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Resonant and localized electromagnetic modes in finite superlattices
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The existence and behavior of surface and interface optical waves are studied in a substrate–finite-
superlattice–air system. These modes appear as well-defined peaks in the density of states as well as in the
magnitudes and phase times of the reflection and transmission coefficients. We investigate the effect of surface
termination on the formation of surface modes and their interaction with the superlattice-substrate interface
modes. The plot of the spatial distribution of the modes shows different possibilities of the guidance through
the localized and confined modes.
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Excitations in superlattices~SL’s! with various stacking
order, such as periodic, quasiperiodic, and random S
have been investigated extensively during the past decad
these artificial media, composed of alternating layers of
ferent materials with thicknesses of approximately 1–5
nm, the collective excitations that define their physical pro
erties ~phonons, plasmons, polaritons, magnons! are now
very well studied phenomena.1–4 Their fabrication has been
performed by use of modern crystal-growth techniques~such
as molecular-beam epitaxy!, and because of their unusu
properties, SL’s are widely used in the design of optical a
optoelectronic devices such as band-pass filters, mirrors,
quantum-well lasers.

The SL’s actually grown are not ideal and they usua
possess both natural and artificial defects. In particular,
inhomogeneity embedded in a SL with defect periodic
~e.g., a defect layer or a free surface! is shown to cause
localized modes within the frequency gaps induced by
periodicity of the SL.5–7 The existence of the electromag
netic modes localized at the surface of a SL was also
dicted almost two decades ago.8 Subsequently, experiment
in a periodic layer structure which consisted of 12 pairs
alternating layers of GaAs and Al0.2Ga0.8As on a GaAs
substrate9,10 and in ZnS/cryolite SL’s~Ref. 11! proved their
existence. On the theoretical side, it is also known that
presence of a SL/air interface12–15 and SL/substrate
interface14 gives rise to localized states inside the gaps. T
localized electromagnetic modes due to defect layers h
also been studied for both infinite- and finite-size S
systems.5–7 These properties started also to be investigate
two-dimensional~2D! and 3D photonic crystals.16–18 These
localized modes in the forbidden band can be used to ma
facture semiconductor microlasers with almost perfect qu
tum efficiency and extremely low threshold.19

In this paper, we study the existence and behavior of
localized and resonant waves in the realistic geometry o
finite superlattice bounded by a substrate and the vacu
The surface of the superlattice may be covered by a cap l
as in usual experimental situations~see Fig. 1!. From the
methodological point of view, this paper contains an ext
sion of a previous work,14 dealing with semiinfinite superlat
tices, to the case of a finite superlattice. However, in t
more general and realistic situation, one can simultaneo
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encounter both surface and interface modes as well as
fined modes in the finite superlattice. Moreover, these mo
can interact together and give rise, for instance, to an a
crossing between a pair of surface and interface disper
curves with a transfer of character from one branch to
other. On the other hand, we shall show that the thicknes
the cap layer deposited on the superlattice will strongly
fluence the existence and behavior of surface modes
their interaction with interface and confined modes.

The localized and resonant modes manifest themse
through the density of states as well as through the rates
phase times of the transmission and reflection coefficie
Among different mathematical approaches, the Gre
function method is quite suitable for studying the spect
properties of these composite materials; in particular, it
ables us to calculate the local and total density of sta
~DOS! in which the resonant modes appear as well-defin
peaks. Simultaneously, the Green-function approach all
us also to determine the transmission and reflection rate
well as the corresponding phase times. The phase times
considered20 to be relevant physical times to describe t
motion of wave packets which are narrow in wave-numb
space. We show that the positions of the resonances obta
from the DOS coincide with those given by phase times a
transmission rates. The half-width of the peaks in the D

FIG. 1. Schematic representation of the system consisting
substrate and a finite periodic superlattice with alternate stackin
A andB layers and capped with aB layer.N denotes the number o
cells.
2059 ©2000 The American Physical Society
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and phase times are related to the lifetime of the reson
modes. While the amplitudes and phase factors of the re
tion and transmission coefficients can be measured exp
mentally, the DOS contains information about the spatial d
tribution of the modes and their localization behavior, f
example they allow us to specify the surface, interface, c
fined, or mixed character of the modes.

