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Energy-dependent electron scattering via interaction with optical phonons
in wurtzite crystals and quantum wells
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A formalism for the calculation of the scattering rate in wurtzite-type crystals and quantum wells~QW’s! is
developed taking into account features of the optical phonon spectra in an optically anisotropic medium. The
electron-scattering rate due to the interaction with infrared/Raman-active polar optical phonons in GaN, bulk
material, and heterostructures, is investigated. To determine the dependence of scattering rate on optical
anisotropy and dimensionally induced transformation of the phonon spectra, three cases are considered:~a!
bulk material with different orientations of the electron wave vector with respect to the optical axis;~b! a
system in which bulk phonons interact with electrons confined in a QW; and~c! free-standing and embedded
QW’s where the effects of confinement of both electron and phonon subsystems are taken into account. It is
found that the scattering rate depends weakly on the initial orientation of the electron wave vector. Exceptions
are the energy intervals which correspond to the threshold values for emission of both TO-like and LO-like
bulk phonons. Our results reveal a complex and strong dependence of the electron-scattering rate on the
dispersion of a particular mode. Moreover, this dependence is found to be the main factor which determines
electron-phonon scattering in wurtzite heterostructures, in particular, through the relation between phonon
phase and group velocities. For the optically anisotropic media considered, the effect of spatial localization of
the phonon modes on the scattering rate is found to be as strong as the effect of electron confinement.
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I. INTRODUCTION

Recent interest in nitrides has been stimulated by the
covery of blue and green high power GaN-based li
emitters1,2 as well as by attempts to utilize the unique pro
erties of the nitrides, such as the ability to operate at h
temperatures,3 high frequency, and high power density.4,5 At
room and higher temperatures, the main mechanism tha
fluences electron transport is anticipated to be scattering
polar optical phonons.6 Indeed, one can expect that the sc
tering processes will be strongly influenced by high-ene
optical phonon modes over a wide range of temperatu
since GaN is characterized by a relatively large gap wh
separates the optical and acoustic branches.7 On the other
hand, the theory of charge scattering by optical modes
uniaxial crystals, such as wurtzite GaN, has not yet b
adequately developed.

The main results known in the theory of electron-phon
interaction were obtained for the case of optically isotro
materials due to the relative simplicity of their phonon sp
tra. Nitrides of Ga and Al, however, are usually crystallize
the hexagonal wurtzite structure~space groupC6v

4 ). The unit
cell in such a material contains four atoms. Consequen
there are nine optical-phonon branches. Only two branc
are both Raman and infrared active. They correspond to
extraordinary A1 and E1 modes in irreducible representatio
at theG point. Since wurtzites have a special~optical! axis
along which plane electromagnetic waves propagate wi
velocity independent of the direction of their polarizatio
vector, they belong to the family of so-called uniaxial cry
PRB 610163-1829/2000/61~3!/2034~7!/$15.00
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tals. In wurtzites, the optical axis coincides with thec
axis which is perpendicular to the hexagons. Due to
optical anisotropy of uniaxial crystals, the long-waveleng
lattice vibrations can be classified according to mut
orientation between thec axis, the phonon wave vectorq,
the electric fieldE, and the polarizationP.8 This classifica-
tion divides the lattice vibrations into two group
of phonons, ordinary and extraordinary. In the no-retardat
limit, the ordinary phonons, for which, in general,E
and P are both perpendicular toq and thec axis, become
dispersionless and have zero electric vector. At
same time, frequencies of extraordinary phonons beco
dependent exclusively on the angleu between the phonon
wave vector and the optical axis. For these phononsqiE
and EÞ0 for uÞ0,p/2. The extraordinary A1 and E1
modes split into LO and TO components. The pure1
phonon is polarized in the direction of thec axis and
the pure E1 phonon is polarized in the normal plan
For arbitrary u, however, the extraordinary phono
would exhibit a mixed polarization. It is obvious, therefor
that the phonon spectra in wurtzites are far more complica
than those of cubic crystals and have to be taken into acc
explicitly when considering the electron-phonon interactio
Indeed, even in bulk crystals, inherent optical anisotro
leads to finite interaction of electrons with transversel
phonon branches depending on the orientation of b
electron and phonon momenta with respect to thec
axis.9 Recently,10 it has been found that due to the direction
dependence of the components of the permittivity ten
in wurtzites, the phonon spectra in nanostructures di
qualitatively from those observed in cubic quantum hete
2034 ©2000 The American Physical Society
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PRB 61 2035ENERGY-DEPENDENT ELECTRON SCATTERING VIA . . .
structures and are characterized by phenomena including
absence of proper confinement of the phonon modes; st
dispersion of not only interface~IF! but also confined and
half-space modes; and composition-dependent symmetry
the number of particular modes. Nevertheless, the influe
of all these features of the phonon spectra in wurtzites
transport phenomena had not yet been investigated.

