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Skyrmion dynamics and NMR line shapes in quantum Hall ferromagnets
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The low-energy charged excitations in quantum Hall ferromagnets are topological defects in the spin ori-
entation known as Skyrmions. Recent experimental studies on nuclear magnetic resonance spectral line shapes
in quantum well heterostructures show a transition from a motionally narrowed to a broader ‘‘frozen’’ line
shape as the temperature is lowered at fixed filling factor. We present a Skyrmion diffusion model that
describes the experimental observations qualitatively and shows a time scale of;50 ms for the transport
relaxation time of the Skyrmions. The transition is characterized by an intermediate time regime that we
demonstrate is weakly sensitive to the dynamics of the charged spin texture excitations and the subband
electronic wave functions within our model. We also show that the spectral line shape is very sensitive to the
nuclear polarization profile along thez axis obtained through the optical pumping technique.
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I. INTRODUCTION

In the presence of a strong magnetic field, a tw
dimensional interacting electron gas~2DEG! exhibits many
different quantum states depending on field strength, elec
density, and disorder. At Landau-level filling factorn51,
when the number of electrons is equal to the number
available Landau orbitals in the lowest Landau level,
2DEG is in an itinerant ferromagnetic state where all
electron spins are aligned with the magnetic field.1 The novel
features of this quantum Hall ferromagnet~QHF! state origi-
nate from the relative strength of the electron-electron C
lomb energy,e2/e l B , and the Zeeman energy,gmBB, which
are of order 160 K and 3 K, respectively, in typical expe
mental situations.2 The Pauli exclusion principle combine
with the overwhelming cost of Coulomb excitations mak
the single-particle spin-1/2 electron excitation gapped at
ing factor n51. The low-energy~but still gapped! charge
excitations of the system are Skyrmion spin textures cont
ing many (4 –30) flipped spins and are topologically stab1

By paying the lower Zeeman price the spins can align loca
creating a more advantageous charge distribution that low
both the Hartree and exchange Coulomb cost with respe
a single spin flip excitation. Because these excitations are
cheapest way to introduce charge into the system, they
present in the ground state of the system at filling fact
close ton51.1,3 This produces a rapid reduction of the ele
tron spin polarization away fromn51 which is observed in
experiments.2

The probe of choice to study the electron spin polarizat
of the 2DEG is nuclear magnetic resonance~NMR!. Mea-
surements of the Knight shift, which is linearly proportion
to the electron spin polarization, have unambiguously pro
the existence of these exotic topological charge excitatio2
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However, this rich probe keeps providing us with more s
prising information about the Skyrmions, continuously ch
lenging the theory of QHF. Recent experiments carried
by Kuzmaet al.,4 using optical pumping techniques to e
hance the NMR signal of the 2DEG, have focused on
NMR line shape as a function of temperature and filli
factor nearn51/3 ~which is also a QHF state!. The observed
free induction decay signals show a large dependence
the electron polarization on filling factor, indicating th
charged spin excitations are more important nearn51/3 than
previously expected from theory.5 Near this filling factor, as
the temperature is lowered, the Knight shift increases w
decreasing temperature~although having a local minimum!
until it reaches a saturation level at very low temperatur
The spectral line shape ranges from the motionally narrow
regime, where the polarization shows a sharp peak due to
average polarization seen by each nucleus, to the froz6

regime, where the peak is much broader due to the pres
of frozen spin textures in the ground state and the nu
seeing different electron polarizations depending on their
cation. The interesting regime is the intermediate one wh
the dynamical time scale of the Skyrmions is comparable
the inverse frequency of the Knight shift. This is the regim
which contains the greatest wealth of information abo
Skyrmion dynamics. The situation is complicated by the f
that the Knight shift varies strongly with position in thez
direction across the quantum well. Nuclei at the edges of
well see a lower electron density and hence a smaller Kn
shift. As a result, these nuclei can still be in the motiona
narrowed regime when nuclei in the center of the well a
already close to the frozen regime. This subtlety is taken i
account in our analysis.

