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Trigonal warping effect of carbon nanotubes
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Chirality-dependent van Hove singularitieds) of the one-dimensional electronic density of std2®©9)
are discussed in connection with resonant Raman spectroscopy. The effect of trigonal warping on the energy
dispersion relations near the Fermi energy splits the peaks of the density of states for metallic nanotubes, and
the magnitude of this effect depends on the chiral angle of the carbon nanotube. The width of the peak splitting
has a maximum for metallic zigzag nanotubes, and no splitting is obtained for armchair nanotubes or semi-
conducting nanotubes. We also find an additional logarithmic singularity in the electronic DOS for carbon
nanotubes that is related to a two-dimensional singularity, which does not depend on either the diameter or the
chirality.

. INTRODUCTION nant Raman spectra for the same sarfipfeHowever, the
physical origin of the width of the peak positions is not clear
One-dimensional van Hove singularitiagds) in the elec-  from their papers.
tronic density of state¢DOS), which are known to be pro-  In this paper, we investigate the Kataura plot in detail, and
portional to €2—E2) 12 at both the energy minima and We find that the peak positions of the vHs do indeed depend

maxima (+ E,) of the dispersion relations for carbon nano- " the nanotube chirality and that the origin of the width of

tubes, are important for determining many solid state propzhergiizkgc?:'c"t'ogfs t%aen :r?e(rag)](sIzlgr?gsbyv\}:\]grzg;/caelflﬂ-glr?eorg?/l

erties of carbon nanotubes, such as the spectra observed : N ;
contours in the Brillouin zone of graphite change from

. . 1-4 .
sck:)anmrt]_g rF_;unr:jellng s;t)(;ctroscopy(StTS, 6w_|_ohpt|cal circles around th& points for the lineak regime to a trian-
absorptior, ~and resonant Raman Spectroscopy.the en- gular shape around thé points(see Fig. 1 This theoretical

ergy positionsE, of the vHs peaks have been discussed o it is important in the sense that STS and resonant Raman
within the lineark approximation of the energy bands of spectroscopy experimeft¥!depend on the chirality of an
carbon nanotubes as these energy bands relate to tWRygividual SWNT, and therefore trigonal warping effects
d|menS|20{13aI (2D) graphite in the vicinity of the Fermi should provide experimental information about the chiral
energy.>**Within the lineark approximation for the energy angle of carbon nanotubes. Although the chiral angle is di-

dispersion relations of graphite, the energy positions of theectly observed by scanning tunneling microsc¢gym),*®
vHs do not depend on the chirality but only on the diameter

of the nanotube. Here we show that, when the lirkeap-
proximation is relaxed and the dispersion relations are
treated in more detail, the energy of the vHs peals® de-
pend on the chiralityof the carbon nanotubes.

Recently, Kataura and coworkers plotted the energy dif-
ferences between thigh vHs peaks in the conduction and
valence bands numbered from the Fermi enegyd,), as a
function of nanotube diametat, for all chiral angles at a
givend, value, and his calculation of the energy differences
E; (d;) was based on the tight-binding approximation for the
energy bandS.Kataura showed that the energy differences
between the vHs peals;(d;) have a width in energy for
fixed d; and that this width increases with increasing energy
relative to the Fermi enerdy** Kataura and co-workers also
ShOWed that the W|dth Of the peak pOSitionS Of the VHs at FIG. 1. The contour p|ot of 2D energy of graphite_ The equi_
constantd; was consistent with the experimental width of the energy contours are circles negrand near the center of the Bril-
peaks in the optical absorption spectra for single-wall nanotouin zone, but near the zone boundary the contours are straight
tube (SWNT) rope samples and with the experimental reso-ines which connect nearebt points.
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= - =0.129, the energy values for the* and 7 bands at thev
D % 5o \ ] point become+3.329 and—2.568 eV. These values for the
SN\ o > M point energies show an asymmetfisee Fig. 2 that is
fism\= oK | M p gies show an asymmetgee Fig. 2 that is
,/,‘4““‘\‘\\ T |mportant for consujermg intraband optical transitions within
/////,%4‘:‘“‘\‘\\ T M K either the conduction or valence bgnds for doped c_arbon
4 //,,’l,,},‘e!-‘g\\\\“‘“ nanotubeS However, when we consider the energy differ-
_;'z/”/ \\\, \ ence between the conduction and valence bands, the overlap
_—A\Q 7 K effect (i.e., nonzero value fos) is not so significant for

)
)
7

i
)
i

U

energies less than 3 eV, since the energy difference atlthe
point is modified only by a factor 2,/(1—s?), proportional
to s%. Thus, the effect of a nonzesvalue on the interband
energy difference between vHs in the valence and conduc-
H’on bands is only on the order of 18.

