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Magnetization plateaus as insulator-superfluid transitions in quantum spin systems
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We study the magnetization process in two-dimensionalS51/2 spin systems, to discuss the appearance of a
plateau structure. The following three cases are considered:~1! the Heisenberg antiferromagnet and multiple-
spin exchange model on the triangular lattice,~2! the Shastry-Sutherland-type lattice@which is a possible
model for SrCu2(BO3)2#, ~3! the 1/5-depleted lattice~for CaV4O9). We find in these systems that magnetiza-
tion plateaus can appear owing to a transition from superfluid to a Mott insulator of magnetic excitations. The
plateau states have charge-density-wave order of the excitations. The magnetizations of the plateaus depend on
components of the magnetic excitations, the range of the repulsive interaction, and the geometry of the lattice.
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In some one-dimensional spin systems, spin-density-w
states with finite spin gap appear under a finite magnetic fi
accompanying plateau structures in the magnetization
cess. Magnetization plateaus were observed in some q
one-dimensional materials.1 Theoretical arguments clarify
that the appearance of the plateau is explained by
insulator-conductor transition of magnetic excitations.2 In
two- or higher-dimensional systems, magnetization plate
have been also found in both theoretical3–5 and experimenta
studies.6–8 In this paper, we propose a rather general pict
that these two-dimensional plateaus are formed owing
field-induced insulator-superfluid transitions of magnetic
citations. To demonstrate how it works, we discuss th
examples in details.

The first example is a family of antiferromagnets on
triangular lattice. For theS51/2 antiferromagnet on a trian
gular lattice~AFT!, Nishimori and Miyashita3 found a mag-
netization plateau atm/msat51/3, which comes from the ap
pearance of a collinear state with three sublattices, i.e.,
so-called ‘‘uud’’ state. This plateau was actually observed
AFT materials like C6Eu ~Ref. 6! and CsCuCl3 ~Ref. 7!.
Recently in a multiple-spin exchange~MSE! model, which is
a possible model9 for solid 3He films, a magnetization pla
teau was predicted5 at m/msat51/2. In this case, the platea
is attributed to the formation of a similar collinear state b
with four sublattices. The magnetization processes of th
systems have been studied extensively and here we jus
tempt interpreting the known results to test the new pictur

We take as the second example theS51/2 Heisenberg
antiferromagnet~HAF! on the Shastry-Sutherland lattic
~Shastry-Sutherland model, hereafter, see Fig. 1!,10 which is
known to have an exact dimer ground state. Rece
Kageyamaet al.8 found that SrCu2(BO3)2 realizes a lattice
structure equivalent to that discussed in Ref. 10 and tha
has a gapful ground state. The magnetization measurem
show plateaus atm/msat51/8 and 1/4. The last is theS
51/2 HAF on the 1/5-depleted square lattice~Fig. 2!, which
includes a model Hamiltonian for CaV4O9. In this system,
the plaquette singlet state is realized in the ground state11
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In our picture, the plateau states can be regarded as M
insulators ofeffectivemagnetic particles; repulsive interac
tions induce various kinds of charge-density-wave~CDW!
long-range order leading to a finite energy gap in partic
hole excitations. Except for the plateau phases, magnetic
ticles are conducting to form supersolids, in which superfl
idity and CDW coexist, and magnetization increas
smoothly. Of course, the charge density is translated into
spin (Sz) density and superfluidity here means long-ran
order in the direction perpendicular to the field. Althoug
this essential picture is common to the three examples,
concrete forms of the magnetic particles are different.

In the first example, i.e., AFT and an MSE model, a sing
flipped spin itself works as the magnetic particle, while t
triplets on the dimer~J! bonds are the relevant particles
the Shastry-Sutherland model. We find plateaus atm/msat

51/2 and 1/3. In the third one, i.e., the 1/5-depleted squ
lattice, plaquette triplets behave as particles. We predict
teaus atm/msat51/8, 1/4, 1/2.

The magnetizations where a plateau appears depend o~i!
the form of the magnetic excitations,~ii ! range of the repul-
sion between them, and~iii ! the geometry of the lattice. Fi
nally, we summarize common features on properties of
phase transition.

