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Phase diagram of the mixed crystals betaine phosphate and betaine phosphite:
Experimental and Monte Carlo results
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We propose a microscopic model that is capable of describing the features of both deuterated and nondeu-
terated betaine phosphate~BP!–betaine phosphite~BPI! solid solutions in the region of small concentration of
BP. The size mismatch between the BP and BPI structural units, which leads to a drastical change of the
nearest-neighbor interactions in the vicinity of single BP impurity, was taken into account in the model. We
show that the model quite accurately reproduces the experimentally observed abrupt drop of the ferroelectric
phase transition temperature. The onset of the glass state given by the model also agrees well with the
experimental results.
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Substitution of one structural unit by another similar u
may in some crystals drastically change properties of
parent compound toward either an improvement or dete
ration of desired features. An impressive example of suc
system is the solid solution of betaine phosph
@BP:(CH3)NCH2COOH3PO4# and betaine phosphite@BPI: ~
CH3)NCH2NCOH3PO3#. Both compounds are molecula
crystals of the amino acid betaine and phosphoric~BP! and
phosphorous~BPI! acids and contain inorganic componen
(PO3 or PO4 tetrahedral groups! linked by hydrogen bonds
forming zig-zag chains along the monoclinicb axis1 @Fig.
1~a!#. The two almost isostructural compounds form so
solutions at any proportions,2 which makes the BPxBPI12x
system (0<x<1) a convenient object for both experiment
and theoretical fundamental studies.

Both BP and BPI exhibit a phase transition from
paraelectric high-temperature phase with space groupP21/m
to an antiferrodistortive phase with space groupP21/c at 365
K ~BP!1 and 355 K~BPI!.1,2 The high-temperature phase
both compounds is characterized by disorder of the hydro
atoms as well as of orientations of both tetrahedra and
taine molecules, which order in the antiferrodistortive pha
while the hydrogen atoms between the PO3 or PO4 group
remain disordered. There are two further structural ph
transitions in BP, one at 86 K into an intermediate pha
with the P21 symmetry, and the other at 81 K into a low
temperature phase with doubling of the unit cell along
crystallographic a direction.3 Antiferroelectric order is
claimed to occur atTc586 K,4 but there exist some doubt
PRB 610163-1829/2000/61~5!/3159~4!/$15.00
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about this.3 BPI exhibits belowTc5216 K a ferroelectric
ordered phase with space groupP21.1,2 The hydrogen atoms
order belowTc within the double-well potential of the O2H
•••O bonds between the PO3 ~PO4) groups and spontaneou
polarization of the chain occurs. In BP neighboring cha
have opposite direction of polarization,5 while in BPI the
chains have the same direction of the polarization.

The BPxBPI12x system was extensively studie
experimentally6–11 and it is clearly established that the low
temperature part of the (T,x) phase diagram of the
BPxBPI12x system consists mainly of~i! a ferroelectric
phase for 0<x&0.1, ~ii ! an antiferroelectric phase fo
0.65&x<1, and ~iii ! so-called glass phase for 0.1&x
&0.65, where the proton motion is frozen out below a c
tain temperature leading to a disordered array of asymm
cally occupied O2H•••O bonds. The phase diagrams f
the solid solutions of both nondeuterated BPxBPI12x and
deuterated DBPxDBPI12x are shown in Fig. 2. The main
difference between the two systems is the discrepancy in
absolute values of the phase transition temperaturesTc ,
which are higher for DBPxDBPI12x within the whole inter-
val of x. Both compounds show an abrupt decrease inTc at
small x with ferroelectricity completely destroyed atx*0.1.
Contrary to that, antiferroelectric ordering persists within
much widerx range (0.7&x<1). The similarity in the be-
havior of both systems manifests itself even more clearly
the phase diagram is plotted using a normalized tempera
Tc /Tc

max ~whereTc
max is Tc at x50 for the BPxBPI12x and
3159 ©2000 The American Physical Society
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DBPxDBPI12x systems, respectively! as shown in the inse
of Fig. 2. Therefore, the ferroelectric features of both s
tems might be described within the framework of a gene
microscopic model.