In the present paper, we explicitly include the peculia
ties of the phonon spectra obtained in the framework of
dielectric continuum model into consideration of electr
scattering in wurtzites and investigate the angle and ene
dependence of electron–optical-phonon scattering in b
GaN as well as the influence of spatial confinement of b
electron and phonon subsystems on the electron trans
frequency. In doing so, we take advantage of Loudo
uniaxial crystal model8 and the macroscopic dielectric con
tinuum approach. The scattering rates are obtained in the
Born approximation.

II. SCATTERING RATE

A. Bulk materials

In wide-gap semiconductors such as GaN, electr
phonon interactions take place at relatively high values
phonon wave vectorsq so that the relationqcl@v ~herecl is
the speed of light! is satisfied for all optical frequenciesv.
For these conditions, the retardation effects can be negle
and dependence of the phonon frequencies onu can be rep-
resented as

e t~v!sin2u1ez~v!cos2u50, ~1!

where

ez~v!5ez
`
v22vLz

2

v22vz
2

, e t~v!5e t
`
v22vLt

2

v22v t
2

.

The subscriptsz an t denote the directions parallel and pe
pendicular to thec axis;vLz , vz , vLt , andv t are the char-
acteristic frequencies of theA1(LO),A1(TO),E1(LO), and
E1(TO) modes, respectively. We also assume thatez

`'e t
`

5e`.
General consideration of the scattering in wurtzite crys

indicates that it is sufficient to choose the initial electr
wave vector in they-z plane with thez axis oriented along
the optical axisc. Then, using the interaction Hamiltonia
derived previously,9,11 the scattering rate can be expressed

1

t (e
a)

5
1

paB

Am* \

2m0
E

0

p
S N1

1

2
7

1

2
D sinu

AvF ]e t

]v
sin2u1

]ez

]v
cos2uG

3E
0

2p s

AEk

\v
cos2 kq̂61

dfdu, ~2!
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where upper~lower! signs correspond to the processes
companied by absorption~emission! of the phonons, coskq̂
5sinu sinuk sinf1cosu cosuk , uk is the angle between th
initial electron wave vectork and thec axis, f is the azi-
muthal angle in plane perpendicular to thez axis, v is the
solution of the relation cos2u5et(v)/@et(v)2ez(v)#, aB is the
radius of the first Bohr electron orbit,N is the phonon occu-
pation number,m* is the dimensionless effective mass of t
electron with massm0, ands is a step function defined as

s5H 0 for cos~kq̂!,A\v/Ek,

2 otherwise.
~3!

For processes involving absorption of phonons,s[1. As a
final and parenthetical comment in this subsection, Eq.~2!
extends the result obtained previously9 since it can be ap-
plied for arbitrary relationships between the characteris
frequencies.

B. Quantum wells

In this subsection, we consider the scattering of electr
with a symmetric wave function which corresponds to t
ground state in a quantum well~QW! of width d. We assume
that thez axis is collinear with the optic axis and perpendic
lar to the heterointerfaces. The origin of the coordinates
located at the geometrical center of the well. With these
sumptions, the dispersion relations for the symmetric c
fined and IF modes are given by10

q5@np1m arctan~j2 /j1!#/~ad!