Spin5 magnetic particle. The magnetization plateau fo
the AFT system was found in spin 1/2 anisotropic3 and
isotropic4 Heisenberg models. The Hamiltonian is

FIG. 1. Shastry-Sutherland lattice.
3231 ©2000 The American Physical Society
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H5J(
^ i , j &

~Si
xSj

x1Si
ySj

y1hSi
zSj

z!2B(
i

Si
z , ~1!

where the summation runs over all nearest-neighbor p
andB denotes the magnetic field. Forh>1, the magnetiza-
tion curve has a plateau atm/msat51/3. The ground state in
the plateau phase is of a collinear structure with three s
lattices, where two of three spins direct upward and the o
downward. In the other phases, magnetic states have no
linear structures with off-diagonal long-range ord
~ODLRO!. If we introduce a particle picture, i.e., recogniz
spin dynamics as induced by the motion of a certain kind
particles,12 the appearance of plateau is easily underst
from simple consideration about compressibility of the p
ticles. Regarding an up spin as a hard-core boson and a d
one as a vacancy,12 we can rewrite the Hamiltonian~1! as

H5
J

2 (
^ i , j &

$~bi
†bj1H.c.!12hninj%2~B13Jh!(

i
ni ,

~2!

wherebi
† denotes the creation operator of the hard-core

son on sitei, andni is the number operator. Since particl
carry magnetic moment unity, the chemical potentialm5B
13Jh is controlled by the magnetic field and them depen-
dence of the particle densityn corresponds to the magnet
zation curve of the original spin system.

The hopping term comes from the spin-exchange (XY)
term and the repulsive interaction from the diagonal~Ising!
part. The anisotropic case,h.1, is mapped to the stron
coupling ~i.e., strong repulsion! region of the corresponding
boson system. The particle-hole transformation converts
system into that of holes with repulsion of the same stren
in the strong-coupling limit, the ground state at the fillin
n52/3 (m/msat51/3) has the density-wave long-range o
der, with the three-sublattice structure shown in Fig. 3~a!.
Due to the repulsive interaction, this state is incompressi
i.e., dn/dm50, and density-fluctuation energy has a fin
gap above the ground state. Except for the filling~s! n52/3
~and 1/3!, there are vacancies and hence particles are mo
~conducting!. Since the particles obey boson statistics a

FIG. 2. 1/5-depleted square lattice.

FIG. 3. Spin-density-wave order in AFT~a! and MSE model
~b!. Black ~white! circles denote down~up! spins.
rs

b-
er
ol-

f
d
-
wn

-

e
h;

e,

ile
d

the system is uniform, the system presumably shows su
fluidity. There is perfect correspondence between the ab
consideration and the previous results;3,4 the insulating CDW
state with dn/dm50 is consistent with the spin collinea
state, where susceptibility is vanishing. On the other ha
superfluidity of bosons corresponds to noncollinear ODLR
of spins.

The particle density where CDW stabilizes depends
the range of repulsive interactions. To see this, we next
cuss the MSE model with four-spin exchange on the tri
gular lattice, where repulsion acts further than in the Heis
berg model. The Hamiltonian is given by

H5J(
^ i , j &

si•sj1K(
p

hp2B(
i

s i
z , ~3!

wheresi denote Pauli matrices. The second summation r
over all minimum diamond clusters andhp is the four-spin
exchangehp54(P41P4

21)21 with the ring permutation of
four spins P4. It was shown that three- and four-spin e
change interactions are very strong in two-dimensional s
3He due to strong quantum fluctuations.9 Theoretically a
magnetization plateau was found5 at m/msat51/2 instead of
m/msat51/3. In the particle picture, bosons feel the follow
ing two-body repulsion:

V54~J15K !(
^ i , j &

ninj14K (
( i , j )

PN.N.N.

ninj . ~4!

The repulsive interaction acts in both nearest- and ne
nearest-neighbor sites. Figure 3~b! shows the region where
the interaction works. Because of the range of repulsion,
particles can solidify at the densityn51/4. ~Note that the
solidification occurs only if the repulsion overcomes the
fect of the hopping term.! This insulating phase atn51/4
corresponds to the magnetization plateau atm/msat51/2 in
the original spin system. The previous numerical result
Ref. 5 on the ground state of the plateau phase is consis
with the CDW order shown in Fig. 3~b!.