Thus, for SWNT's with diameters of around-2 nm and
for excitation energies below 3 eV, which is the usual situa-

corrections to the experimental observation are necessary f{pn for observation of the resonant Raman scattering in

1« 8,10,11 H H
account for the effect of the tip shape and of the deformatior? W/NT'S, the trigonal warping effect becomes the most

of the nanotube on the substrafeWe expect that the important of the three effects enumerated above, especially

chirality-dependent DOS spectra are insensitive to such ef® metallic nanotubes, as is discussed in this paper.
fects. In Sec. Il, we give a brief summary on how to calculate

Concerning the application of the zone-folding method tothe electronic density of states for SWNT's, and in Sec. lll,

the graphites energy bands in which only the nearest- we show the calculated results for the vHs peak positions as
neighbor carbon-carbon interaction energy, is included, a function of the chirality. In Sec. IV, relevant experiments

three possible effects are considered in connection with first'® discussed and in Sec. V, a summary of the results are
principles calculations of the electronic structure of carbord!VeN-

nanotubes{l) the effect of curvature onyg, (2) the inclusion

of the tight binding overlap integra, which is associated I1I. ASYMMETRY OF THE ELECTRONIC STRUCTURE

with the asymmetry between the valence and conduction OF 2D GRAPHENE AND 1D NANOTUBES

bands in 2D graphit&’ and(3) the trigonal warping effect in ) ,
which the equi-energy contours change from a circle to a 1he 1D electron density of states are given by the energy
triangular shape with increasing energy. dispersion of carbon nanotubes which is obtained by zone

The curvature effect has been discussed within the Slatef0!ding of the 2D energy dispersion relation of graphite. The
Koster method in which the correction to thg of a SWNT 2D energy dispersion relations of graphite are calcufdtey
with the diametend, is given by®1° solving the eigenvalue problem for aX2) Hamiltonian™

and a (2<2) overlap integral matrixS, associated with the

7
1

FIG. 2. The energy dispersion relations for theand =* bands
in 2D graphite are shown throughout the whole region of the Bril-
louin zone. The inset shows the energy dispersion along the hig
symmetry directions of the 2D Brillouin zone.

1{acc)? two distinctA- and B-atom sites in 2D graphite,
VO(dt):')’O(OO)(l_E a ] oy
. . . €p  ~Yf(K) 1 sf(k)
Here, ac_¢c is the nearest-neighbor carbon-carbon distancejp/=| _ f(k)* c and 3:( . )
which is taken to be 1.44 A for a SWNT. The factor 1/2 in Yo 2p sf(k) 1

Eqg. (1) comes from averaging over the direction of the (3)
chemical bonds of each carbon atom relative to the nanotube

axis. The relative correction toyy(d,) is thus only wheree,, is the site energy of theatomic orbital and
(ac.c/dy)2~10 2 for d,=1.4 nm corresponding to @0,10

armchair nanotube. Here, the nanotube diametés related L , -k

to the nanotube integers (m) by f(k) =¢34 29_'kxa/2‘°30057- (4)

— 2 2\1/2,
de= ‘/§aC'C(m +mn+nS)™ar. 2 Here,a= \3ac.c. Solution of the secular equation

Thus, the curvature effect is generally neglected except for

very small diameter nanotubes, since the smallest nanotubes de{’H—ES)=0 (5)

with a Gy, fullerene diametefsuch as a(5,5 nanotubg

would have only about a 2% decrease in the value/fpdue  implied by Eq.(3) leads to the eigenvalues

to nanotube curvature. LamBthshowed that this small cor-

rection is sufficient to account for the strain energy of 0.08 €20+ yoW(K)

eV nn?/d? found in carbon nanotubes due to the curvature of E§2D(|Z) =20

the graphene sheet. 1+sw(k)
A nonzero value for the overlap integralmodifies the

electronic energy at thil point (edge center of the hexago- for 7o>0, andE™ andE™ correspond to the valence and

nal Brillouin zone, see Fig.)2from = y, to = v /(15 s) for theﬁconductionzr* energy bands, respectively. The function

the y,>0. When we use the values 6f,=2.9 eV ands  w(k) in Eq. (6) is given by

(6)
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. _ Bka ka k.a sured, since different phenomena will in general be sensitive

w(k)=V|f(k)|?= \/1+4 COS———C0S~— + 4 cog . to E(k) at differentk values. On the other hand, various
2 2 2(7) physical phenomena can, in principle, be used to determine
an experimental value fos, which would provide a more

In Fig. 2, we plot the electronic energy dispersion relationscomplete description of the dispersion relations for the nano-
for 2D graphite as a function of the two-dimensiokalalues  tubes.
in the hexagonal Brillouin zone. The corresponding energy The 1D energy dispersion relations of a single wall car-
contour plot of the 2D energy bands of graphite wath0 is  bon nanotube are given by
shown in Fig. 1.

Near theK point a} the corner of the hexagonal BriII9uin E, (k)= EgZD( kﬁ+MK1),
zone of graphitew(k) has a linear dependence &r=|K| Kol
measured from th& point as (12)
NG _ T kT
W(k)=\/7_ka+--~, for ka<1. ® (“ L. N, and T<k<T)'

whereT is the magnitude of the unit cell vector along the
nanotube axisk is a wave vector along the nanotube axis
andN is the number of hexagons of the graphite honeycomb

Thus, the expansion of E¢6) for smallk yields

Egan(K) = €2p= (70— Sezp)W(K) + - - -, (9 Jattice that lie within the nanotube unit cell, andis given
so that in this approximation the valence and conductiorpy
bands are symmetric near tlie point, independent of the 2(n%+m?+nm)

value ofs. When we adopt,,=0 ands=0 for Eq.(6), and g
assume a linedt approximation forw(k), we get the linear R
dispersion relation for graphite given By* Here dg is the greatest common divisor of if2 m) and
(2m-+n) for a (n,m) nanotubé-’ FurtherK ; andK , denote,
respectively, a discrete unit wave vector along the circumfer-
ential direction, and a reciprocal lattice vector along the

) ) ) ) nanotube axis direction, which are given forrmrf) nano-
If the physical phenomena under consideration only involvg, pe by

smallk vectors, it is convenient to use Ed.0) for interpret-
ing experimental results relevant to such phenomena. Ki={(2n+m)b;+(2m+n)b,}/Ndg

