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Effects of incomplete superconducting condensation is-wave superconductors
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We have reexamined quasiparticle excitations-vmave superconductors by considering a finite rangef
pairing interaction energy. WheRy is finite, low-energy states which are believed to be a hallmark of other
pairing symmetries such aswave symmetry are also found swave superconductors. We have numerically
computedi) the quasiparticle density of statés) the order parametefiji ) the superfluid density as a function
of T4/T., and(iv) the critical temperatur&, as a function of effective coupling constant. These calculations
show unusual features which arise as a result of these low-energy state3 ywhecomes comparable . .

In conventional superconductors, wherg/ T >1, the BCS results are recovered as the effect of the low-
energy states becomes negligible.

The gap in the energy spectrum for quasiparticle excitaeffectively form a normal component. Unpaired quasiparti-
tion is known as a hallmark of weak-couplingwave cles can be also present in superconductor=a0. In su-
superconductorslts presence in conventional superconduct-perconductors, however, they are due to firiitg 82 Ac-
ors has been seen in various experiments including measureording to BCS theory, some fraction of the charge carriers
ments of the magnetic penetration depth, specific heat, anghn remain unpaired whéky, is finite because only electrons
nuclear relaxation rate as the exponentially activated temyjith (kinematio energy withinT4 of the Fermi surface can
peratureT, dependence’ at low T. For example, thd de-  participate in the pairing interactici2 When Ty is infinite,
pendence of experimental data is found to be compatibleg iy the conventional BCS calculations, no quasiparticles
with a gap in the energy spectrum of superconductors SUCQre unpaired, thus yielding an energy gap and the BCS DOS.

ES alumltr)urr&, t\lf]art]?d'uml’?‘s"d%r%g n'(l)b"#]n‘ Howevgr, it has In the BCS calculationT 4 is taken asnfinite and a cutoff is
€en noticed that tunneling or lanthanum and NiSn imposed on the dynamical variahlefor convenience. How-

and specific heat datfor Vi at low magnetic fields appear ever, this approach is not valid. As a result, the BCS calcu-

inconsistent with the BCS density of statd30S). The T . . o
dependence of the specific heat for indium and the ordelf"‘tlon needs to be reexamined becallgamust be finite in

parameter (T) for niobium also show a deviati6iirom the order to obtain finiteT ;. This finite T, yields a corr-ecfcioﬁ
BCS results. These data suggest that low-energy states m&y0rderO(Tc/Tq) to the BCS results. Although this is neg-
be present below the energy gap. ligible when T4/T:>1, the correct|o.n should not be ne-
The two energy scales which characterize these supercoflected whenTq/T.~1. Therefore, in contrast to weak-
ductors are the rangg; of pairing interaction energy and the coupling superconductors, the low-energy states become
critical temperaturél,. T4 corresponds to the Debye tem- significant in strong-coupling superconductors since the frac-
perature in the phonon-mediated superconductors. The valion of unpaired quasiparticles increasesTg$T.— 0. This
ues of Ty/T, for aluminum, vanadium, indium, 3&i, nio- implies that a drastic modification of the conventional BCS
bium, lanthanum, and NBn areT4/T.~356, 71, 32, 31, 30, results can arise whefy~T.. A modification of the con-
23, and 16, respectivelyThis suggests that the appearanceventional BCS results based on the notion of incomplete su-
of low-energy states below the energy gap may be related tperconducting condensation due to finfigmay provide in-
decreasingly/T,.. This also suggests the interesting possi-sights into experimental phenomena that are not understood
bility that the presence of an energy gap nmt be a uni-  clearly and show deviations from the strict BCS limit. These
versal feature of-wave superconductors, but may pertain phenomena include the anomalous temperature dependence
only to the weak-coupling superconductdie., T4/T.>1).  of upper critical field:®> anomalous Hall effect! and the
The possibility of low-energy states gwave superconduct- magnetic field dependence of the specific Reat.
ors was suggested recently by N&m. In this paper, we reexamine the BCS calculation and de-
The origin of low-energy states is unpaired quasiparticlegermine the effect of finitel y by imposing a cutoff on the
at T=0. Unpaired quasiparticles in superfluids can arise duenergy. We discuss the DOS and show how, in contrast to
to either the interactiofsbetween atoms or those that are general belief, the low-energy states arise in the calculation.
beingleft out of pairing. When all quasiparticles participate To demonstrate the effect of finifg;, we calculate micro-
in the pairing interaction, the single-valuedness boundargcopic quantities such &5 the DOSN¢(w), (i) A(T), and
condition for the ground-state wave function can be used tdiii ) the superfluid densitgs(T) as a function off 4/T.. We
show that the superfluid fraction approaches unity in thealso computdiv) T, as a function of effective coupling con-
zero-temperature limi® However, when some quasiparti- stant. Interestingly, the DOS foly~T. resembles the
cles do not participate in the pairing interaction, as in thed-wave DOS at loww, while the calculation recovers the
case of spin-1 superfluid, the superfluid fraction becomes BCS results a3 — . HereT,/T, is varied from the weak-
less than unity af =0, indicating that these quasiparticles coupling to the strong-coupling regime. We note that it may
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not be appropriate to apply this approach to an arbitrary
T4/T.. In the strong-coupling regime, the results may need * Im €y
to be justified by using the Eliashberg equatidhslowever,
we believe the results presented here are qualitatively correct
because they depend on only the low-energy states.