~n51,2,3 . . . and 0 ifm51!, ~4!

and

q5
1

2
lnFj11j2

j12j2
G Y ~ad!, ~5!

respectively. Hereq is the magnitude of two-dimensiona
phonon wave vector, m5sign@e1z(v)e2z(v5)#, j1

j15Aue1z(v)e1t(v)u, j25Aue2z(v)e2t(v)u, and a

a5 1
2 Aue1,t(v)/e1,z(v)u. Indices 1 and 2 are related to th

QW and surrounding materials, respectively. The normali
tion condition for the orthogonal modes in a wurtzite QW

E S ]e t

]v
uEtu21

]ez

]v
uEzu2Ddz5

4p\

LxLy
. ~6!

Then, in terms of notation defined previously, the Ham
tonians for the interaction of an electron with confin
phonons,HC, and with IF phonons,HIF , become
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HC5(
qn

F 4p\e2~qnLxLy!21

cos2~aqnd!z1~b!1aqndz1~a!1cos~aqnd!sin~aqnd!z2~a!
G 1/2

3eiqr~aq1a2q
† !H cos~2aqnz! uzu<d/2

cos~aqnd!ebqnd(122uzu/d) uzu.d/2,
~7!

and

HIF5(
q

F 4p\e2~qLxLy!21

cosh2~aqd!z1~b!1aqdz2~a!1sinh~aqnd!z1~a!/2
G 1/2

3eiqr~aq1a2q
† !H cosh~2aqnz! uzu<d/2

cosh~aqnd!ebqnd(122uzu/d) uzu.d/2,
~8!

respectively. Here r is the radius vector in the x-y plane, z6(x)5(1/2x)(]e j t /]v)62x(]e jz /]v), b
5 1

2 Aue2,t(v)/e2,z(v)u, e is the elementary charge,aq anda2q
† are the annihilation and creation operators, respectively.

index j takes on the value of 1 ifx5a and the value 2 otherwise. Taking into account the dispersion relations, the c

sponding squared matrix elementuM ( IF
C )u2 can be expressed as

uM ( IF
C )u25

4p\e2

qLxLy
D~q,v!( IF

C )S N1
1

2
7

1

2D dk2k86q , ~9!

with

D~q,v!( IF
C )5

F Y2

a2q27k1
2 H S k1

27a2q2

k21bq
j12aqmj2D cos2S 1

2
dk1D6

mk1
2j2

2aq
1

1

2
sin~dk1!k1j1J G 2

z6~a!dqa~j1
26j2

2!6z7~a!mj1j21z1~b!j1
2

. ~10!
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In Eq. ~10!, upper~lower! signs must be taken when consi
ering electron interaction withC ~IF! modes;k1 andk2 are
the magnitudes of the lateral components of the elec
wave vector inside and outside the QW, respectively;Y is
the amplitude of the electron wave function:

Y5@sin~k1d!/~2k1!1d/21cos2~k1d/2!/k2#21/2. ~11!

At this point, we emphasize two important peculiariti
which make consideration of electron–optical-phonon sc
tering in wurtzite QW’s different from the case of an op
cally isotropic material.12 As follows from the matrix ele-
ment given previously in this paper, it is impossible to der
a pure form factor for the system under consideration. T
inherent anisotropy of the dielectric medium leads to
leakage of the phonon potential of all modes from the Q
~Ref. 10! and mixing of longitudinal and lateral phonon m
menta. As a result, the ‘‘form factor’’ represented in t
numerator of Eq.~10! becomes dependent on the paramet
of both subsystems. Another significant consequence of
low wurtzite symmetry is the dispersive character of the c
fined phonons. In addition, IF phonon modes in a wurtz
n

t-

e
e

s
he
-

e

free-standing QW may also exhibit strong dispersion. Th
features suggest that, in general, the relationship between
phonon momentum and frequency has to be taken into
count explicitly when deriving the scattering rate from t
Fermi golden rule. One can perform this as follows. Fo
particular mode, we define P5P(q,v)5(N1 1

2

7 1
2 )D(q,v) and L5L(q,v,u)5(Ek6q)2Ek7\v. Then

1/t}E P/qd~L !dq

5E Pd~L !dqdu

5E PUdL

dqU
21

du5E PUdL

dqU
21Udu

dvUdv. ~12!