Because the spin stiffness atn51/3 is so small7 the Skyr-
mions will be very small and the continuum field theore
2749 ©2000 The American Physical Society
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approach will be poorly controlled. We therefore focus
the case of filling factors nearn51 where measurements a
currently underway.8,9 We present a simple model for th
Skyrmion dynamics nearn51 in this paper. We find that the
spectral line shape, besides being dependent on the tran
relaxation time of the Skyrmions, is very sensitive to t
nuclear spin polarization density along thez direction and, to
a lesser extent, the electron density profile in thez direction.

We organize this paper as follows. In Sec. II we introdu
the theoretical background needed for our model calc
tions. In Sec. III we present our model and results. In Sec
we discuss the implications of the results and possible n
outlooks on this problem.

II. THEORY

In the free induction decay NMR experiments, after t
nuclei in the wells are polarized by optical pumping,2,10 the
nuclear spins are tipped by ap/2 pulse and allowed to pre
cess freely.2,4 These spins will precess at the Larmor fr
quency produced by the local magnetic field. This local m
netic field is composed of the external one plus
contribution from the electron polarization due to the Fer
contact hyperfine coupling which enters the nuclear s
Hamiltonian in the same way as the external magnetic fie11

HN52gNmN(
j

Sj•@Ho1Be~Rj !#, ~1!

wheremN is the nuclear magneton,Sj is the nuclear spin in
units of \ at positionRj , Ho is the applied magnetic field
andBe(Rj )[(216pmB/3)( iSi

ed(r i2Rj ) is the effective lo-
cal magnetic-field contribution due to the electronic polari
tion with Si

e and r i being the spin and position of thei th
electron.

The last term in Eq.~1! is the one responsible for th
observed Knight shift. For the purposes of computing
Knight shift, it is adequate to replaceBe by its expectation
value

^Bz~R,n,T!&}uu~R!u2P~R,n,T!, ~2!

where uu(R)u2 is the electron envelope function obtaine
from a self-consistent local spin-density approximation c
culation, andP(R,n,T) is the average electron spin polariz
tion at positionR for a given filling factor and temperature
If we assume that the electron envelope function is onl
function of z ~the growth direction! we can further param
etrize the local Knight shift asKs(z)[re(z)K̃sP(R,n,T),
where re(z)5*dx dyuu(r )u2 is the electron density alon
the z direction~normalized to unity at its maximum! andK̃s
is a constant that can be fitted to the experimental spect
the lowest temperatures.

Next, we must connect these expressions to the obse
intensity spectrumI (v), which is the time Fourier transform
of the induced voltage produced in the tipping coil due to
precessing nuclear spins in the quantum wells. In the abs
of in-plane spin nuclear decay, for a given nuclear spin,
time evolution of the spin’s expectation value~relative to the
evolution with zero Knight shift! is given by

^Sj
1~ t !&[^Sjx1 iSjy&
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1~0!expF2 i E

0

t

dt K̃sre~zj !P~Rj ,n,T,t!G ,
where now we have allowed the electronic polarization
vary with time.11,12 The induced voltage is proportional t
the time derivative of Re@^Sj

1(t)&#, which is approximately

2Im@ iv0^Sj
1(t)&# wheneverv0@K̃s , with v0 being the

bare nuclear precession rate. However, for nuclear spins
solid the in-plane magnetization decays as a Gaussian du
nuclear dipole-dipole interactions. This yields the final e
pression for the intensity

I ~v!}E dr rN~r !ReF E
0

`

dt e2s2t2/21 ivt^S1~r ,t !&G , ~3!

whererN(r )5^( jd(r2Rj)Sz j& is the polarization density o
nuclear spins~not the number density of nuclei!, and s
5Dv/(2A2 ln 2) with Dv being the full width at half maxi-
mum ~FWHM! of the unshifted NMR signal. In the sample
used in the experimentsDv52p3.5 kHz, and therefores
59.34 ms21. Any model describing the observed spec
has to contain realistic estimates ofP(Rj ,n,T,t), re(r ), and
rN(r ). Of these three, the first two are the ones that h
been studied most extensively.3,7,13,14–18In a previous model
presented by Kuzmaet al.4 to describe the transition nearn
51/3, a two polarization model forP(n,T,t) was used, and
re andrN were approximated by sinusoidal shapes. Here
attempt to improve upon this model by carefully examini
the approximations used for each quantity.