The asymmetry in the valence- and conduction-band en- (13)
ergy dispersion relations in E¢) arises from the quadratic

terms inw(k) and this asymmetry becomes important for Kz=(mb;—nb,)/N,

large k values. For a 2D graphene sheet, the values of th§nereb, and b, are the reciprocal lattice vectors of two-

tight binding parameterse,,=0, ,=3.033 eV, ands  gimensional graphite and are given by
=0.129 fit both the first-principles calculation of the energy

bands of turbostratic graphife??and experimental dafd:?® 1 20 1 20
The nonzero value of leads to an overall asymmetry be- blz(— , 1) , bz—(—,—1>—, (14
tween the bonding and antibonding states of 2D graphite for V3 V3 a

largek as measured with respect to thepoint. This asym- i, x y coordinates.

metry effect is shown in Fig. 2, where the symmetry-  The periodic boundary condition for a carbon nanotube
imposed degeneracy between the valence and conductiqf m) givesN discretek values in the circumferential direc-
bands at th& point in the Brillouin zone is seen. Atthd  tjon. The direction of the discretie vectors and the separa-
andI" points, which are far from thi point (see Figs. 1 and tjon petween two adjaceftvectors are both given by the,

2), the 2D graphite energies calculated from E6) are  yector shown in Fig. 3. Here we show oKepoint and only
Egap(M)=%y0/(1Fs) and Egp(I')=*3%0/(1+3s) 3 few of theN possibleK, vectors. In the direction of the
which display the asymmetry between valence- anc:arbon nanotube axis, which is expressed byKhevector,
conduction-band energies described above. We also note thgk can define continuous vectors in the one-dimensional
the energy differencek j,n(M) —Egp(M)=270/(1-5°)  Brillouin zone for eachK , vector.

andE g, (') — Eg,p(I') =670/(1—9s) are not as sensitive TheN pairs of energy dispersion curves given by Edl)

to s for typical values fors, and these energy differences correspond to the cross sections of the two-dimensional en-
become larger whes#0. Thus, ifsis assumed to be non- ergy dispersion surface shown in Fig. 2, where cuts are made
zero, they, value estimated from measurements relevant tmn the lines ofkK,/|K,|+ uK;. If for a particular f,m)

the I" or M points in the Brillouin zone should be smaller nanotube, the cutting line passes throudf point of the 2D
than they, obtained from analysis of experiments relevant toBrillouin zone(Fig. 2), where ther and=* energy bands of
the K point. Also, the value obtained foy, from fits to  two-dimensional graphite are degenerate by symmetry, then
experimental data will depend somewhat on the value ashe one-dimensional energy bands have a zero energy gap.
signed tos. Furthermore, ifs>0, different values can be The 1D density of statesDOS) in units of states/C
obtained foryy when different physical phenomena are mea-atom/eV is calculated by

(12

J3 3
E(k) === ryoka= =5 yokacc. (10

a
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FIG. 3. The wave vectok for one-dimensional carbon nano-
tubes is shown in the two-dimensional Brillouin zone of graphite
(hexagom as bold lines for(a) metallic and(b) semiconducting
carbon nanotubes. In the direction Kf, discretek values are ob-

0.0 S 1 1 1 |
0.0 05 1.0 15 20 25 3.0
Energy [eV]

. o L . “~"  FIG. 4. The 1D electronic density of states vs energy for several
tained by periodic boundary conditions for the circumferential d"metallic nanotubes of approximately the same diameter, showing

rection of the carbon nanotubes, while in the direction of K& 6 effect of chirality on the van Hove singulariti€d0,10 (arm-
vector, continuouk vectors are shown in the one-dimensional Bril- chain, (11,8, (13,7, (14,9, (15,3, and (18,0 (zigzag.

louin zone.(a) For metallic nanotubes, the bold line intersects a
point (corner of the hexaggmat the Fermi energy of graphité)
For the semiconductor nanotubes, t@oint always appears one- anglesd= arctaf \/§m/(2n+ m)} between B<|9|<30°, in-
third of the distance between two bold lines. It is noted that only acluding §=0° for a zigzag nanotubgl8,0, #=30° for an
few of all the possible bold lines are shown near the indicéted armchair nanotubdloylo’ and 4 nanotubes with chiral
point. For eactK vector, there is an energy minimum in the va- angles, 8.9°, 14.7°, 20.2°, and 24.8° for the chiral nano-
Ignce and conduction energy subbands, giving rise to the energyihes (15,3, (14,5, (13,7, and (11,8, respectively. When
differencest;;(d,). we look at the peaks in the 1D DOS from the bottof (
, N . =30°) to the top #=0°) of Fig. 4, the first DOS peaks
arounde=0.9 eV are split into two peaks whose separation
E)_Nﬂzl J ‘dEM(k)-é(E#(k)—E)dE. 19 energy (width) increases with decreasing chiral angle,
dk

though the average energy position is similar for all these
nanotubes which have similar diameters. The width of the
The integrated value dd(E) for the energy region dE ,(k) ~ splitting of the second peak aroufic=1.7 eV is larger than
is 4, which includes the spin degeneracy for anyng) nano- that of the first peak for the same SWNT. In the case of the
tube and includes the plus and minus Signf@ED_ It is (14,5 nanotube, the width of the splitting of the second peak
clear from Eq.(15) that the density of states becomes largeis as large as the separation to the split third pdajéd,). It
when the energy dispersion relation becomes flat as a funds clear from Fig. 4 that the DOS is significantly chirality
tion of k. dependent, and the reason for this effect is discussed below.
The average energy position of the peaks depends on the
nanotube diameter, which is explaif&df by the linear dis-
persion approximation of Eq10). The energy difference
The peaks in the 1D electronic density of states of theE;,(d;) between the highest-lying valence-band singularity
conduction band measured from the Fermi energy, correand the lowest-lying conduction-band singularity in the 1D
sponding to the van Hove singularities, are shown in Fig. 4density of states for the electronic 1D density of states curves
for severalmetallic (n,m) nanotubes, all having about the for metallic and semiconducting nanotubes shows that
same diameted; (from 1.31 to 1.43 nr)) but different chiral EQ"l(dt) is three times as large for the metallic nanotubes for