The considerable increase inTc when hydrogen in
hydrogen-bonded ferrolectrics is replaced by deuterium
recently described within the framework of a model, whi
takes into account the bilinear coupling between the tun
ing protons and the displacements of the electron shell
the neighboring PO4 groups.12 However, this model does no
describe changes ofTc due to the substitution of other struc
tural elements, e.g., PO3 groups with the PO4 ones. Due to
the chainlike fashion in the arrangement of the hydrog
bonds, betaines~hereafter we mean both deuterated and n
deuterated systems! are potential candidates for the applic
tion of quasi-one-dimensional models.13,14 The anisotropic

FIG. 1. Schematic representation of the hydrogen chains in
c-b crystallographic plane for the BPI~a! and schematic represen
tation of a distortion in the system of Ising pseudospins caused
the presence of a single impurity~b!. Large open circles in~a!
denote phosphorus atoms, oxygen~position for hydrogen! atoms are
pictured as middle~small! open circles. The impurity in~b! is
shown as the large circle and dashed circles show the position
pseudospins in the absence of impurity. For the notation of inte
tion constants see the text.
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Ising model with nearest neighbor~NN! interactions might
thus serve as a simplest microscopic model for the betai
The Hamiltonian of this model is

H52Jz(
i j

s i j s i 61 j2Jy(
i j

s i j s i j 61 , ~1!

wheres i j is an Ising pseudospin~hereafter, spin! that equals
61 depending on which position of the double-well pote
tial hydrogen occupies. Indicesi and j number spins along
and across the chains, respectively, andJz and Jy are the
interactions between spins along thei and j axis, respec-
tively. At x50 Jz.0 andJy.0, while atx51 Jz.0 and
Jy,0.

In order to describe the system at anyx each interactionJz
and Jy should be further split into three componentsJ1z ,
J2z , J3z , and J1y , J2y , J3y , where indices 1, 2, 3 denot
interactions between the hydrogen atoms located between
PO3 groups in the chain~BPI units!, between the PO3 and
PO4 groups~BPI and BP units!, and between the PO4 groups
~BP units!, respectively. Ferroelectric ordering along th
chains persists at both ends of the phase digram and ther
one can takeJ1z5J2z5J3z5Jz.0. The asymmetry of the
phase diagram implies thatJ2y,0. Then, a single BP uni
~hereafter referred to as impurity! surrounded by BPI units
locally destroys ferroelectric order while at largex antiferro-
electricity is locally destroyed only if there are several neig
boring BPI units. The Hamiltonian of the model could th
be written as

H152Jz(
i j

s i j s i 61 j2J1y (
BPI2BPI

s i j s i j 61

2J2y (
BPI2BP

s i j s i j 612J3y (
BP2BP

s i j s i j 61 . ~2!

The model~2! is the simplest model applicable to the betai
systems if one wants to calculate quantities of interest for

e

y
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FIG. 2. The (T,x) phase diagram of the solid solutions o
BPxBPI12x ~represented by circles! and DBPxDBPI12x ~drawn by
triangles!. F, AF, G, andP denote the ferroelectric, antiferroelec
tric, spin-glasses, and paraelectric phases, respectively. Inset s
the F-P part of the phase diagram plotted using normalized te
perature. Solid~for BPxBPI12x) and dashed~for DBPxDBPI12x)
lines are guides to the eye. Open symbols represent the experi
tal results obtained by the authors of the present paper from
dielectric measurements at the frequency 100 Hz and filled sym
are the data taken from Ref. 8.
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BPxBPI12x and DBPxDBPI12x systems. It should be noted
that results of calculations do not depend in an essential
either on whether a two- or three-dimensional model is u
for the calculations or on the ratio~within a wide range! of
the interaction constants, and henceforth, for the sake of
plicity, we restrict ourselves to the two-dimensional ca
with uJzu5uJ1yu5uJ2yu5uJ3yu. We performed Monte Carlo
calculations of the model~2! and found, however, that th
model has serious drawbacks. For instance, atx50.1 the
model predicts Tc /Tc

max;0.8, while experiment gives
Tc /Tc

max;0.25.
In order to describe the experimental data we propose

following modification of the model~2!. Due to size mis-
match between PO4 and PO3 groups, BPI units in the neigh
borhood of a single BP impurity are shifted from their eq
librium positions@Fig. 1~b!#. It is plausible then to suppos
that a BP unit changes the interaction between neighbo
BPI units also and since four BPI units experience the larg
shift, we take into consideration six changed interactionsJ1y

~denoted asJ̃1y8 and J̃1y9 ). Then

H5H12 J̃1y8 (
i 8 j 8

s i 8 j 861s i 8 j 8622 J̃1y9 (
i 8 j 8

s i 861 j 8s i 861 j 861 ,

~3!

wherei 8, j 8 denote positions of the BP impurities andH1 is
the Hamiltonian~2! taken over the whole lattice except th
nearest surrounding of impurities. Under above described
sumptions the model proposed reduces to the simple t
dimensional Ising model with NN interactions where t
presence of an impurity is described by introducingtwo ad-