The Green’s function@from which the total DOS, loca
DOS ~LDOS!, phase times, and reflection and transmiss
rates are deduced# is calculated by using the interface r
sponse theory21 in composite materials in which the solutio
is first searched in the restricted space of the interfaces
fore being extended to the whole material. We avoid
detail of the analysis, which is similar to, although mo
cumbersome than, that for a semi-infinite SL.14 The complete
Green’s functions can also be used to derive any other ph
cal property of the system at hand. They play a central rol
the theories of light scattering~both Brillouin and Raman!,
as well as in various other physical phenomena.22

The Green’s function is calculated by using the interfa
response theory in composite materials and is given as21

g~DD !5G~DD !2G~DM !G21~MM !G~MD !

1G~DM !G21~MM !g~MM !G21~MM !G~MD !,

~1!

whereD and M are, respectively, the whole space and
space of the interfaces in the composite materials;G(DD) is
the block-diagonal matrix in which each blockGi corre-
sponds to the bulk Green function of the subsystemi. In our
case, the SL is composed of slabs of materialsi 5A,B.
g(MM ) are the interface elements of the Green’s function
the composite system. The inverseg21(MM ) of g(MM ) is
obtained for any points in the space of interfaces as a su
position of the different gi

21(MiMi), inverse of the
gi(MiMi) for each constituenti of the composite system. In
the geometry of the SL, the elements of the Green’s func
take the formg(v,ki /x3 ,x38), wherev is the frequency of
the electromagnetic wave,ki the modulus of the wave vecto
parallel to the interface, andx3 indicates the position along
the SL axis.

Knowing the Green’s function, one can obtain for a giv
value of ki the local and total density of states. The loc
density of states on the plane (n,i ,x3) is given by

n~v2,ki ;n,i ,x3!52
« i

pc2 Im g1~v2,ki ;n,i ,x3 ;n,i ,x3!,

~2!

where

g1~v2!5 lim
G→0

@g~v21 iG!#, ~3!

c is the speed of light,n the index of the cell of the SL, and
« i the dielectric function of the mediumi. The total density
of states for a given value ofki is obtained by integrating
overx3 and summing overn andi the local density of states

Moreover, if U(D) represents an eigenvector of the re
erence system, Eq.~4! enables one to calculate the eigenve
tors u(D) of the composite materials,21
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u~D !5U~D !2U~M !G21~MM !G~MD !

1U~M !G21~MM !g~MM !G21~MM !G~MD !.

~4!

This equation enables one also to calculate all the wa
reflected and transmitted by the interfaces as well as the
flection and transmission coefficients of the composite s
tem. One can deduce the photon phase times, which are
fined in the stationary phase approximation, by20

tR5
duR

dv
or tT5

duT

dv
, ~5!

whereuR anduT are, respectively, the phases of the reflec
and transmitted amplitude of photons scattered off
substrate/SL/air.

The idea of the phase times~together with other charac
teristic times! has been introduced in connection with th
question of how much time it takes a particle to tunn
across—or to be reflected from—a barrier.23 It has been
shown that the phase times defined in Eq.~5! are well suited
to describe the delay time for the arrival of the maximum
the transmitted or reflected wave packet.24–26 Furthermore,
the time-independent Schro¨dinger equation and the Helm
holtz wave equation describing the propagation of mo
chromatic electromagnetic waves are formally equivalen27

Therefore, the electronic tunnel effect and the frustrated
tical transmission phenomena were shown to be related.27,28

These quantities,tR andtT , are of great interest becaus
they are measurable quantities and furthermore they ca
related to the density of states, which is a central quantity
the understanding of many phenomena in different phys
systems. More precisely, following the demonstration
Avishai et al.,29 one can easily show in our system30 that the
transmission phase time and the density of states are dire
related through

tT5pDn. ~6!

HereDn is the density of states of our system, from whi
the contributions of the substrate alone and the vacuum h
been subtracted. Then, it is not surprising that the same
tures appear both in the density of states and in the trans
sion phase time, except that the transmission coefficient
only be defined when the frequency of the incident wa
falls above the vacuum light line. On the other hand, ther
not, in general, a simple relationship between the reflec
phase time and the density of states, although in practice
most of the situations, the peaks in the density of states
appear as well-defined features intR .

However, let us notice thattR andDn are directly related
in two particular cases,30 as follows: ~i! for a symmetric
system~i.e., a symmetric superlattice bounded by the sa
substrate on both sides!,

tR5tT5pDn; ~7!