Ill. CALCULATED RESULTS
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which n—m=3q, whereq is an integer, as for the semicon-
ducting tubesE3,(d,), for whichn—ms= 3q. Using Eq.(10),

we can write simple analytic expressions for metallic
[EM(d)] and semiconductingES;(d;)] nanotubes as fol-
lows:

EYi(dy) =6ac.cyo/d; (16)

and

Exi(dy)=2ac.cyo/d,. (17)

Equationg16) and(17) are derived as follows. In Fig. 3, we
show the allowed wave vectoksas bold lines and we show
the reciprocal lattice wave vectoks; and K, for a one-
dimensional carbon nanotube in the hexagonal Brillouin
zone of two-dimensional graphite fda) metallic and(b)
semiconducting carbon nanotubes. The one-dimensional van
Hove singularities of carbon nanotubes near the Fermi en-
ergy come from the energy dispersions along the bold lines
in Fig. 3 near theK point of the Brillouin zone of 2D graph-

ite. For the metallic carbon nanotubes, one bold line in Fig. 3

goes right through & point, and this intersection gives rise
to the zero energy band gap at teoint (see Fig. 2, while
for the semiconducting nanotubes, tKepoint is always lo-

FIG. 5. The dependence of the trigonal warping effect of the van
Hove singularities on the nanotube chirality. The three bold lines
near theK point are possiblé vectors in the hexagonal Brillouin

cated in a position one third of the distance between tw@one of graphite for metalli¢a) armchair and(b) zigzag carbon

adjacentK ; lines?* The energy minimum of each subband

near theK point corresponds to a peak that is a van Hove

singularity.

Using the linear approximation for the energy dispersion

relationE(k) of Eq. (10), the energy differences between the
van Hove singularities are expressed by substitutind thie
values ofK, for metallic nanotubes and &f,/3 and X,/3

nanotubes. All chiral nanotubes with chiral ang|@$< /6 have
lines for theirk vectors with the directions making a chiral angle
measured from the bold lines for the zigzag nanotubes. The mini-
mum energy along the neighboring two lines gives the energy po-
sitions of the van Hove singularities.

direction of theK, vectors, as is also shown in Fig. 3, from

for semiconducting nanotubes, respectively. After a simplévhich we conclude that the energy minima positions depend

calculation using Eq(13) for K, for carbon nanotubes, we
get the important relation

K| =2/d,. (18

Substituting the value dK ;| = 2/d; into Eq.(10), we get the
formulas forEq; given by Eqgs.(16) and (17). For isolated
single-wall nanotubes, use of the linedt approxi-
mation in Eq.(10), allows us to write the reIationE'f'l(dt)
=3E?|(d,) at the same value df,.'? With these approxi-
mations for a semiconducting nanotube of gigknresonant
energy differences occur at E3(dy), 2E3(d)),
4E3(dy), 5E3(dy), 7E3(d), ... and for metallic nano-
tubes, resonant energy differences occur E@"l(dt),
2EY(dy),

When the value ofK,|=2/d is large, which corresponds

on the chirality of the carbon nanotubes.

Trigonal warping effects generally split the singular peaks
in the 1D density of states for metallic nanotubes, which
come from the two nearest possilifg vectors near th&
point (see Fig. 5. Although there areN inequivalent lines
which give 2N energy subbands forn(m) carbon nano-
tubes, only the line that goes through #eoint and neigh-
boring lines are shown for simplicity in Fig. 3. The minimum
energies along the neighboring two lines give the energy
positions of the van Hove singularities. Although the dis-
tances of the two lines from thi€ points are the same, the
two lines are in general inequivalent in the 2D reciprocal
lattice and thus the two lines have a different energy mini-
mum with respect to each other. This is the physical reason
why the DOS peaks are split.

On the other hand, for semiconducting nanotubes, we

to smaller values ofl,, the linear dispersion approximation consider the minima for the energy subbands by changing
is no longer correct. When we then plot equi-energy linedhe distance of the allowekl vector lines to 1/3 of that be-

near theK point (see Fig. 1, we get circular contours for
smallk values near th& andK' points in the Brillouin zone,

but for largek values, the equi-energy contour becomes &0N

triangle, which connects the thréé points nearest to thi
point (see Fig. 5 The distortion of the equi-energy lines
away from the circular contour in materials with a threefold

tween the two lines near thi€ point in Fig. 3. Since the
value of thek vectors on the two lines near th€ point
tribute to different spectra, namely that E)fl(dt) and
E§2(dt), there is no splitting of the DOS for semiconducting
nanotubes. It is pointed out here that there are two equivalent
K points in the hexagonal Brillouin zone denoted Kyand

symmetry axis is known as the trigonal warping effect. ThusK’ as shown in Fig. 3, and the valueskj(d,) are the same

the energy minima positions on the bold lines shown in Fig
3 are not always at the closest positions to #epoint.