FIG. 3. Temperature variations of the magnetizationm ~a! and
of the susceptibility~b! of the system described by the Hamiltonia
~3! at different concentrationx of impurities. Circles represent th
results of simulations atx50.03, triangles show results forx
50.07 and diamonds stand for the results atx50.10. All the data
points shown in the figure are obtained on the 32332 lattice from
the average over number of runs~varied from 3 to 7! with different
random distribution of impurities, each of 100 000 MCS/S. So
(x50.03), dashed (x50.07), and dotted (x50.1) lines are guides
for the eye.
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ditional parameters. One of them is the change of the ‘‘ori
nal’’ NN interactions in the immediate surrounding of th
impurity and another is the change of ‘‘original’’ interaction
in the more distant neighborhood of the impurity.

We employed the Metropolis Monte Carlo algorithm wi
Glauber dynamics15 in order to calculate the (T,x) phase
diagram of the model~3! for x<0.15. Most of our results
were obtained on a 32332 square lattice with periodic
boundary conditions. Data points were averaged o
100 000 Monte Carlo steps per lattice site~MCS/S! after the
system reached equilibrium. To make sure that finite s
effects do not affect our results we also performed sev
runs on larger lattices~up to 1283128!. At each MCS/S we
calculated the magnetizationm of the system m
5(1/N)( i j s i j , and the susceptibility x5(1/T)(^m2&
2^m&2) with N being the number of particles in the syste
and^ . . . & denoting the average over MCS/S. TheTc’s were
determined from the position of the maxima in thex(T)
dependence.

For the sake of simplicity we restrict ourselves to the ca
J̃1y8 5 J̃1y9 5 J̃1y and performed calculations varying theonly

parameterJ̃1y in a wide range with respect toJ1y . We find
the best agreement with experiment forJ̃1y52J1y which
means an amplification of the antiferroelectric character o
BP impurity in BPI. Results form andx with this choice of
parameters are shown in Fig. 3 for three values ofx. As seen,
for x,0.1 m and x show a behavior typical for an order
disorder phase transition withTc decreasing with increasing
x. Contrary to that forx>0.1 the magnetization does no
reach saturation down to the lowest temperatures we w
able to calculate and the results are very scattered, i.e.
dynamics of the system becomes very slow. The peak
x(T) disappears almost completely atx50.1. We think that
at x*0.1 our system starts exhibiting glasslike behav
when spins remain disordered with their dynamics being
tremely slow. Indeed, whenx is sufficiently large the mode
~3! might be viewed as the so-called, Edwards-Anders
model, a model with random alternation of ferromagne
and antiferromagnetic NN bonds, usually used to desc
spin-glasses.16,17 Note, that the onset of the glassy state p
dicted by our model agrees well with the experimental e
mate x50.120.15 ~see Fig. 2!. The (T,x) phase diagram

FIG. 4. The comparison of theF-P transition lines obtained
from the MC~circles, dotted line! calculations and from the experi
mental results for the BPxBPI12x ~diamonds, solid line! and
DBPxDBPI12x ~triangles, dashed line! systems. Lines are guides fo
the eye.
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obtained for smallx is plotted in Fig. 4 along with the ex
perimental data for the BPxBPI12x and DBPxDBPI12x com-
pounds. One can see that our model describes q
well the behavior of both systems. Note, that for t
DBPxDBPI12x system the agreement between theory and
periment is better than that for the BPxBPI12x system. We
think this is due to the fact that our model does not take i
consideration such a phenomenon as proton tunneling
cently observed in the BP0.15BPI0.85 compound.18

One may ask, what the physical reason is for such a se
ingly drastic change of the interactions between the BPI u
in the neighborhood of BP unit, especially with respect to
fact that distances between the atoms in both BPI and
differ slightly only ~e.g., the distance between PO3 groups in
BPI is 3.75 Å and the distance between PO4 groups in BP is
4.0 Å!? In the pure BPI there is an alternation of the hyd
gen bonds parallel and almost perpendicular to theb axis
A
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@Fig. 1~a!#, while in the pure BP compound the presence
the extra oxygen atom rearranges the hydrogen bonds in
a way that the angle between the bond and theb axis be-
comes the same for all the bonds. Then, a lonely BP u
surrounded by the BPI units introduces an effective str
field which in turn distorts the symmetric shape of doub
well potential of a hydrogen bond in the neighborhood of t
impurity. Such a distortion may lead to the situation when
becomes energetically favorable for the neighboring hyd
gen atoms across the chains to occupy different position
the double-well potential. This, in the language of the Isi
pseudospins, means the change in the sign of interaction
stant.
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