Dimer triplet. When specific pairs of two spins are mo
strongly coupled than to the others by an antiferromagn
interaction, the dimer singlet state realizes in the grou
state. Under a weak magnetic field,Sz51 triplets on the
dimer bonds are dominant excitations. Several types of
pulsive interactions between these dimer triplet excitatio
can induce various insulating phases and thereby yield m
netization plateaus.

For concreteness, we discuss the Shastry-Suther
model10 shown in Fig. 1. The exact dimer ground state10 is
realized for J8/J,0.69. ~Ref. 13!. Recently Kageyama
et al.8 found this lattice structure in SrCu2(BO3)2 and ob-
served the magnetization plateaus atm/msat51/8 and 1/4.
Because of the special structure of the lattice, a triplet ex
tation is almost localized.13 Considering the dimer triple
state withSz51 as a particle~a hard-core boson by defini
tion! and the dimer singlet as a vacancy, we derive an eff
tive Hamiltonian for it using the perturbational expansi
from theJ850 limit. The expansion is performed up to th
third order in J8/J from degenerate states with a consta
number of dimer triplets. The effective Hamiltonian up to t
second order is
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H5S J2B2
J82

J
D(

i
ni1S J8

2
1

J82

2J
D (

^ i , j &
ninj

1
J82

4J (
i PA

$@bi
†~bi 1e12bi 2e1!1H.c.#~ni 2e22ni 1e2!

12ni 1e2~12ni !ni 2e21~bi 1e1
† bi 2e11H.c.!ni%

1
J82

4J (
i PB

$e1↔e2%, ~5!

wherei ( j ) runs over an effective square lattice consisting
dimer bonds~both horizontal and vertical! and horizontal
~vertical! ones belong to theA(B) sublattice. The full form
of the effective Hamiltonian up to the third order will b
published elsewhere.14 The derived Hamiltonian does no
have the one-particle hopping term~as was already reporte
in Ref. 13!, but contains many correlated-hopping process
where an effective hopping of a particle is mediated by
other one. This is one of our main observations. Most th
order terms concern the correlated hopping. Longer-ra
repulsions between particles appear from higher-order
turbations. Diagonal repulsive interactions up to the th
order inJ8/J are shown graphically in Fig. 4. The resultin
Hamiltonian does not have 90° rotational invariance, sin
the lattice structure has low symmetry, and this may lead
highly anisotropic CDW states.

We study the effective Hamiltonian in the classical lim
To this end, we map the hardcore boson system to thS
51/2 quantum spin system and then approximate the s
1/2 by a classical vector. We search for the ground state w
large sublattice structures~e.g., a stripelike one with six sub
lattice! both with the mean-field approximation and a Mon
Carlo method by decreasing temperatures gradually.

FIG. 4. Two-body repulsive interactions up to the third order
J8/J. V15J8/21J82/2J2J83/4J2, V25J83/8J2, V35J82/2J
13J83/4J2.

FIG. 5. Magnetization process of the Shastry-Sutherland mo
with J8/J50.45.
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evaluated magnetization process is shown in Fig. 5. No
clear difference between the high- and low-field regio
There appear plateau structures atm/msat51/2 and 1/3. The
plateau states have CDW long-range orders shown in Fig
Configurations realized form/msat51/2 and 1/3 correspond
to perfect closed packings provided that particles avoid
pulsion from first- and second-order perturbation, resp
tively. The plateau atm/msat51/2 appears only in the regio
0,J8/J,0.50 and, for largeJ8/J the CDW is destroyed by
the correlated hoppings, which are dominant in the high
order terms. The correlated hoppings are so efficient als
large particle density that any plateau does not appear
1/2,m/msat,1. Belowm/msat51/3, the correlated hopping
occur rarely, because of a low particle density. The obser
1/4 plateau~and 1/8 plateau! of SrCu2(BO3)2 may be formed
by weak longer-range repulsions which are not taken i
account in the present study. Recently Miyahara and U
discussed semiphenomenologically that the 1/4 plat
might come from a CDW state with a stripe structure.15 In
our approach, the repulsive interaction relevant to the st
CDW may come from the higher-order terms in perturbatio
otherwise from other spin interactions that are not conside
in the Shastry-Sutherland model. This remains a future pr
lem.

