculated structural parameters~at 0 K!. For the space

group Ia3̄d, the Fe, Al, Si, and O atoms are located
~0,0.25,0.125!, ~0,0,0!, ~0.375,0,0.25!, and (u,v,w), respectively,
and their symmetry equivalent positions.

Experimental Calculated

a(Å) 11.523 11.5336
u 0.0340 0.0359
v 0.0490 0.0464
w 0.65278 0.6539

TABLE III. Comparison between the experimental@Ref. 9~a!#
and calculated bulk modulusB and elastic constantsCi j in GPa
units. Another experimental value ofB5175 GPa has been re
ported in Ref. 9~b!.

Elastic constant Experimental Calculated

B 180.160.7 181.47
C11 310.161.6 317.68
C44 92.960.6 90.07
C12 115.160.7 113.37
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whereG i andCVi(T) is the Gruneisen parameter and spec
heat contribution from phonons in statei (5qj , which refers
to the j th phonon mode at wave vectorq! and B is bulk
modulus. The volume thermal expansion is determined
integrating over the contribution of phonons of wave vect
on a 43434 mesh in an octant of the cubic Brillouin zon
The explicit anharmonic contributions to the thermal expa
sion ~arising from the higher-order terms in the crystal p
tential! are also important and have been estimated using
formalism of Ref. 28.

IV. RESULTS AND DISCUSSION

The phonon density of states measurements in the en
range of 15–150 meV carried out at two temperature of 6
and 15 K are shown in Fig. 2~a!. The experimental one
phonon spectra are obtained by subtracting the multipho
contribution from the experimental data. The multiphon
contribution is obtained using the Sjolander formalism.29 The
comparison between the experimental and calcula
neutron-weighted one-phonon density of states~Fig. 2!
shows that the measurements are in good agreement wit

FIG. 2. ~a! The experimental neutron-weighted phonon dens
of states at 6 K and 15 K ~averaged over wave vectorQ510
215 Å21 for an incident neutron energyEo5250 meV). The mul-
tiphonon contribution shown in~b! has been subtracted from ex
perimental data to obtain the experimental one-phonon spect
~b! The calculated neutron-weighted one-phonon and multipho
spectrum. The multiphonon spectrum is essentially the same at
and 15 K. The calculated spectra have been convoluted wit
Gaussian of FWHM of 8 meV in order to correspond to the ene
resolution in the experiment~which varies from 2 to 4 % of the
incident energy of 250 meV!. The ordinate is in arbitrary units.
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calculations. The phonon spectrum consists of a broad p
non band centered about 40 meV and another band aro
115 meV. There is a gap in the phonon density of sta
around 80 meV.

At small wave vectors (Q,4 Å21) the observed spectr
contain both nuclear scattering from atomic vibrations a
magnetic scattering from the magnetic moments of the
ions. We have carried out additional runs withEo

540 meV at 6 and 15 K~Fig. 3!. Above the Neel tempera
ture ~at 15 K!, the magnetic contribution arises from par
magnetic scattering of the Fe ions, which constitute an
tropic background falling off inQ according the square o
the Fe21 magnetic form factor. The observed spectra
dominated by a broad phonon peak centered at;16 meV,
which is in good agreement with the calculated phonon D
~see Fig. 2!. Below the Neel temperature~at 6 K! the mag-
netic contribution is characteristic of the magnon~spin
waves! density of states. The spin-wave dispersion curves
almandine are not known. Theoretical calculations30 of the
magnon dispersion relations for the garnet Fe2Ca3Ge3O12 in-
dicate that the magnon energies span the 0–2 meV ra
which is outside that of the present measurement~15–150
meV!. The observed spectra at 6 K indeed resemble tha
15 K with only a slight increase of background around
meV indicating that there is no magnetic scattering obser
in our experiments.

The partial densities of states for different atoms in
mandine, Fe3Al2Si3O12 are shown in Fig. 4. The Fe atom
mainly contribute in the 0–50 meV range, while the Al a
Si atoms contribute in the 0–80 meV and the entire 0–1
meV ranges, respectively. Above 80 meV the contributio
are mainly due to Si-O stretching modes. The partial de
ties of states are used for the calculation of the isotro
temperature factors for different atoms~Table IV! at 100 and
293 K. The calculated isotropic temperature factors are
fair agreement with the available experimental data.6

As the structure contain 80 atoms in the primitive ce
there are 240 phonon modes at the zone center, which
classified as follows:

FIG. 3. The experimental neutron-weighted phonon density
states at small wave vectors (Q,4 Å21) with incident neutron
energy of 40 meV at 6 and 15 K. There is no significant differen
between the data taken at these two temperatures. The ordinate
arbitrary units.
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The T1g , Eg , andA1g modes are Raman active andT1u
are infrared active. There are large number of optically act
modes, which have been observed in spectrosco
experiments8 in the range of 111 to 1038 cm21 . This energy
range compares very well with our calculated range of op
modes of 120 to 1026 cm21 .

The calculated one-phonon density of statesg(E) is
shown in Fig. 4, and is used to compute the specific h
CV(T) as a function of temperature. The anharmonic corr
tion to the specific heatCP2CV5aV

2BVT is also calculated
to obtain CP(T).31 The calculated specific heatCP(T) is
compared with the experimental data in Fig. 5. The anh
monic corrections are about 3.0% at high temperature
1500 K. The measured specific heat shows an anomaly a
K, which corresponds to the Neel temperature of almand

f

e
s in

FIG. 4. The calculated partial density of states for different
oms and the total one-phonon density of states~all normalized to
unity!.

TABLE IV. Comparison between experimental~Ref. 6! and cal-
culated isotropic temperature factorsBiso (Å 2) at 100 and 293 K.

Experimental Calculated
100 K 293 K 100 K 293 K

Fe 0.215 0.462 0.195 0.453
Al 0.119 0.211 0.164 0.290
Si 0.107 0.172 0.150 0.277
O 0.221 0.344 0.252 0.429
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Our calculation of specific heat does not include the con
butions arising from the spin waves. The experimental va
of Cp is higher than the calculated phonon contribution b
low 50 K. Above 50 K the calculated and experimental d
are in good agreement. The calculated Debye tempera
varies from 510 K at 4 K to 590 K at1500 K. The percentage
relative volume expansion@Fig. 6~a!# calculated in quasihar
monic and anharmonic approximations are in overall go
agreement with the available experimental data.32 So also,
the calculated equation of state@Fig. 6~b!# is in very good
agreement with the experiments.9

V. CONCLUSIONS

This paper reports detailed lattice dynamical studies
cluding inelastic neutron-scattering measurements and s
model calculations of the phonon density of states and t
modynamic properties of the garnet mineral, almandine.
model agrees very well with the neutron and thermodyna
data. The calculations have enabled a microscopic inter
tation of the experimental inelastic neutron-scattering d
The calculated structure, elastic constants, phonon freq
cies, specific heat, thermal expansion, equation of state,
mean-square atomic displacements are also found to b
good agreement with the experimental data. The interato
potentials developed in these studies may be used to s
the structural, vibrational, and thermodynamic properties
the other garnet minerals, which may eventually lead to
understanding of the mixing properties of garnets.

FIG. 5. The comparison between the calculated and experim
tal ~Ref. 11! specific heat data. Inset shows the comparison betw
the calculation and experiment below 300 K.
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