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Effects of incomplete superconducting condensation inS-wave superconductors
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We have reexamined quasiparticle excitations ins-wave superconductors by considering a finite rangeTd of
pairing interaction energy. WhenTd is finite, low-energy states which are believed to be a hallmark of other
pairing symmetries such asd-wave symmetry are also found ins-wave superconductors. We have numerically
computed~i! the quasiparticle density of states,~ii ! the order parameter,~iii ! the superfluid density as a function
of Td /Tc , and~iv! the critical temperatureTc as a function of effective coupling constant. These calculations
show unusual features which arise as a result of these low-energy states whenTd becomes comparable toTc .
In conventional superconductors, whereTd /Tc@1, the BCS results are recovered as the effect of the low-
energy states becomes negligible.
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The gap in the energy spectrum for quasiparticle exc
tion is known as a hallmark of weak-couplings-wave
superconductors.1 Its presence in conventional supercondu
ors has been seen in various experiments including meas
ments of the magnetic penetration depth, specific heat,
nuclear relaxation rate as the exponentially activated t
perature,T, dependence1,2 at low T. For example, theT de-
pendence of experimental data is found to be compat
with a gap in the energy spectrum of superconductors s
as aluminum, vanadium, V3Si, and niobium. However, it ha
been noticed that tunneling data3,4 for lanthanum and Nb3Sn
and specific heat data5 for V3Si at low magnetic fields appea
inconsistent with the BCS density of states~DOS!. The T
dependence of the specific heat for indium and the or
parameterD(T) for niobium also show a deviation6 from the
BCS results. These data suggest that low-energy states
be present below the energy gap.

The two energy scales which characterize these super
ductors are the rangeTd of pairing interaction energy and th
critical temperatureTc . Td corresponds to the Debye tem
perature in the phonon-mediated superconductors. The
ues ofTd /Tc for aluminum, vanadium, indium, V3Si, nio-
bium, lanthanum, and Nb3Sn areTd /Tc'356, 71, 32, 31, 30,
23, and 16, respectively.7 This suggests that the appearan
of low-energy states below the energy gap may be relate
decreasingTd /Tc . This also suggests the interesting pos
bility that the presence of an energy gap maynot be a uni-
versal feature ofs-wave superconductors, but may perta
only to the weak-coupling superconductors~i.e., Td /Tc@1!.
The possibility of low-energy states ins-wave superconduct
ors was suggested recently by Nam.8

The origin of low-energy states is unpaired quasipartic
at T50. Unpaired quasiparticles in superfluids can arise
to either the interactions9 between atoms or those that a
being left out of pairing. When all quasiparticles participa
in the pairing interaction, the single-valuedness bound
condition for the ground-state wave function can be used
show that the superfluid fraction approaches unity in
zero-temperature limit.10 However, when some quasipart
cles do not participate in the pairing interaction, as in
case of spin-1 superfluid,11 the superfluid fraction become
less than unity atT50, indicating that these quasiparticle
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effectively form a normal component. Unpaired quasipa
cles can be also present in superconductors atT50. In su-
perconductors, however, they are due to finiteTd .8,12 Ac-
cording to BCS theory, some fraction of the charge carri
can remain unpaired whenTd is finite because only electron
with ~kinematic! energy withinTd of the Fermi surface can
participate in the pairing interaction.2,12 WhenTd is infinite,
as in the conventional BCS calculations, no quasipartic
are unpaired, thus yielding an energy gap and the BCS D
In the BCS calculation,Td is taken asinfinite and a cutoff is
imposed on the dynamical variablev for convenience. How-
ever, this approach is not valid. As a result, the BCS cal
lation needs to be reexamined becauseTd must be finite in
order to obtain finiteTc . This finiteTd yields a correction12

of orderO(Tc /Td) to the BCS results. Although this is neg
ligible when Td /Tc@1, the correction should not be ne
glected whenTd /Tc;1. Therefore, in contrast to weak
coupling superconductors, the low-energy states beco
significant in strong-coupling superconductors since the fr
tion of unpaired quasiparticles increases asTd /Tc→0. This
implies that a drastic modification of the conventional BC
results can arise whenTd;Tc . A modification of the con-
ventional BCS results based on the notion of incomplete
perconducting condensation due to finiteTd may provide in-
sights into experimental phenomena that are not unders
clearly and show deviations from the strict BCS limit. The
phenomena include the anomalous temperature depend
of upper critical field,13 anomalous Hall effect,14 and the
magnetic field dependence of the specific heat.5