In most superconductors, the order parameter is usually
anisotropic, but we consider an isotropic order parameter for
simplicity. The self-consistency condition for theand o

|
dependence of the order parametgf w) is given by p>ok ¢
- P _>
Akr(w) Ek’ * Re 8
A(w)=— kE ka'Tk,tanhﬁ‘ oy pole k

o

where E, = \/ezk+ Azk(w). We seth=kg=c=1 for conve-
nience. Within the BCS approximation, the condition of non-
zero effective pairing interactiory,,» = —V, between elec-
trons with energye,|<T, is satisfied by*?

FIG. 1. Two fan-shaped contours for computing the DOS for
A(T) for |e<Tq, 2) finite T4 are schematically shown.

0 for |el>Tg,

for all frequenciesw. Heree, is the quasiparticle energy for contours do not enclose the pole. As a result of this integra-
momentumk in the normal state measured with respect totion, the DOS has two terms
the Fermi energy. This cutoff reflects the fact that only the
quasiparticles with energl,| within T, can form pairs. N(w)=Q(w,Tyg) +Ngcs @) R(w, Ty), (5
(i) Density of statesThe quasiparticle DOS normalized to

the normal state single-spin DOS(0), at theFermi energy Where  Q(w,Tg)=(2/m)tan {w/T) and  R(w,Ty)
is determined frorf =(2/m)tan {ngco(w) T4/ w].® The first and second terms

correspond to the contributions frore,|>Ty and | e
Ng(w) 1 (= 1 <T4, respectively. In the limit offy=c, n(w)=npcq ).
Wzlm - ;ledkaTr[G(k'w)] » 3 We note that the first term®(w,T), which accounts for the
low-energy states, does not depend dnThe presence of
whereG(k,w) =[w7o— A (w) 7,— 73] 1 is the quasipar- these low-energy states in the DOS may be understood in the
ticle Green function in the superconducting std&nd 7, is  following way. The states with energy less thamre shifted
theith Pauli matrix. Calculation of the DOS from E@) by  to higher energy as pairs are formed. WHgjis infinite, all
evaluating the integral ovet, becomes straightforward in states belowA are shifted above\, yielding an energy gap
the weak-coupling limit because, by takiiig asinfinite as  which is described bygcg(w). WhenTy is finite, on the
in the BCS calculation, the integration ovey can be per- other handnot all the states are shifted abowe The states
formed by residues. As a result of this integration, the BCSemaining belowA are the aforementioned low-energy states
density of state's and represent the unpaired quasiparticles.
In Fig. 2, the DOS is plotted as a function afA for
13) T4/T.=160 (dashed ling 3.1 (solid line), and 1.6 (dot-
Npcs(@) = Re{ \/ﬁ] 4 dashed ling For T4/T.=160, only a very small fraction of
the states is below (i.e., w<A) and, as a result\ appears
is obtained. It is worth noting that the BCS expression ofas an energy gap. Hence the DOS Tgy/ T,=160 is very
T.=1.13T4e MOV and the BCS DOS represent the treat-similar to the BCS DOS. AF4/T, decreases, the DOS in-
ment of Ty as finite and as infinite, respectively. Takilflg  creases fow<A and decreases fab>A because the low-
as infinite leads to an err@(T./T4) which is negligible in  energy statef.e., w<A) that were shifted to higher energies
the weak-coupling regim®. (i.e., ®>A) become, again, low-energy states. The fraction
As a way to treat finitel 4 consistently, Eq(2) must be  of states belowA increases with decreasifg,/T., indicat-
taken into account when computing the DOS by integratingng that the effect of finitel 4 becomes significant in strong-
over g in Eq. (3). When a cutoff is rigorously imposed on coupling superconductors. The DOS increases linearly with
the energy, the usual approach of carrying out a residue inw at low o, suggesting that the dependence of the DOS for
tegral is not useful because the pole®fk,w) is a multi-  answave superconductor may be similar to that idaave
valued function ofw. It should be also noted that, for finite superconductdf when low-energy states are present. In the
T4, another usual approach of computing the DOS via takingnset, n(w) —ngcy w) is plotted as a function of/A for
de, /dE, is not valid because, is not a single-valued func- T4/T.=160 (dashed ling 3.1 (solid line), and 1.6 (dot-
tion of E,.. Moreover,A,(w) of Eq.(2) is a rapidly changing dashed lingto illustrate the effect of finitel 4y on the DOS
function of e, nearT4.>*? for both above and belowA. One can find that the areas
One way to evaluate E3) taking Eq.(2) into accountis under then(w)-ngcg(w) curve for w/A<1 and for w/A>1
by integratinge, over two fan-shaped contours with real and are equal and opposite, indicating that EB). satisfies the
imaginary axes in the, plane as shown in Fig. 1. These sum rule.