Applying this set of transformations and using momentu
conservation to eliminate thek cosu term from the denomi-
nator as well as to obtain derivativesdu/dv, the scattering
rate can be expressed as
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1

t (e
a)

5
2m*

aB
(

n5 ~12m!/2
E

v1

v2

S N1
1

2
7

1

2
DD~q,v!F S Vph

q
6

\

2m* m0
D 1

Vgr

2
1

qG
S q

2
6

m* m0

\
@Vph2Vgr# DA 1

m* m0

S 2Ek2
1

2
Eq6\v D 2Vph

2
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whereVph andVgr are the phonon phase and group velo
ties, respectively, andEq5\2q2/(2m* m0). The integration
limits must be determined from the relations

m* m0v

kq\
2

q

2k
561 for absorption,

m* m0v

kq\
1

q

2k
51 for emission. ~14!

Phonon emission starts when the electron energy reache
value \vmin wherevmin is determined from the relationq
5A2m* m0v/\. For the case of IF modes, the summati
over n should be omitted.

To elucidate the effect of phonon mode confinement
the scattering of carriers with wave functions completely
calized in the QW, we have also calculated the scattering
for the case when the phonon modes have bulk dispers
Since, as will be shown subsequently, the angle depend
for the bulk electron-phonon system is weak, this effect c
be estimated using arbitrary system configuration. To ob
analytical expressions fort21, a configuration with thec
axis perpendicular to the heterointerface will be assumed

The square of the matrix element for such a system
the form

uM u25
16pe2\

Vq2d2F]e t

]v
sin2u1

]ez

]v
cos2uG

3S 4p2 sinS d

2
q cosu D

„4p22~dq cosu!2
…q cosu

D 2

3S N1
1

2
7

1

2D dk2k86q , ~15!

whereV is the characteristic volume andq cosu represents
thez component of three-dimensional phonon wave vectoq.
Then, the scattering rate is

1

t (e
a)

5
64p3m*

aBd2
E

0

p
S N1

1

2
7

1

2
D tanu

cosuF ]e t

]v
sin2u1

]ez

]v
cos2uG

3E
0

2p s1F~q!(e
a)

Axu,f,ki

2 6
2m* m0v

\

dfdu, ~16!
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with

F~q!5

sin2S q
d

2
cosu D

q2~4p22q2d2 cos2u!2
~17!

and

F (e
a)5H F~qa! for absorption,

~F~qe2!1F~qe1! for emission,
~18!

where

qa5Axu,f,ki

2 1
2m* m0v

\
2xu,f,ki

,

qe65xu,f,ki
6Axu,f,ki

2 2
2m* m0v

\
,

andxu,f,ki
5kisinu sinf1(p/d) cosu. For scattering accom

panied by phonon absorption,s1[1. If the electron transi-
tion leads to the emission of a phonon,

s15H 0 for xu,f,ki
,A2m* m0v/\,

1 otherwise.
~19!

III. RESULTS AND DISCUSSION

Figures 1 and 2 depict the results obtained for bulk Ga
a free-standing GaN QW, and an AlN/GaN/AlN QW wit
d550 Å. In order to~a! show the details near the thresho
energies and~b! keep, for the sake of simplicity, the inter
acting electrons in the lowest subband~QW!, only a rela-
tively small energy interval in the vicinity ofG point is pre-
sented. Note that at higher energies all the scattering r
decrease in accordance with the general results of pertu
tion theory. As follows from Fig. 1, bulk scattering depen
weakly on the angle between the initial electron wave vec
and thec axis. This dependence is the most pronounced
the emission of phonons and manifests itself primarily
electrons with energy of the order of 0.1–0.2 eV which c
responds to the threshold values of phonon emission. T
this result indicates the influence of the initial configurati
on the magnitude ofd(1/t)/dEk ; in particular, upon increas
ing of electron energy, the scattering rate increases most
idly for electron momentum oriented atuk'p/4 for emission
of TO-like phonons, anduk'0 for emission of LO-like
phonons. Quantization of the electron subsystem in a Q
leads to the reduction of the scattering rate for all init
electron energies except for the narrow interval aroundEk
'0.1 eV where emission of LO-like phonons begins. T
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sharply increasing value of 1/t for the latter case appears a
a result of reduced symmetry in such a system that, eve
ally, induces the dependence of the wave vector of the in
acting phonon subsystem on the phonon frequency prov
by the requirements of energy and momentum conserva
The effect of spatial confinement of the phonon modes
the scattering of the electrons localized in the same quan
structure can be estimated by taking into account that fo
free-standing QW the expression forD(q,v)( IF