In this paper, we reexamine the BCS calculation and
termine the effect of finiteTd by imposing a cutoff on the
energy. We discuss the DOS and show how, in contras
general belief, the low-energy states arise in the calculat
To demonstrate the effect of finiteTd , we calculate micro-
scopic quantities such as~i! the DOSNs(v), ~ii ! D(T), and
~iii ! the superfluid densityrs(T) as a function ofTd /Tc . We
also compute~iv! Tc as a function of effective coupling con
stant. Interestingly, the DOS forTd;Tc resembles the
d-wave DOS at lowv, while the calculation recovers th
BCS results asTd→`. HereTd /Tc is varied from the weak-
coupling to the strong-coupling regime. We note that it m
3579 ©2000 The American Physical Society
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3580 PRB 61JU H. KIM
not be appropriate to apply this approach to an arbitr
Td /Tc . In the strong-coupling regime, the results may ne
to be justified by using the Eliashberg equations.15 However,
we believe the results presented here are qualitatively co
because they depend on only the low-energy states.

In most superconductors, the order parameter is usu
anisotropic, but we consider an isotropic order parameter
simplicity. The self-consistency condition for thek and v
dependence of the order parameterDk(v) is given by1

Dk~v!52(
k8

Vkk8

Dk8~v!

2Ek8
tanh

Ek8
2T

, ~1!

where Ek5Aek
21Dk

2(v). We set\5kB5c51 for conve-
nience. Within the BCS approximation, the condition of no
zero effective pairing interaction,Vkk852V, between elec-
trons with energyueku,Td is satisfied by2,12

Dk~v!5 HD~T! for ueku,Td ,
0 for ueku.Td, ~2!

for all frequenciesv. Hereek is the quasiparticle energy fo
momentumk in the normal state measured with respect
the Fermi energy. This cutoff reflects the fact that only t
quasiparticles with energyueku within Td can form pairs.

~i! Density of states: The quasiparticle DOS normalized t
the normal state single-spin DOS,N(0), at theFermi energy
is determined from16

n~v!5
Ns~v!

N~0!
5ImH 2

1

p E
2`

`

dek

1

2
Tr@G~k,v!#J , ~3!

whereG(k,v)5@vt02Dk(v)t12ekt3#21 is the quasipar-
ticle Green function in the superconducting state16 andt i is
the i th Pauli matrix. Calculation of the DOS from Eq.~3! by
evaluating the integral overek becomes straightforward in
the weak-coupling limit because, by takingTd as infinite as
in the BCS calculation, the integration overek can be per-
formed by residues. As a result of this integration, the B
density of states1

nBCS~v!5ReH v

Av22D2J ~4!

is obtained. It is worth noting that the BCS expression
Tc51.13Tde21/N(0)V and the BCS DOS represent the tre
ment ofTd as finite and as infinite, respectively. TakingTd
as infinite leads to an errorO(Tc /Td) which is negligible in
the weak-coupling regime.12

As a way to treat finiteTd consistently, Eq.~2! must be
taken into account when computing the DOS by integrat
over ek in Eq. ~3!. When a cutoff is rigorously imposed o
the energy, the usual approach of carrying out a residue
tegral is not useful because the pole ofG(k,v) is a multi-
valued function ofv. It should be also noted that, for finit
Td , another usual approach of computing the DOS via tak
dek /dEk is not valid becauseek is not a single-valued func
tion of Ek . Moreover,Dk(v) of Eq. ~2! is a rapidly changing
function of ek nearTd .2,12

One way to evaluate Eq.~3! taking Eq.~2! into account is
by integratingek over two fan-shaped contours with real a
imaginary axes in theek plane as shown in Fig. 1. Thes
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contours do not enclose the pole. As a result of this integ
tion, the DOS has two terms

n~v!5Q~v,Td!1nBCS~v!R~v,Td!, ~5!

where Q(v,Td)5(2/p)tan21(v/Td) and R(v,Td)
5(2/p)tan21@nBCS(v)Td /v#.8 The first and second term
correspond to the contributions fromueku.Td and ueku
,Td , respectively. In the limit ofTd5`, n(v)5nBCS(v).
We note that the first termQ(v,Td), which accounts for the
low-energy states, does not depend onD. The presence of
these low-energy states in the DOS may be understood in
following way. The states with energy less thanD are shifted
to higher energy as pairs are formed. WhenTd is infinite, all
states belowD are shifted aboveD, yielding an energy gap
which is described bynBCS(v). When Td is finite, on the
other hand,not all the states are shifted aboveD. The states
remaining belowD are the aforementioned low-energy stat
and represent the unpaired quasiparticles.