A(w)=

n(w)=
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trates the fact that a deviation from the BCS value of
2A(0)/T.=3.527 can arise wheny is finite. AsTy4/T, de-
creases, &(0)/T, increase¥%slowly in the weak-coupling
regime from the BCS value aly=c and then increases
rapidly in the strong-coupling regime. The maximum value
for 2A(0)/T. is 4 atT4/T.=0. This value is in agreement
with the result obtained analyticalfy. The value of
2A(0)/T, obtained from the tunneling data for aluminum,
vanadium, indium, V¥Si, niobium, lanthanum, and N8n is
3.5, 3.5, 3.68, 3.8, 3.89, 3.75, and 4.3, respectiVdfyom
these superconductors, it can be easily seen that a qualita-
tive trend of increasin@A (0)/T. with decreasing /T, is
consistent with the present calculatioddowever, the quan-
titative agreement between the computed and the measured
= 1 . value for 2A(0)/T. is poor. This may be due to the aniso-
-~ ' tropic effect which may become progressively more impor-
0.0 2 , \ ; ! ; tant with decreasingly/T.. In the inset, the computed
0.0 1.0 20 3.0 4.0 A(T)/A(0) is plotted as a function ofT/T.. The
/A A(T)/A(0) curve does not depend d /T, indicating that
it is a universal function off/T,.2
FIG. 2. The DOS plotted as a function ofA for Ty/T.=160 (i )Superfluid densityDue to the presence of unpaired
(dashed ling 3.1 (solid line), and 1.6(dot-das_hed_ Iln)ashoyvs_ the quasiparticles, the superfluid fractign(0)/p at T=0 de-
presence of low-energy states. The dashed line is very similar to thﬁends orT4/T.. The dependence gi(0)/p on T4/T, can

BCS DOS. In the inset(w)—ngcy @) plotted as a function of ; :
wlA for T,/T,—160 (dashed ling 3.1 (solid ling), and 1.6(dot- ¢ dtermined from the(w,Tq) term in the DOS of Eq(5)

30

g
o
1

N (@)/N(0)

=
(=]
|

dashed ling satisfies the sum rule. by using
(ii) Order parameter The value of the order parameter &o)zl_ LJA(O)dw Qw,Ty), 7)
A(T) depends also ofiy/T.. The dependences &f(T) on p A(0) Jo

T andT4/T, are determined from the BCS equation . ] )
wherep is the carrier densit§.The T dependence of¢(T)

1 T de [Z+A%T) can be determiné@** from the electromagnetic response
NOW — tanh >T . (6)  function £(g,w) in the limit of q=w=0 via the relation
OV Jo Jeg+A%(T) K(0,0)|7//C(0,0) 1—o= p<(T)/p<(0). The p(T) normalized

In Fig. 3, the value of A(0)/T. computed numerically from by p<(0) can be written as

Eq. (6) is plotted as a function of 4/T.. This curve illus- RS
Ps

ps(0)

- - wheref(w)=1/(e”’T+1) is the Fermi function.