At zero temperatureP(Rj ,n), the electron polarization, is
exactly unity atn51 as mentioned in Sec. I. However, as t
filling factor goes away fromn51, Skyrmions begin to ap-
pear in the ground state of the system. These charged
texture excitations reduce the polarization locally and a re
istic approximation for the shape of the Skyrmion is need
to obtain a reasonableP(Rj ,n). There have been many stud
ies on the shape of the Skyrmions.3,7,13,14–18Most analytical
approaches describing the Skyrmion excitations have ta
the route of effective field theories such as the modifi
O(3) nonlinear sigma model (NLs),14 where a Zeeman
term and a Coulomb interaction term are inserted in the c
sical NLs model.3,7,15 The magnetization profile of a Skyr
mion obtained from this theory, in the limit of zero Zeema
energy, is given by

mz~r !5
r'

2 2l2

r'
2 1l2

,

wherel determines the size of the Skyrmion, andr' is the
projection of r on the plane~denoted byr henceforth!. At
larger distances away from the Skyrmion’s center the Z
man term dominates and the magnetization varies a
2mz(r );e22kr /r , with k54.4l B nearn51.15 This analyti-
cal approach has been very successful in explaining qua
tively the physics of the QHF, however, it has not been a
to predict quantitatively the shape of the Skyrmion exci
tions at experimentally accessible parameters.
GaAs/AlxGa12xAs heterostructures, at around 10 T, t
number of spin flips,K, per unit charge introduced nearn
51 is2 ;3 –4. Single Skyrmion microscopic calculation
using techniques such as Hartree-Fock16 ~HF!, exact diago-



er
ss
lso
e

i

-
i

rd
ar
ha

fo

he
fie
s
h

el
id
m

e
on

la

o
pl
nt

r

en
re-
h a
ted
lar-

all
MR
iven

in-

t of

he

ity
of
ale

he
the
ed
of

tron
r
z,

ipo-

on
so-
me-
ral

or
d-

line
ar-

es-

hort

xi

the
e
fi

PRB 61 2751SKYRMION DYNAMICS AND NMR LINE SHAPES IN . . .
nalization, and variational wave functions,17 have been more
successful at obtaining quantitative agreement with exp
ments. These, however, are not as transparent as the cla
model in describing the physics behind the excitations. A
Brey et al.18 have performed HF calculations of the skyrm
crystals formed at filling factors nearn51 which most ac-
curately describe the spin polarization observed
experiments.2,18 The failure of the NLs model to predict the
correct Skyrmion shape for smallK originates in the trunca
tion of the gradient expansion. The HF calculations are
essence self-consistent mean-field calculations with the o
of the gradient expansion taken to infinity and hence
more successful at predicting the small Skyrmions t
change shape on a much shorter length scale.17 As described
in the next section, we use a phenomenological form
mz(r ) fitted to the Hartree-Fock calculations.

The electron density along thez direction re(z), is ob-
tained from the electronic spin-split energy levels of t
GaAs heterostructures in the presence of a strong tilted
~as is used in the experiments!. These charge distribution
are calculated using a local spin-density approximation. T
density profiles of the two spin states and two lowest lev
measured with respect to the valence band for a 30-nm-w
GaAs single quantum well, are shown in Fig. 1. The para
eters have been chosen to match the experiments2 done near
n51.

The nuclear polarization profile estimaterN , comes from
considering the experimental setup. After a train of rf puls
which destroys the thermally induced nuclear polarizati
the sample is radiated with circularly polarizeds1 light
tuned to the band gap in the well. This excites 100% po
ized electrons to the lowest unoccupied level~spin down!
and in the recombination process the nuclear system abs
part of the angular momentum transferred to the sam
Hence, the optical pumping can produce an enhanceme
the nuclear polarization by as much as a factor of 100.2 This
optical pumping is necessary, at least at higher temperatu

FIG. 1. Electronic density using the local spin-density appro
mation for a sample withBtotal57.05 T, a well width of 30 nm,
and a tilt angle ofu t i l t 528.5°. The energies are measured from
top of the highest valence band. Note that the tilted magnetic fi
smears out the locations of the node positions for states in the
excited subband.
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to make the NMR signal visible. The problem is that, ev
though the initial excitation process is understood, the
combination process is much more complicated. In suc
process, Skyrmions and anti-Skyrmions are being crea
constantly and this may have an effect on the nuclear po
ization profile which is not well understood at present.