C ) reduces to

D~q,v!~ IF
C !5p4Faq2d2@p27~aqd!2#2

3H @~16j1
2!dqa1j1#2a2

]e1z

]v

1@~j1
261!dqa7j1#

1

2

]e1t

]v J G21

. ~20!

As follows from Fig. 1, transformation of the phono
spectrum in a two-dimensional heterostructure leads to
additional decrease in the transition frequency. This size
fect is as strong as the size effect of electron confinem
Moreover, the confinement of the wurtzite phonon modes
a free-standing QW results in the appearance of two pho
energy intervals allocated for confined modes and an en
interval allocated for IF modes;10 therefore, an additiona
steplike feature appears in the 1/t(Ek) dependence as a resu
of IF phonon emission. This peculiarity leads to a slight e
pansion of the energy interval that corresponds to the hig
scattering rate in a confined system as compared with
bulk case. In the binary-binary system, however, this

FIG. 1. Total scattering rate as a function of the electron ene
Ek . Thin lines depict scattering in the bulk system when the an
uk is p/2 ~solid line!, p/4 ~dotted line!, and 0~dashed line!. Con-
fined electron-bulk phonon scattering is represented by dash-d
line. Thick solid line depicts scattering in a GaN free-standing Q
for the case when dimensionally induced transformations of spe
of both electron and phonon subsystems are taken into account
inset shows the angle dependence of 1/t(Ek) computed for absorp-
tion and emission of TO-like and LO-like phonons in bulk Ga
The angleuk is p/2 ~solid line!, p/4 ~dotted line!, and 0~dashed
line!.
u-
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hancement disappears. As shown in Fig. 2, IF phonon em
sion starts at lower electron energies for AlN/GaN QW’s a
has a smaller magnitude. This occurs as a result of the s
ting of the IF modes in such a heterostructure, where t
symmetric IF modes can exist in two relatively narrow a
separated intervals of phonon frequencies which corresp
to TO-like and LO-like IF modes. In this case, emitte
phonons are characterized by energies which are lower
higher than those of the IF phonons emitted from the fr
standing QW. As expected, the emission of LO-like phono
causes a new steplike feature in the dependence 1/t(Ek).

A comparison of the scattering rates calculated for
free-standing and embedded QW’s reveals another inte
ing feature. From the inset to Fig. 2, one can see that in b
cases the energy-dependent scattering rate caused by
fined phonon modes remains unchanged. At the same t
besides the additional steplike feature induced by the ene
splitting, a monotonous part of 1/t(Ek) calculated for the
case of scattering via IF phonons has a positive derivativ
the electron energy interval which essentially exceeds
value of characteristic phonon energies. The magnitude
these derivatives are different and, accordingly, lead to
ferent slopes of the monotonous parts of the total scatter
Similar behavior is not unexpected for the scattering cur
for confined modes. In both free-standing and embedded
tems, confined TO-like and LO-like modes are located in
same energy intervals. On the other hand, the localizatio
electron wave function is still strong due to the relative
high potential barrier in the AlN/GaN QW. In addition, th
symmetric confined modes are also well localized for alm
all phonon energies as follows from the analysis of the
gree of phonon confinement in such a system.10 However,
this is not true for the antisymmetric confined modes w
n50 and it is not true for symmetric modes in a case wh
the barrier material is chosen such thatm51.