5 - In Fig. 4, the compute@g(0)/p from Eq.(7) is plotted as

a function of T4/T, to show the fraction of quasiparticles not

participating in pairing. We note that,(0)/p deviates from

the BCS value of 1 due to unpaired quasiparticles which are

represented as the low-energy states in Fig. 2. TAST,

decreasess(0)/p decreases from 1 3,/ T.=<, reflecting

the increase in the fraction of unpaired quasiparticles. We

note thatp,(0)/p—0 asT4/T.—0, indicating that all qua-

siparticles are unpaired whéiny=0, as should be expected.

In the inset,ps(T)/ps(0) is plotted as a function of/ T, for

T4/T.=160 (dashed ling 3.1 (solid line), and 1.6 (dot-

dashed ling to illustrated theT dependence op(T). The

dashed line is very similar to the BCS result. FBy/T.

. =3.1 and 1.6p4(T)/ps(0) decreases linearly with at low

3.50 T T, reflecting the lineaw dependence of the DOS of E()

0.0 2.0 4.0 6.0 8.0 10.0 at low w.

T/T, (iv) Critical temperature The dependence of; on the

effective coupling constant is determined from

_1 2Fd f(w)[1—f 8
=17 wnN(w)f(w)[1-f(w)], (8)

4.00

3.90 -

A(T)/A(0)

3.80 |

2A(0)/T,

370 F

3.60 -

FIG. 3. The order parameter @t=0 is plotted as a function of
T4/T. to show a deviation from the BCS value ofAR0)/T. 1 T4 d
=3.527. In the inset, a universal functid(T)/A(0) is plotted as :f djtanhi (9)
a function of T/T.. N(O)V 0 €k 2T,
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FIG. 4. The superfluid fractiops(0)/p at T=0 plotted as a FIG. 5. TheT./T4 curve plotted as a function ®(0)V shows
function of T4/T. shows that a deviation from the BCS value of 1 that the numerically calculatef, (solid line) from Eq. (9) and the
arises due to the presence of unpaired quasiparticles in the supdCS expression foff . (dashed lingalmost coincide wheiN(0)V
conducting state. In the insgig(T)/ps(0) plotted as a function of <1, but are different wheiN(0)V>1.

TIT, for T4/T.=160 (dashed ling 3.1 (solid line), and 1.6(dot-
c_iashed Iinbr(_ep_resents the low-energy states in Fig. 2. The dasheg,gt pe applied whefT4 is comparable td. because a cor-
line is very similar to the BCS result. rection due to finiteT4 is not negligible. An important con-
sequence of a finitd 4 is that unpaired quasiparticles can
In Fig. 5, the computed . (solid line) from Eg.(9) and the  exist in ans-wave superconductor dt=0. These unpaired
BCS expression foll . (dashed ling which is obtained by quasiparticles yield low-energy states, suggesting that an en-
assumingN(0)V<1, are plotted as a function ®(0)V in  ergy gap is not a universal feature ®fvave superconduct-
order to illustrate the difference between the numericallyors. The presence of low-energy states can changeT the
computedT, and the BCS result in the strong-coupling re- dependence of physical properties at l@windicating that
gime. Two curves almost coincide fdl(0)V<1 (i.e., weak  an swave superconductor may appear similar to-aave
coupling, but the difference between these curves increas§uperconduct8? whenT, is comparable td .. Finally, we
with increasingN(0)V and this difference becomes signifi- note that the present reexamination of the BCS calculations
cant forN(0)V>1 (i.e., strong coupling _ is based on the assumption that Migdal’s thedreis valid.
In summary, we have determined the effect of fiflie o ever, when the vertex corrections are not negligible, the

within the BCS pairing theory by rigorously imposing a cut- eftects of incomplete condensation as presented in this work,
off on the (kinematig energy. Numerical calculations 6 \yhich is based on the mean-field theory, may need to be
the DOS,(ii) A(T), and(iii) ps(T) as a function ofT4/T, reexamined.

and (iv) T, as a function ofN(0)V indicate that the BCS
results are recovered only wh@g=cc. These computations The author is grateful to S. B. Nam for helpful sugges-
show unusual features suggesting that the BCS results shoufiéns and discussions.
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