for theK andK' points. This is because tieandK’ points

are related to one another by time reversal symmétrgy

Therefore, the energy minima positions now depend on thare at opposite corners from each other in the hexagonal
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FIG. 6. Trigonal warping effect for zigzag nanotubes. Two en- ol
ergy minimum positions in the conduction band for zigzag nano- FIG. 7. Calculation of the energy separatioBg(d;) for all
tubes, 0,0) measured from the energy at tkepoint. Open circles  (n,m) values as a function of nanotube diameter betweer: 6,7
denote metallic carbon nanotubes for|K,| vectors away from <3.0 nm[based on the work of Kataue al. (Ref. 6]. The results
the K point along theK —M andK—T lines, which is the direction are based on the tight binding model of E¢®). and (7), with vy,
of the energy minimdsee Fig. 5. The closed circles denote semi- =2.9 eV ands=0. The crosses and open circles denote the peaks
conducting carbon nanotubes fér=|K,|/3 vectors.(The inset of semiconducting and metallic nanotubes, respectively. Filled
shows an expanded view of the figure at snizlly, and smallka squares denote thg;;(d;) values for zigzag nanotubes which de-
for semiconducting nanotubg®ote that the maximum of the hori- termine the width of eaclk;;(d;) curve. Note the points for zero
zontal axis corresponds to tihé point, ka=2#/3, which is mea- gap metallic nanotubes along the abscissa.
sured from theK point. A nanotube diameter of 1 nm corresponds
to a(13,0 carbon nanotube. and (18), the widths ofE}}, andE;, denoted byAEY, and

AEfl, respectively, are determined by the zigzag nanotubes,

Brillouin zone), and because the chirality is invariant under gnd are analytically given by
the time-reversal operation. Thus, the DOS for semiconduct-
ing nanotubes will be split if very strong magnetic fields are M ) a
applied in the direction of nanotube axis. AE)(dy) =8y, sin? 2d,

When we compare Figs. 1 andah the energy minimum
position of an armchair nanotube, which is always metallic,
is shifted from the closest point to th€ point to the lines a
connectingk and the upper twd/ points. Further, when we AE3,(dy) =87, Siﬁ(ﬁ)-
compare Figs. 1 andB), the energy minimum positions of a !
metallic zigzag nanotube denoted byn(8) is on the line Although this trigonal warping effect is proportional to
connecting theék point to thel’ point in the hexagonal Bril-  (a/d;)?, the terms in Eq(19) are not negligible, since this
louin zone and on the line connecting thepoint to theM correction is the leading term in the expressions for the width
point going in the opposite direction froto I'. Since the AE;(dy) and the factor 8 before/y makes this correction
energy dispersions on the—I" andK—M lines are differ- meaningful ford,=1.4 nm. In factE;4(d;) is split by about
ent from each other, the energy minimum values are differ0.18 eV for the(18,0 zigzag nanotube, and this splitting
ent, though the distance from tkepoint to the energy mini- should be observable by STS experiments. Although the
mum points are equasee Fig. L This is the reason why we trigonal warping effect is larger for metallic nanotubes than
get a splitting of the DOS peaks for general metallic nanofor semiconducting nanotubes of comparable diameters, the
tubes. Only armchair nanotubes do not show such a splittinggnergy ~ difference  of the third peaksE34(d,)
and the splitting becomes a maximum for metallic zigzag= 8y, sirf(2a/3d,) between the(17,0 and (19,0 zigzag
nanotubes. In general, the splitting increases monotonicallganotubes is about 0.63 eV, using an averdgealue of
with decreasing chiral angle and diameter, as shown in Fig. 4.43 nm, which becomes easily observable in the experi-
for the dependence on chiral angle, and in Fig. 6, which isnents. These calculations show that the trigonal warping ef-
discussed below, for the dependence on nanotube diametefiect is important for metallic single-wall zigzag nanotubes

In Fig. 6 the energies of the van Hove singularities corre-with diametersd,<2 nm. The direct measurement of the
sponding to the lowest 1D energy level are plotted for me-hirality by the STM technique and the measurement of the
tallic (open circley and semiconductingclosed circleszig-  splitting of the DOS by STS on theamenanotube would
zag nanotubesn(0) along the direction& —M and along provide very important confirmation of this prediction.
K—T for nanotubes of different diameters. The splitting of  In Fig. 7, we plot allg;; values as a function of nanotube
Ei"i’I is a maximum for zigzag nanotubes, which determinesgdiameter for all possible chiralities(m) with diameters be-
the width of the DOS peaks for rope samples. Using Efs. tween 0.&d;=<3.0 nm. The results are based on the tight

(19
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binding model of Eqs(6) and (7), with y,=2.9 eV ands When allk values within the Brillouin zone are included
=0. The crosses and open circles denote the vHs peaks of the calculation of the energies where the singularities in
semiconducting and metallic nanotubes, respectively. Théhe 1D density of states occur, it is seen in Fig. 4 that for the
width of theE;;(d,) band at constard; is due to the trigonal armchair nanotube&(d,) is somewhat less thare?(d,),
warping effect. In fact in Fig. 7, the specifi; (dy) for the  and that for the zigzag nanotub&,(d,) is also not equal to
zigzag nano;ubes,n(O), (_jenoted by the fl_lled_squares, are 2Ef1(dt), since E§2(dt) and Ifl(dt) come from different
due to the trigonal warping effect shown in Fig. 6. For me'symmetry lines on either thE—K or T —M lines, which is

tallic zigzag nanotubes, (30), two squares are plotted for . :
the same diametet, , which explains the split values of the also seen by the opposite bounds on the W'dthSE@(dt)