~ii ! in the case of total reflection~which means that the fre
quency of the incident wave falls below the vacuum lig
line!,

tR52pDn. ~8!
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In what follows, we shall focus on a few applications
these results. Specific results will be given for a finite
constituted of alternating TiO2 and InGaAsP layers with a
surface InGaAsP cap layer of different thickness and sa
wiched between a substrate of SiO2 and air. Let us mention
that the TiO2 /SiO2 materials were recently used in the co
struction of a Fibonacci quasiperiodic superlattice,6,15 where
the dispersion relation was investigated by an interferome
process; they were also used as a tunnel barrier to study
tunneling of optical pulses through the photonic ba
gaps.26,31,32On the other hand, calculations were perform
for a Au/SiO2 /InGaAsP/InP periodic optical waveguide
observe the eigenvalue modes of photons propaga
through such a system.33 In our calculation, we use the va
ues of the dielectric constants given in the above wor
namely«A55.5225,«B512.39,«S52.1316, and«051 for
TiO2, InGaAsP, SiO2 and air, respectively. Actually, thes
dielectric constants are complex quantities which also
play some variation with the frequency of the light. The
dispersion and absorption effects can formally be include
our calculation for a quantitative purpose; however, in t
paper we limit ourselves to a more qualitative description
the behavior of the surface and interface electromagn
waves, and therefore we assume the dielectric constants
real and independent of the frequency. The materials use
our calculation correspond to a relatively high dielectric co
trast («B /«A55.8), which insures the existence of relative
large minigaps. The geometrical parameters of the supe
tice are defined in the following way. The thicknesses of
layers are denoteddA and dB , and D is the period of the
superlatticeD5dA1dB . For the sake of clarity, the SL con

FIG. 2. Dispersion of electromagnetic modes associated wi
finite SL sandwiched between a substrate and air. The SL con
N56 cells. The dashed-dotted~full ! heavy line corresponds to th
substrate~air! velocity line, separating the confined modes in the
from their extension as resonant modes into the substrate bulk b
The full lines give the dispersion of the SL minibands. The dot
lines give the localized (Li) and resonant (Ri) modes inside the SL
gaps.
d-

ic
he

d

g

s,

-

in
s
f

tic
be
in
-

t-
e

tains N56 layers of a dielectricA and N2155 layers of
dielectricB and is capped with aB dielectric layer of thick-
nessdC . The numerical calculations are performed fordB
52dA52D/3 anddC50.57D. In this work, we concern our-
selves with the TE waves. The treatment of the TM wave
similar. The results that we shall discuss provide the gen
qualitative behavior of the localized and resonant modes
we also found in calculations with other constitutive mate
als for the SL.

Figure 2 gives the dispersion curves~dimensionless fre-
quencyvD/c versus the reduced wave vectorkiD! for TE
waves in the structure depicted above. The localized
resonant discrete modes are induced by the substrate–fi
SL–cap-layer–air interactions and they are very sensitive
the thicknesses and to the nature of the SL layers. They
obtained from the maxima of the peaks in the total DOS~see
Fig. 3!. In Fig. 2, we plot two light lines: the air light line
~heavy line! given by the equationkiD5vDA«0/c, and the
substrate light line~heavy dashed line! given by the equation
kiD5vDA«s/c. These lines delimit the oscillatory and th
decaying behavior of the field in air or in the substrate. T
branches situated below the substrate light line corresp
either to the confined modes in the finite SL region or to
localized modes at the boundaries of the SL; they decay
ponentially both into the substrate and into air. The extens
of these curves into the substrate band~continuum! repre-
sents resonant modes associated with the deposition o
finite SL on the top of the substrate.

The branches represented by the full lines correspon
the confined modes of the finite SL; their number increa
with the numberN of periods in the SL, leading to the bul

a
ns

nd.
d

FIG. 3. Variation of the density of states~in units of D/c! cor-
responding to the case depicted in Fig. 2, forkiD54 ~a!, 6 ~b!, and
7 ~c!. Bs(Bv) refers to thed function of weight2 1

4 appearing at the
bottom of the substrate~air! bulk band.Ri andLi refer to the reso-
nant and localized modes.
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bands of the infinite SL in the limitN→}. The branches
represented by the dotted lines, and falling in the minigap
the SL, are localized and resonant modes; they are ma
localized at the SL-substrate or SL-air interfaces. In the
lowing, we shall concentrate on the discussion of the la
modes, which are very sensitive to the physical paramete
the SL layers but also to the SL termination and more es
cially to the position of the SL surface~i.e., SL/air interface!.