One may ask why at such low temperatures~1.6 K! and
being so deep in the insulating phase of the quantum H
state one can even observe motional narrowing of the N
line shapes. We can answer this question in reverse. G
the information from the experiments,2,4 what longitudinal
resistivity can we infer? The onset of the frozen regime
dicates thatDKs

21;nskyr
21 anddn/dm;n/DE, with D being

the diffusion constant,nskyr andn the density of Skyrmions
and electrons, respectively, andDE the disorder broadening
of the Landau level which can be estimated to be at leas
the order of;10 K and is possibly much larger.19 This in-
formation can be inserted in the Einstein relation for t
conductivity

sxx5e2D
dn

dm
;e2nskyr

21 Ksn

DE
~4!

;
3310212 V21

un21u
, ~5!

which gives a lower bound on the inverse conductiv
1/sxx;300 GVun21u. Hence, we see that the dynamics
the Skyrmions can appear to be fast on the NMR time sc
even deep in the insulating regime.

III. THE MODEL AND RESULTS

When calculating the spectral intensity from Eq.~3! it is
useful to first think about the different time scales in t
problem and how relevant each one is in calculating
NMR spectral line shape. At the experimental fields us
~7.05 T! the bare nuclear precession rate is of the order
100 MHz, the extra precession rate created by the elec
spins~the Knight shift! is of the order of 20 kHz, the nuclea
spin-lattice relaxation rate ranges from 4 mHz to 45 mH
and the in-plane spin relaxation rate due to the nuclear d
lar coupling is approximately 3.5 kHz.2 Hence, in the calcu-
lations that follow, we shall ignore the spin-lattice relaxati
rate and place our zero of frequency at the bare NMR re
nance. Furthermore, since we assume perfect cubic sym
try of the GaAs crystal, we omit any effects on the spect
calculation due to any nuclear quadruple splitting.

Rather than doing a full microscopic calculation f
P(R,n,T) in the presence of disorder, we take a more mo
est aim and focus on the transition where the spectral
shape goes from the frozen regime to the motionally n
rowed regime. Forun21u!1 the ground state of the 2DEG
at T50 is believed to be in a skyrme square lattice state.18 In
practice, the skyrme lattice is melted in most of the acc
sible temperature ranges.15,20 However, at the low experi-
mental temperatures considered here (T,4 K), although
the long length scale correlations vanish, we expect the s
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length scale correlations to contain crystal-like features.
model this we introduce a Skyrmion square lattice with
unit cell size given by the appropriate filling factor. We ta
the magnetization profile of the Skyrmion to be

mz~r !5
r 22l2e2ar 2/L2

r 21l2e2ar 2/L2 ,

which, by choosingl and a appropriately, can resembl
closely the HF calculations previously done.16 For n50.96
we useda55.6 andl252.6. Although in the HF calcula
tions mz(0)'20.6 due to the zero point fluctuations, w
find that this has little effect on the spectral line shape, a
hence we keep our simpler functional form in the mod
calculations. Also, in any experimental situation, the part
the spectrum due to this small region of fully reversed sp
tends to be weak. To model the time dependence
P(R,n,T,t), instead of allowing the Skyrmions to underg
correlated thermally induced motion about their latti
points, we make the whole lattice move together to simp
the numerical calculations. Hence, the lattice is only allow
to move collectively in a random walk by performing a jum
of average distancel with a probability dt/tJ in the time
interval t to t1dt. The diffusion time across a unit cell o
sizeL, tdiff5(L2/ l 2)tJ , is held constant for a given temper
ture andtJ and l are varied to test the sensitivity of th
spectral line shape to the microscopic details of the dyn
ics. The motionally narrowed regime occurs wh
tdiff!Ks

21 and each nucleus experiences the average elec
polarization in the sample. In the limittdiff@Ks

21 the Skyr-
mions are spatially frozen on the experimental time sc
with random motion being rare. This frozen regime of t
spectral line shape, observed at the lowest temperatures,
tains information on the actual shape and static distribu
of the Skyrmion excitations and the nuclear density profi
The intermediate regime,tdiff;Ks

21 , occurs when the
FWHM of the spectrum reaches its peak value. In this
gime we find the greatest sensitivity of the line shape to
choice oftJ for a fixedtdiff .