DOS. In contrast, for semiconducting zigzag nanotubes thénd Z1i(dy) for zigzag nanotubes. This is another important
upper bound and the lower bound of the WidIEfl(dt) are aspect of the trigonal warping effect that needs to be consid-

determined for two different nanotubes, namely then (3 €r€d- . , ,

+1,0) and (31— 1,0) nanotubes, respectively, thus explain- Katauraet al.’ have pre\_/lously published a very useful
ing the widthsA Eﬁ(dt) in the absence of any splitting of IEIiOtug ;h?s igigggllse;)?ztlﬁ)ﬁ#?ﬁ)eavio?kfgpclit;;;;déll
Eﬁ(dt) by the trigonal warping effect. It is clear from Fig. 6 9 y P '

: . : but Fig. 7 is plotted fory,=2.9 eV, which yields much
th&t at a f|x_e_d diameted, , the_ widths, not only of the better agreement with resonant Raman measurerfiehite
E;i (d) transitions for the metallic nanotubes, but also of the

g . ) ) plot in Fig. 7 covers a range of nanotube diametirfom
Eii(d,) transitions for the semiconducting nanotubes, are deg 7 15 3.0 nm. Both Fig. 7 and the Katawgal® plot include

termined by thes;; (dy) for the zigzag nanotubes. Itis noted 4 (3, m) values. The Kataura plot includes nanotube diam-
here that the peak position of tig}'(d;) for the armchair  etersd, from 0.7 to 1.8 nm and the calculations are based on
nanotube is almost at the center of the width delineated by vajue of y,=2.75 eV. Both plots include both metallic
the zigzag nanotubes. _ “nanotubes if—m=23q) and semiconducting nanotubes (
In principle, STM/STS expenment;‘ can measure the di-_ ;- 3q). The plot in Fig. 7 also shows that, for a givep
ameter and chiral angle of an individual carbon nanotubevame, the points fOEfl(dt) are not precisely at&@.cy,/d;,

(using STM and the 1D density of electronic statesing  p,;; show some deviations about this value. The width of the
STS for the nanotube. Therefore, the STM/STS experlment%ii (d,) curves at constant, is seen to increase with increas-

should give individual points in Fig. 7. Such data taken on a L s M e
ensemble of nanotubes would then yield the ensemble gffn:igggé arrfor\/:t/r\]/idl?r? rtﬁzsﬁlsn? ds)of;thEiilléﬁg elxnthbilts
points in the plot of Fig. 7, thereby clearly showing the de- y 1=t 9 t 9.

I _ 7 it is seen that the width for a give®; (d,) increases ad;
S;ﬁggﬁiﬁgﬁﬁg:@ng of tft; (di) band on the nanotube decreases. For a given carbon nanotube diameter, the reso-

It is further pointed out that the interband transition ener-"ant V‘gdth for mgtalhc carbon nan_OtUbEé\iﬂl(.dt) is larger
gies between vHs, plotted & (d,) in Fig. 7, always have a than Ell((_:it) or E.22(dt) for t_he semlcc_mductmg nanotubes.
point at 2y,/(1—s?) for any nanotube, which corresponds The physical baS|sSfor the width OJ a givén,(d;) curve and
to the VHs peaks which originate from the logarithmic sin-the deviation ofE7,(d,) from 2E7,(d) is due to trigonal
gularity of 2D graphite. This logarithmic singularity comes Warping effects described above. The results of Fig. 7 have
from theM — M equi-energy lines in the hexagonal Brillouin been extensively used in discussing various experiments that
zone whose energies ajg/(1—s) and— y/(1+s) forthe  are sensitive td;; (d) >
conduction and valence bands, respectively. When the bold
lines pf thek_ vectors cross thil — M equi-energy Iines_, the IV. RELEVANT EXPERIMENTAL RESULTS
crossing points correspond to a zero valued&/ dk, which
causes a divergence in the DOS in Etp). These peaks can Four different types of experiments can be used to deter-
be seen at 2.9 eV for all the metallic nanotubes in Fig. 4mine the energy separatioks,(d;), as discussed in Sec. IV.
This crossing point is neither a minimum nor a maximum inOne of these utilizes the STS/ST(gcanning tunneling spec-
the energy dispersion relations, but rather is a point of inflectroscopy and microscopytechniques, which can at least in
tion whose second derivativ#’E/dk? is zero. Since these principle determine the geometrical structurer)) by STM
DOS peaks can be observed for any nanotube, a determinand the energy separations of the VElg(d,) by STS on the
tion of the energy where this structure occurs in the STSame nanotube.
experiments should provide a good experimental estimation
of vy, ands. Furthermore, since the energy position of the
peak is the same for all nanotubes, these peaks can be ob-
served in a rope sample with a distribution of diameters and The STS/STM results of Wilter et al* and Odomet al?
chiralities, when we neglect the curvature effect discussed ifield measurements d; (d;) for specific nanotubes, but in
the Introduction(Sec. ). It is important to note that in the almost all cases the diameter of the specific nanotube that
case of zigzag nanotubes with even index,(@, a bold line  was studied by STS was not accurately known. Both re-
coincides with theM —M line which gives a strong diver- search groups interpreted their results within the lileap-
gence of the DOS, which can be seen in (h8,0 trace in  proximation[Egs.(16) and(17)]. On this basis Wilder et al.
Fig. 4. Since this situation occurs for both metallic and semi-obtained values of,=2.7=0.1 eV for their semiconducting
conducting nanotubes, STS experiments f@zag nano- nanotubes ang,=2.9+0.1 eV for their metallic nanotubes.
tubes are most sensitive for obtaining accurate valueg,of This deviation iny, should be considered to be within the
ands. width of EQ"l(dt) shown in Fig. 7. Odonet al? reported