In Fig. 2, there are six branches~dotted lines! of localized
modes situated below the substrate bulk band and fal
inside the gaps of the SL. The localization properties of th
modes will be discussed below. The lowest localized bra
(L1) is a surface mode which emerges from the first mi
band of the SL atkiD'3.5; in the same manner, the surfa
localized branch (L2) appears on the top of the second min
band whenkiD>2.5. Similarly, the lowest branch of th
third SL miniband becomes the localized mode (L3) when
kiD<4.5. The two localized modesL4 and L5 existing in-
side the third minigap of the SL are associated with o
surface mode and one interface mode, which strongly in
act aroundkiD'6 giving rise to an anticrossing in the dis
persion curves. Finally, the branches falling above the s
strate light line correspond to resonant modes as they
propagate in the substrate.

A few examples of the behavior in the variation of th
DOS of the resonant modes are illustrated in Fig. 3,
kiD54 ~a!, 6 ~b!, and 7~c!. Let us notice that thed peaks
lying below Bs are enlarged by adding a small imagina
part to the frequencyv. The peaks that lie belowBs repre-
sent confined modes inside the SL or localized modes (Li) at
the interfaces of the SL, and decay on both sides of the
those lying betweenBs andBv may propagate in both the S
and the substrate and those falling aboveBv are propagating
in the whole composite system.Ri andLi refer to the reso-
nant and localized modes in the system. Let us recall14 that
the d peaks of weight21

4 appearing at the bottom of th
substrate and air bands correspond to the variations in
total DOS when these media are going from infinite~bulk! to
semi-infinite.

Depending on their frequencies, the optical modes
duced by the finite SL may propagate along thex3 direction
perpendicular to the interfaces in the SL, the cap layer,
the substrate, they may propagate in one and decay in
other, or finally they may decay on both sides of the S
substrate and SL/air interfaces. To illustrate these differ
types of behavior, we have plotted in Figs. 4~a!–4~e! the
local densities of states~LDOS! as a function of thex3 space
position for kiD56 and for different reduced frequencie
vD/c51.975 ~a!, vD/c52.69 ~b!, vD/c53.39 ~c!, vD/c
53.635 ~d!, and vD/c53.655 ~e!. The LDOS reflects the
spatial behavior of the square modulus of the electric fie

In the first two cases@Figs. 4~a! and 4~b!#, the frequencies
correspond, respectively, toL1 andL2 in Fig. 2. They reflect
guided modes of the cap layer, which decay outside
layer, with a small penetration into the SL. In the case~c!,
the frequency falls inside a miniband of the SL while bei
below the substrate bulk band; therefore, this correspond
a confined mode inside the finite SL. The last two cases~d!
and ~e! correspond, respectively, to the modesL4 andL5 in
Figs. 2 and 3~b!. The corresponding LDOS show a decayi
behavior inside the SL from both substrate/SL and SL/c
of
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layer interfaces. Due to the interaction between these
modes, their wave functions are distributed on both sides
the SL with a slightly bigger weight at the substrate/SL
terface. Furthermore, using the LDOS, we note that as fa
kiD>6, the branchesL4 andL5 correspond, respectively, t
a mode localized in the SL/cap layer and a mode localize
the substrate/SL interface; after their interaction at the a
crossing point aroundkiD56, they change their localization
character and become, respectively, localized at
substrate/SL and the SL/cap-layer interfaces. At the a
crossing point, there is a transfer between the character o
modes. In the same manner, with the help of the LDOS,
can notice that the branchesL3 andL6 in Fig. 2 correspond
to modes localized at the substrate/SL interface as t
LDOS decay exponentially from this interface.

Next, we discuss the comparison between the DOS
the transmission and reflection phase times. Figure 5 pres
the frequency dependence of the variation of the DOS~a!,
the transmission rate~b!, the transmission phase time~c!, and
the reflection phase time~d!, for kiD53.2. The incident
wave from the substrate is represented by a plane wave.
incident photons are scattered from the interfaces betw
the dissimilar layers constituting the system. The transm
sion rate@Fig. 5~b!# shows sharp peaks with frequency po
tions corresponding to the peaks in the DOS@Fig. 5~a!#. The
transmission drops exponentially in the gap of the SL a