The adjustable parameterK̃s , is fixed by fitting the peak
frequency of the spectral line shape to the one observed
perimentally in the frozen regime. The temperature is gau
by tdiff and calibrated by the onset of the motionally nar
rowed and frozen regimes observed in the experiments.
approximate the nuclear magnetization density by the e
tronic density from the lowest unoccupied level (E1↓ in Fig.
1!, since the induced polarization due to optical pumping
proportional to the local electronic density of the electro
excited in such a process.10 This gives a much more accura
profile than the ones approximated by simple sinuso
shapes.4 One striking result of our model is the high sen
tivity of the spectral line shape to the nuclear magnetizat
density. This sensitivity is illustrated in Fig. 2 where w
show different spectral line shapes atn51 for several
nuclear polarization profiles. This result strongly sugge
that the details of the line shape will be difficult to unde
stand from first principles without a better microscopic u
derstanding of the optical pumping process and its effec
the nuclear polarization profile, together with other proces
that may be affecting this profile.
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In Fig. 3 we show the spectral line shapes at differe
diffusion times~temperatures!. The maximum FWHM is ob-
tained between 40 and 50ms. Also, note thatKs , which
corresponds to the maximum in the spectra, decreases m
tonically as the temperature~or tdiff

21! increases. It is impor-
tant to note that at temperatures where the Skyrmion dyn
ics begin to ‘‘freeze’’ in the NMR time scales, the peak
the spectrum~what is usually understood by the Knight shif!
is no longer a good measure of the global average elec
polarization, P̄[*d2r P(r ,n,T,t50). Instead, in order to
avoid dynamic effects, one should measure the first mom
of the spectra when measuringP̄, since

E
2`

`

dv vI ~v!}F E dzrN~z!re~z!GK̃sP̄, ~6!

FIG. 2. NMR spectra~on the left! at n51 for different nuclear
polarization profiles~on the right!. Profile ~a! is taken from the
lowest unoccupied spin-split energy levels~spin down!, profile ~c!
is a constant polarization density truncated at the edges, and~b! is a
combination of~a! and ~c!.

FIG. 3. NMR spectra atn50.96 for different diffusion times.
Here the parameters used arel252.6 anda55.6. Note that here

the global electron polarization,P̄, is fixed, and therefore the pea

location is no longer an accurate measure ofP̄.
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where here we have*2`
` dv I (v)51 rather thanI max51 as

used in Figs. 3 and 4.
The sensitivity of the line shape to the choice oftJ at

tdiff;40–50 ms ~corresponding to the maximum FWHM! is
shown in Fig. 4. This sensitivity, although weak, is com
pletely absent at othertdiff ’s in the other regimes.

IV. CONCLUSION

Our model illustrates qualitatively the behavior of th
NMR spectra as a function of temperature forT,4 K. It
accurately predicts a peak in the FWHM as a function
temperature. It also shows a monotonic increase of

FIG. 4. NMR spectra fortdiff540 ms and differenttJ’s. Here
n50.96, l252.6, anda55.6.
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e

Knight shift with decreasing temperature, reaching a plat
at the lowest temperatures~largesttdiff), however, it does not
reproduce the local minimum in the Knight shift as a fun
tion of temperature observed nearn51/3.4 Since the spin
stiffness nearn51/3 is very small, we do not expect thi
model to be valid near such filling factor, where the Skyrm
ons are small and not well understood as is the case nen
51.

We have also demonstrated that a full understanding
the NMR line shape must involve a better understanding
the nonequilibrium nuclear polarization profile. This profi
is affected primarily by the optical pumping and possibly
other thermal relaxation processes. We also have shown
to measure the behavior of the average electron polariza
P̄ at these temperatures, one must measure the first mo
of the intensity spectrum rather than its peak. We empha
that our model does not attempt to calculate the hig
quantum-mechanical motion of the Skyrmions. This moti
may involve a semiclassical percolation in the case of he
nonlocalized Skyrmions or variable range hopping in t
case of highly localized Skyrmions in a random potenti
Our phenomenological model does capture the appropr
time scales in the experiments which should be an esse
result of a more sophisticated treatment of the problem.
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