A. STS/STM results
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results for semiconducting nanotubes, yielding a value ofhique provides two independent determinationsygf one
vo=2.5 eV, significantly lower than values reported by Wil- involving the Stokes spectrégphonon emission the other
doer et al! and by other techniques discussed below. Froninvolving anti-Stokes spectrgphonon absorptionfor the
an experimental standpoint, the STS/STM experiments catangential phonon bands. Thus far, almost all of the resonant
be made more accurate by determinigg(d;) for the spe- Raman experiments have been carried out on the Stokes
cific nanotube for whichrf,m) has also been measurgda spectra.
determination oE}}(d,)=1.57 eV along these lines was re-  In the resonant Raman effect, a large scattering intensity
cently provided for a (13,7 nanotube, yielding a very low is observed when either the incident or the scattered light is
value fory,=2.54 eV. The STM/STS method for determin- in resonance with electronic transitions between vHs in the
ing v, is direct, but no corrections have been made for thevalence and conduction banés (d;) for a given nanotube
perturbation of the nanoprobe electric field on the 1D elec{n,m). In general, the size of the optical excitation beam is
tron density of states. at least 1um in diameter, so that many nanotubes with a

Furthermore, although the measurements can be made darge variety of ,m) values can be excited simultaneously,
isolated carbon nanotubes rather than on nanotubes inas is also the case for the optical absorption measurements
mersed in nanotube bundles, the nanotubes are normalfliscussed above. However, the tangential Raman lagd
placed on substrates during the measurement process and tieen ~1500-1630 cm') associated with the metallic
effect of the charge transfer between the nanotube and th@anotubes is distinctly different from that for semiconducting
substrate is not taken into account. Another source of error inanotubes, and this distinction in spectra can be used to es-
interpreting STS data fdg,,(d;) is associated with the trigo- tablish the width of the metallic window where metallic
nal warping effect discussed in this paper and shown in Fignanotubes contribute to the resonant Raman sptttur-
7. If the (n,m) value of the nanotube were known, the effectthermore, from measurement of the radial breathing mode
of trigonal warping would easily be taken into account. Alsofrequencywggy in the first-order Raman spectra, the nano-
the asymmetry of the density of states singularities should btibe diameter can be estimated from the diamé{etepen-
taken into account in determining the energyegf(d;) from  dence of wggy*1/d;, once the proportionality between
a broadened feature in the actual STS data. wram and one (,m) nanotube is established, such as the
(10,10 nanotube. Information on the nanotube diameter dis-
tribution is available either by transmission electron micros-
copy (TEM) or from measurement abrgy for many laser

A second method for determining,,(d,) comes from excitation energie& s Since it is unlikely that any infor-
optical spectra, where the measurements are made on rop@gtion on the nanotube chirality distribution is available ex-
of single-wall carbon nanotubes, so that appropriate corregerimentally, the assumption of equal priori probability
tions should be made for intertube interactions in interpretingan be assumed so that at a given diamé{ehe resonant
the experimental data. Optical transmission spectra werRaman effect is sensitive to the width of tEg(d,) plot in
taken for single-wall nanotubes synthesized using four difFig. 7. The metallic window is determined experimentally as
ferent catalyst§!* namely NiY (1.24-1.58 nm NiCo the range oE, s 0ver which the characteristic Raman spec-
(1.06—1.45 nny Ni (1.06-1.45 nm and RhPd(0.68—1.00 trum for metallic nanotubes is seen, for which the most in-
nm). For the NiY catalyst, three large absorption peaks werdense Lorentzian component is at 1540 ¢mSince there is
observed at 0.68, 1.2, and 1.7 eV. Although use of Eff§.  essentially no Raman scattering intensity for semiconducting
and (17) yield a value ofy,=3.0+0.2 eV, corrections for nanotubes at this phonon frequency, the intenksity, pro-
trigonal warping effects are necessary to yield a more accwides a convenient measure for the metallic window. The
rate value ofy,. Optical spectra were also reported for nano-normalized intensity of the dominant Lorentzian component
tubes produced with the NiCo, Ni and RbPd catalysts, butor metallic nanotubes; 54, (normalized to a reference lipe
the peak values for the absorption bands were not explicitifyas a dependence @, given by
quoted®*?8 |In interpreting the optical transmission data,