The difference observed for scattering via IF phonons
be explained qualitatively as follows: IF modes in GaN fre
standing QW manifest much stronger dispersion than eac

FIG. 2. Total scattering rate as a function of the electron ene
Ek in GaN free-standing QW~dashed line! and AlN/GaN/AlN QW
~solid line!. In the inset, the upper solid line~circles! represents
partial scattering on confined modes, the lower solid line~dashed
line! represents partial scattering on IF modes in AlN/GaN Q
~GaN free-standing QW!.
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two IF modes, IFI and IFII , in an AlN/GaN heterostructure
The frequency intervals~in meV! allocated for symmetric IF
modes in these systems are@69.7–95.8# for the IF modes in
a free-standing GaN QW,@69.7–73.2# for IFI , and @104.1–
110.9# for IFII modes. Conservation laws for a carrier whi
experiences intraband scattering lead to a decrease in
wave number of the absorbed~emitted! phonon as the elec
tron energy increases. For modes with different dispers
however, the same deviation inq would correspond to dif-
ferent change inv. Since this variation is an important cha
acteristic of the dispersive medium, one should expect
the shape of the curve 1/t(Ek) will reflect the particular dy-
namics of thev(q) dependence. On the other hand, as f
lows from Eq.~10!, the matrix element of electron-phono
interaction depends on the differences between the frequ
of a phonon and characteristic frequencies rather than
absolute values ofv. As illustrated in the inset to Fig. 2, thi
can result in stronger scattering by IF modes in the fr
standing QW even though all IF phonons in this system h
lower frequencies than the IF phonons of the IFII band in the
embedded QW. In fact, the dependencev(q) must not be
ignored either in the matrix element or in thed function
which reflects the energy conservation law. Taking acco
of this additional factor results in the difference,Vph2Vgr ,
being introduced into the denominator of the integrand in
~13!. At q;0.5/d in a GaN free-standing QW, for instanc
the value ofVgr

IF becomes of the order ofVph
IF which signifi-

cantly affects the scattering of high-energy carriers. An
ditional consequence of the explicit account for energy c
servation in the evaluation of scattering rate is the fac
involving phase and group velocities that appeared from
derivative du/dv. In general, the resulting transition fre
quency has a complex dependence on the relation betw
the velocities of transition of the phonon phase and ene
As illustrated by Fig. 3, even for the case when the disp
sion is relatively weak, this relation may influence strong
the resulting scattering rate. Thus, our results suggest th
an optically anisotropic medium, dispersion of the phon
modes is the crucial factor that determines electron–opti
phonon scattering.

Finally, it should be emphasized that in an AlN/GaN Q
it is sufficient to take into account only the two scatteri
mechanisms mentioned above. The propagating mode
not exist in such a system since there is no overlap in c
acteristic phonon frequencies. At the same time, the ma
tude of the Fro¨hlich potential of the half-space modes wou
be small inside the QW.
a,
s.

nd
the

n,

at

-

cy
on

-
e

nt

.

-
-
r
e

en
y.
r-

in
n
l-

do
r-
i-

IV. SUMMARY

We have developed a formalism for the evaluation of
energy-dependent electron scattering rate resulting from
teractions with infrared and Raman-active polar-opti
phonons in bulk wurtzites and wurtzite-based QW’s by ta
ing into account peculiarities of the phonon spectra
uniaxial semiconductors. Our results demonstrate that
initial orientation of the carrier wave vector in a bulk cryst
can determine the speed of switching of the phonon emis
with respect to the electron energy,d(1/t)/dEk . Transfor-
mation of the phonon spectra induced by reduction of
space symmetry in QW’s leads to a decrease in the t
transition frequency compared to the transition frequenc
in bulk material and of a system of bulk phonons and co
fined electrons. In GaN-based heterostructures this size e
is found to be as strong as the size effect of localization
the electron wave function. Our results suggest that in o
cally anisotropic media, phonon dispersion affects crucia
the scattering of the carriers by a particular phonon mo
This effect occurs as a result of the influence of phon
dispersion on the scattering cross section not only thro
the matrix element of electron-phonon interaction, but a
through the selection of the appropriate momentum of
scatterer under the requirements of energy conservation
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FIG. 3. Scattering rate in GaN free-standing QW via absorpt
of TO-like confined phonons~with relatively weak dispersion! com-
puted for the cases when the dispersion relation is take into acc
~a! in matrix element only~dashed line, assuming that all absorb
phonons have energy\v t) and ~b! in both matrix element and
energyd-function ~solid line!.
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