In Fig. 2, the DOS is plotted as a function ofv/D for
Td /Tc5160 ~dashed line!, 3.1 ~solid line!, and 1.6 ~dot-
dashed line!. For Td /Tc5160, only a very small fraction of
the states is belowD ~i.e., v,D! and, as a result,D appears
as an energy gap. Hence the DOS forTd /Tc5160 is very
similar to the BCS DOS. AsTd /Tc decreases, the DOS in
creases forv,D and decreases forv.D because the low-
energy states~i.e., v,D! that were shifted to higher energie
~i.e., v.D! become, again, low-energy states. The fract
of states belowD increases with decreasingTd /Tc , indicat-
ing that the effect of finiteTd becomes significant in strong
coupling superconductors. The DOS increases linearly w
v at low v, suggesting that thev dependence of the DOS fo
ans-wave superconductor may be similar to that in ad-wave
superconductor17 when low-energy states are present. In t
inset, n(v)2nBCS(v) is plotted as a function ofv/D for
Td /Tc5160 ~dashed line!, 3.1 ~solid line!, and 1.6 ~dot-
dashed line! to illustrate the effect of finiteTd on the DOS
for both above and belowD. One can find that the area
under then(v)-nBCS(v) curve for v/D,1 and forv/D.1
are equal and opposite, indicating that Eq.~5! satisfies the
sum rule.

FIG. 1. Two fan-shaped contours for computing the DOS
finite Td are schematically shown.
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~ii ! Order parameter: The value of the order paramete
D(T) depends also onTd /Tc . The dependences ofD(T) on
T andTd /Tc are determined from the BCS equation1

1

N~0!V
5E

0

Td dek

Aek
21D2~T!

tanh
Aek

21D2~T!

2T
. ~6!

In Fig. 3, the value of 2D(0)/Tc computed numerically from
Eq. ~6! is plotted as a function ofTd /Tc . This curve illus-

FIG. 2. The DOS plotted as a function ofv/D for Td /Tc5160
~dashed line!, 3.1 ~solid line!, and 1.6~dot-dashed line! shows the
presence of low-energy states. The dashed line is very similar to
BCS DOS. In the inset,n(v)2nBCS(v) plotted as a function of
v/D for Td /Tc5160 ~dashed line!, 3.1 ~solid line!, and 1.6~dot-
dashed line! satisfies the sum rule.

FIG. 3. The order parameter atT50 is plotted as a function o
Td /Tc to show a deviation from the BCS value of 2D(0)/Tc

53.527. In the inset, a universal functionD(T)/D(0) is plotted as
a function ofT/Tc .
trates the fact that a deviation from the BCS value
2D(0)/Tc53.527 can arise whenTd is finite. AsTd /Tc de-
creases, 2D(0)/Tc increases18,19slowly in the weak-coupling
regime from the BCS value atTd5` and then increase
rapidly in the strong-coupling regime. The maximum val
for 2D(0)/Tc is 4 at Td /Tc50. This value is in agreemen
with the result obtained analytically.20 The value of
2D(0)/Tc obtained from the tunneling data for aluminum
vanadium, indium, V3Si, niobium, lanthanum, and Nb3Sn is
3.5, 3.5, 3.68, 3.8, 3.89, 3.75, and 4.3, respectively.7 From
these superconductors, it can be easily seen that a qua
tive trend of increasing2D(0)/Tc with decreasing Td /Tc is
consistent with the present calculation. However, the quan-
titative agreement between the computed and the meas
value for 2D(0)/Tc is poor. This may be due to the aniso
tropic effect which may become progressively more imp
tant with decreasingTd /Tc . In the inset, the computed
D(T)/D(0) is plotted as a function ofT/Tc . The
D(T)/D(0) curve does not depend onTd /Tc , indicating that
it is a universal function ofT/Tc .2

~iii !Superfluid density: Due to the presence of unpaire
quasiparticles, the superfluid fractionrs(0)/r at T50 de-
pends onTd /Tc . The dependence ofrs(0)/r on Td /Tc can
be determined from theQ(v,Td) term in the DOS of Eq.~5!
by using

rs~0!