B. Optical measurements

corrections for the nonlineak dependence oE(k) away —(dy—dp)?
from the K point need to be considered. Once again, asymi ;5,4 do) = >, Aex;{ ‘ 5 0 [(EY(dy) — Ejase)?
metry of the 1D electronic density of states singularities dy Ad;74

should be taken into account in extracting tg(d;) from _ _
the line shape. Furthermore, the diametergdisﬁi(blj)'[ions of the T 7el4] L (ErY(d) ~ Braser Epnonod” + velAt
nanotubes as well as the difference in gap energies for nano- (20)
tubes of different chiralities for a givedy should be consid-
ered in the detailed interpretation of the optical transmissiontvhered, and Ad, are, respectively, the mean diameter and
data to yield a value foyy,. The calculations given in Fig. 7 the width of the Gaussian distribution of nanotube diameters
provide a firm basis for a more detailed analysis. within the SWNT sampleEynonon is the average energy
(0.197 eV of the tangential phonons and the(—) sign in
Eq. (20) refer to the Stokesanti-Stoke$ process,y, is a
C. Resonant Raman scattering experiments damping factor that is introduced to avoid a divergence of
The third determination for single-wall carbon nanotubesth® resonant denominator, and the sum in @) is carried
(SWNT’s) discussed here relates to the analysis of the tanUt over the diameter distribution. Equati¢20) indicates
gential phonon modest®11:25:262934yhich can be sensi- that the normalized intensityjs,{do) for the Stokes process
tively probed by resonant Raman spectroscopy. This techis large when either the incident laser energy is equal to
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nanotubes, the DOS peaks are found to be split into two
peaks because of the trigonal warping effect, while semicon-
ducting nanotubes do not show a splitting for this reason.
The width of the splitting becomes a maximum for the me-
tallic zigzag nanotubes (80), and is zero for armchair
nanotubes if,n), which are always metallic. In the case of
semiconducting nanotubes, the upper and lower bounds of
the peak positions dEfl(dt) on the Kataura chart shown in
Fig. 7 are determined by the values B¥,(d,) for the (3n
+1,0) or (31h—1,0) zigzag nanotubes. The upper and lower
bounds of the widths of thEﬁ(dt) curves alternate with
increasingi between the (8+1,0) and (31—1,0) zigzag
nanotubes.

FIG. 8. Metallic window for carbon nanotubes with diameter of ~ The existence of a splitting of the DOS spectra for metal-
d,=1.35 nm for the Stokessolid line and anti-Stokegsquare lic nanotubes can be observed by STS/STM experiments.
pointg processes plotted in terms of the normalized intensity of theThe width of the metallic window can be observed in the
Lorentzian phonon component at 1540 chfor metallic nanotubes  resonant Raman experiments, especially through the differ-
vs the laser excitation energy for the Stokes and the anti-Stokegnces between the analysis for the Stokes and the anti-Stokes
scattering processéRef. 33. The crossing between the Stokes and spectra. Some magnetic effects should be observable in the
anti-Stokes curves is denoted by the vertical arrow. resonant Raman spectra and therefore should affect the 1D
M , DOS for the nanotubes, since the magnetic field will break
E11(dy) or when the scattered laser energy |s_equE'ifp§dt) the symmetry betweeK andK’ points. The magnetic sus-
and likewise for the anti-Stokes process. Since the phonopgyiinility, which has been important for the determination
energy is on the same order of magnitude as the width of th8f v, for 3D graphite®*32 could also provide interesting re-

metallic window for nanotubes witd;~ 1.4 nm, the Stokes : o . e i
and the anti-Stokes processes can be observed at differeSLt'ItS. regarding a determination &f;(d) for SWNT's, in
Igudlng the dependence &;;(d;) on d,. Furthermore, we

resonant energies in the Resonant Raman experiment. T o ! .
q q ?th lized i 3 4 § pth can anticipate future experiments on SWNT’s, which could
ependence of the normalized intensify,ddo) for the ac- illuminate phenomena showing differences in ) rela-

tual SWNT sample O e is primarily sensitive®!'to the . - ,
energy differenceE}}(d;) for the variousd, values in the }L?g?r;:lrﬁgh: SV%Z?; ctt)g)no?nd vglence_bands of SWNT's. Su'ch
~ particular interest for the experi-
sample, and the resulting normalized intendifys{do) iS  mental determination of the overlap integeahs a function
obtained by summing oved,, which is conveniently ex- of nanotube diameter. Purification of SWNT's to provide
pressed in terms of the average diamelgin | 15,4 do). SWNT'’s with a known diameter and chirality should be
In Fig. 8 we present a plot of the expected integratedyiven high priority for progressing research on carbon nano-
intensitiesl 15,4 do) for the resonant Raman process for me-tube physics.
tallic nanotubes for both the Stokésolid curve and anti- The discussion presented in this paper for the experimen-
Stokes(square pointsprocesses. The figure distinguishes 4tal determination ofg;;(d;) depends on assumirg=0, in
regimes:(1) the semiconducting regime, for which both the order to make direct contact with the tight-binding calcula-
Stokes and anti-Stokes spectra receive contributions fromons. If s+0, then the determination d;(d,) would de-
semiconducting nanotube€?) the metallic regime, where peng on the physical experiment that is used, because differ-
metallic nanotubes contribute to both the Stokes and antient experiments emphasize differdrpoints in the Brillouin
Stokes spectrdp) the regime where metallic nanotubes con-zone, The results of this paper suggest that theoretical tight-
tribute to the Stokes spectra and not to the anti-Stokes speginding calculations for nanotubes should also be refined to
tra, and(4) when the metallic nanotubes contribute only t0jncjyde the effect b+ 0. Higher-ordermore distant neigh-

the anti-Stokes spectra and not to the Stokes spectra. Thgy) interactions should yield corrections to the lowest order
plot in Fig. 8 is for a nanotube diameter distributich  theory discussed here.

=1.35-0.20 nm assuming.=0.04 eV and Eq(16) was

used to calculate thEQ"l(dt) values. Fits of experimental

Raman data to these curves are expected to be very sensitive ACKNOWLEDGMENTS
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