Plaquette triplet. When the interactions or a special g
ometry of the lattice allows four-spin plaquettes, in each
which four spins are coupled more strongly than to the o
ers, individual plaquettes form singlets in the ground sta
The triplet states withSz51 on plaquettes are dominant e
citations in a weak magnetic field. The insulator-conduc
transition of these excitations can take place thereby prod
ing magnetization plateaus.

f

el

FIG. 6. Spin configurations at magnetization plateaus
m/msat51/3 ~a!, 1/2 ~b!. Black bonds denote dimer triplet excita
tions.

FIG. 7. Magnetization process up tom/msat50.5 in the 1/5-
depleted square lattice withJ1 /J51 andJ2 /J50.5. The dotted line
shows the caseJ15J250.
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An example of the plaquette singlet ground states is s
in the S51/2 HAF on the 1/5-depleted square lattice11

which includes a possible model for CaV4O9 as a special
case. The lattice is shown in Fig. 2. In the isolated plaque
limit J15J250, a trivial plateau already appears atm/msat
51/2 for J,B,2J ~see Fig. 7!, where every plaquette is in
the triplet excited state withSz51.16 Whenm/msat,1/2, the
triplet excitations~particle! tend to hop if J1 and J2 are
turned on, and at specific~commensurate! values ofm/msat
they can show insulator-conductor transitions as a con
quence of the competition between the hopping and the
pulsive interaction. Abovem/msat51/2, a plaquette quintu-
plet (S52) with Sz52 behaves as a particle and can sho
magnetization plateaus between 1/2,m/msat,1. In the fol-
lowing, we focus on a weak magnetic-field region, whi
corresponds to the magnetization 0,m/msat,1/2. Regarding
the plaquette triplet excitation withSz51 as a particle and
the singlet state as a vacancy, we derive the effective Ha
tonian of the particle by the second-order perturbat
around the limitJ15J250. ~The explicit form will be shown
elsewhere.14! The repulsive interactions range from
plaquette to its nearest- and next-nearest neighbors. If pa
eters satisfyJ1.2J2, the hopping term is weak and henc
the system is in the strong-coupling regime. Then we m
expect that the triplets crystallizes and the magnetization
teaus appear atm/msat51/8 and 1/4. The mean-field approx
mation of the effective Hamiltonian indeed shows magne
zation plateaus atm/msat51/8 and 1/4~see Fig. 7!. They
come from the insulating phases with CDW long-range or
n
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of a square structure. A remark is in order here about
relevance of our results to CaV4O9. Quite recently, it was
shown17 that plaquettes of another type~metaplaquettes!
consisting ofJ2 bonds play the main role in CaV4O9 con-
trary to earlier studies.11 The physics is, however, almost th
same also in this case; the metaplaquette excitations beh
like particles and,J andJ1 bonds induce hopping, and so on
The detailed results will be reported in a longer paper.14

Common features. To conclude this paper, we discuss
few features shared by the three examples. According to
analogy to many-particle theories, a plateau state co
sponds to a CDW insulating state and gapless ones to su
solids. As the plateau state collapses by increasing the
plied field, superfluidity appears, whereas CDW exists
both phases. Let us consider the case of second-order tra
tion, where the magnetization changes continuously. Assu
ing that the onset of superfluidity is well described by th
effective Hamiltonian of the ordinary bosons with a shor
range repulsion for low energies, we conclude this transit
is of the dynamical exponentz52;18 magnetization increases
linearly like uH2Hcu apart from possible logarithmic correc
tions. ~Note that the form is quite different from that in 1D.!

Also, K. Onizukaet al.19 recently observed a clear 1/3
plateau in SrCu2~BO3!2, which we had predicted in this pape
and had argued to be of a stripe structure.

We would like to thank Dr. Nobuyuki Katoh for stimulat
ing discussions at the beginning of this study. We also tha
Hiroshi Kageyama and Kenn Kubo for useful comments.
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