r
512

1

D~0!
E

0

D~0!

dv Q~v,Td!, ~7!

wherer is the carrier density.8 The T dependence ofrs(T)
can be determined16,21 from the electromagnetic respons
function K(q,v) in the limit of q5v50 via the relation
K(0,0)uT /K(0,0)uT505rs(T)/rs(0). Thers(T) normalized
by rs(0) can be written as

rs~T!

rs~0!
512

2

T E
0

`

dv n~v! f ~v!@12 f ~v!#, ~8!

where f (v)51/(ev/T11) is the Fermi function.
In Fig. 4, the computedrs(0)/r from Eq.~7! is plotted as

a function ofTd /Tc to show the fraction of quasiparticles no
participating in pairing. We note thatrs(0)/r deviates from
the BCS value of 1 due to unpaired quasiparticles which
represented as the low-energy states in Fig. 2. AsTd /Tc
decreases,rs(0)/r decreases from 1 atTd /Tc5`, reflecting
the increase in the fraction of unpaired quasiparticles.
note thatrs(0)/r→0 asTd /Tc→0, indicating that all qua-
siparticles are unpaired whenTd50, as should be expected
In the inset,rs(T)/rs(0) is plotted as a function ofT/Tc for
Td /Tc5160 ~dashed line!, 3.1 ~solid line!, and 1.6 ~dot-
dashed line! to illustrated theT dependence ofrs(T). The
dashed line is very similar to the BCS result. ForTd /Tc
53.1 and 1.6,rs(T)/rs(0) decreases linearly withT at low
T, reflecting the linearv dependence of the DOS of Eq.~5!
at low v.

~iv! Critical temperature: The dependence ofTc on the
effective coupling constant is determined from

1

N~0!V
5E

0

Td dek

ek
tanh

ek

2Tc
. ~9!
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3582 PRB 61JU H. KIM
In Fig. 5, the computedTc ~solid line! from Eq. ~9! and the
BCS expression forTc ~dashed line!, which is obtained by
assumingN(0)V!1, are plotted as a function ofN(0)V in
order to illustrate the difference between the numerica
computedTc and the BCS result in the strong-coupling r
gime. Two curves almost coincide forN(0)V!1 ~i.e., weak
coupling!, but the difference between these curves incre
with increasingN(0)V and this difference becomes signifi
cant forN(0)V.1 ~i.e., strong coupling!.

In summary, we have determined the effect of finiteTd
within the BCS pairing theory by rigorously imposing a cu
off on the ~kinematic! energy. Numerical calculations of~i!
the DOS,~ii ! D(T), and ~iii ! rs(T) as a function ofTd /Tc
and ~iv! Tc as a function ofN(0)V indicate that the BCS
results are recovered only whenTd5`. These computations
show unusual features suggesting that the BCS results sh

FIG. 4. The superfluid fractionrs(0)/r at T50 plotted as a
function of Td /Tc shows that a deviation from the BCS value of
arises due to the presence of unpaired quasiparticles in the s
conducting state. In the inset,rs(T)/rs(0) plotted as a function of
T/Tc for Td /Tc5160 ~dashed line!, 3.1 ~solid line!, and 1.6~dot-
dashed line! represents the low-energy states in Fig. 2. The das
line is very similar to the BCS result.
y

e

uld

not be applied whenTd is comparable toTc because a cor-
rection due to finiteTd is not negligible. An important con-
sequence of a finiteTd is that unpaired quasiparticles ca
exist in ans-wave superconductor atT50. These unpaired
quasiparticles yield low-energy states, suggesting that an
ergy gap is not a universal feature ofs-wave superconduct
ors. The presence of low-energy states can change thT
dependence of physical properties at lowT, indicating that
an s-wave superconductor may appear similar to ad-wave
superconductor22 whenTd is comparable toTc . Finally, we
note that the present reexamination of the BCS calculati
is based on the assumption that Migdal’s theorem23 is valid.
However, when the vertex corrections are not negligible,
effects of incomplete condensation as presented in this w
which is based on the mean-field theory, may need to
reexamined.

The author is grateful to S. B. Nam for helpful sugge
tions and discussions.
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FIG. 5. TheTc /Td curve plotted as a function ofN(0)V shows
that the numerically calculatedTc ~solid line! from Eq. ~9! and the
BCS expression forTc ~dashed line! almost coincide whenN(0)V
!1, but are different whenN(0)V.1.
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