FIG. 4. Spatial representation of the local density of states c
responding to the case depicted in Fig. 2, forkiD56 and for dif-
ferent reduced frequenciesvD/c51.975 ~a!, vD/c52.69 ~b!,
vD/c53.39 ~c!, vD/c53.635~d!, andvD/c53.655~e!.
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PRB 61 2063RESONANT AND LOCALIZED ELECTROMAGNETIC . . .
this decay becomes more important by increasing the n
ber N of cells in the SL. It is worth noting that belowBv ,
there is no transmission and therefore the transmission c
ficient is zero. Let us notice that the sum of the reflection a
transmission rates is equal to 1 for any value of the f
quency, as it should be. An analysis of the phase times of
transmitted and reflected photon from the SL@Figs. 5~c! and
5~d!# shows that the transmitted and reflected phase ti
have the same behavior as the DOS for frequencies ly
above Bv . It is interesting to notice that, contrary to th
transmission rate and the transmitted phase time, the re
tion phase time enables us to observe the resonance p
lying betweenBs and Bv , where the phenomenon of tota
reflection takes place. To illustrate the order of magnitude
the phase times, one can consider the case of a superla
with period D5300 Å. The most significant resonance
Fig. 5 displays phase times of the order of 100 to 500 in u
of D/c, which meanst510– 50 fs, and falls in the range o
the available experimental techniques.26,31,32 However, the
phase times associated with other resonances, in partic
those corresponding to the confined modes of the supe
tice, are in general too short to be accessed by experim

Finally, we investigate how the position of the SL surfa
~i.e., SL/air interface! affects the localized mode eigenfre
quencies. We consider here the case of the finite SL w

FIG. 5. Frequency dependence of the DOS~a!, the transmission
coefficient~b!, the transmission phase time~c!, and reflection phase
time ~d! for kiD53.2 The geometrical parameters are the same
in Fig. 2.
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N56 layers of dielectricA andN2155 layers of dielectric
B and capped with aB dielectric layer of thicknessdc . Fig-
ure 6 shows the frequency of the optical modes as a func
of dc for kiD56; the localized modes are represented
dotted square lines. The horizontal branch situated in
third gap of the SL corresponds to the localized modes at
substrate/SL interface. This mode remains insensitive to
variation of the surface layer and keeps a constant value
different values ofdc . The other branches situated inside t
different SL gaps and below the substrate light line cor
spond to localized modes at the SL/air interface. Th
emerge from a SL bulk band for given values ofdc . A study
of the local density of states shows that these modes
confined in the vicinity of the surface layer fordc.dB . In
the limit of dc/D→`, their asymptotic value isvDA«B/c.
Let us mention that, for any given frequencyv in Fig. 6,
there is a periodic repetition of the resonant and of the s
face modes as a function ofdc . We can also note that whe
dc increases, the frequencies of the existing localized~re-
spectively resonant! modes decrease until the correspondi
branches merge into the lower miniband of the SL and
come confined modes of the SL. Moreover, we observe
the third gap anticrossings at certain values ofdc between
the branches corresponding to the substrate/SL and S
interface modes. At these anticrossing points, there is an
teraction between the surface and interface modes wit
transfer between the localization character of the t
branches; at these anticrossing points, the weights of the
modes are distributed on both sides of the SL. Two examp
of anticrossings atdc /D'0.57 and 0.85 are presented in th
inset of Fig. 6.

In summary, we have found well-defined peaks in t

s

FIG. 6. Variation of the frequencies of the modes versus
thickness of the last layer of the SL~i.e., SL/air interface! for kiD
56. The SL containsN56 layers of dielectricA andN55 layers
of dielectricB and is capped with a dielectricB layer of thickness
dc . The heavy dashed line indicates the velocity line of the s
strate.
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2064 PRB 61M. L. H. LAHLAOUTI et al.
DOS and phase times associated with resonant modes
TiO2-InGaAsP superlattice, even though these modes a
resonance with the bulk modes of the SiO2 substrate. The
intensity of the peaks in the DOS and phase times dep
strongly on the numberN of the SL cells and on the width
and nature of the SL layers. The intensity of the peaks in
phase time describes the time needed for electromag
waves to complete the reflection or transmission proc
while the DOS gives the weight of the resonances. We h
also presented a study of the effect of the finite dielectric
termination on the formation of the localized and reson
modes. It has been found that the occurrence, the posi
and the localization properties of electromagnetic modes
side photonic band gaps are very sensitive to the sur
a
in

ds

e
tic
s,
e

L
t
n,
-

ce

termination of the SL layer, with the possibility of an an
crossing between a surface and interface mode. When
thickness of the surface layer varies, the interface mo
move across the gaps from one SL band to the other.

Note added in proof.Recently, the surface and guide
electromagnetic waves have been determined experimen
for different values of the wave vector in a TiO2/SiO2 super-
lattice ~15 cells! deposited on a glass substrate.34
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