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Persistent current in a one-dimensional correlated disordered ring
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Persistent currents and charge stiffness in one-dimensional~1D! correlated disordered rings are investigated
by a transfer-matrix method. It is found that, under certain conditions the electronic states do not feel the
existence of the disorder and the ring recovers the ordered case. If the occupied energy is just at the unscattered
state energy level, the persistent current is not reduced and shows the behavior of sudden jumps regardless of
the disorder, contrary to the general theorem where the current is obviously reduced and becomes a smooth
function of flux, passing through zero. For other occupied energy, the persistent current is scattered and
decreased as expected. The results indicate that a quantum interference effect can be observed in 1D correlated
disordered rings. Further, the results provide evidence that the realization of delocalized states in the experi-
ments is easily obtained by observing only the persistent current of finite length rings, in contrast to the 1D
disordered chain where the infinite length is needed.
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I. INTRODUCTION

The problem of persistent currents in one-dimensio
~1D! metal or semiconductor mesoscopic rings threaded b
magnetic flux has attracted much attention in the last dec
In isolated mesoscopic metallic rings, Bu¨ttiker et al. have
predicted that static magnetic fields should induce persis
current.1 The paper has initiated a renewal of interest in
persistent current topic.2–16The persistent currents are a co
sequence of the boundary conditions imposed by the fi
and are periodic functions of the magnetic fluxf threading
the ring, with a fundamental period equal to the quantum
magnetic fluxf05hc/e. It is believed that the disorder an
interaction are two important factors that affect the amp
tude of the persistent current in 1D mesoscopic rings.
close analogy to the behavior of 1D localization, it has be
theoretically predicted that all forms of disorder are found
round the steps in theI 2f characteristic and to reduce th
amplitude of persistent currents.3,5–7,13–16Such a localization
dependence has generally been discussed by using the
cept of single electronic localization,17 in which all elec-
tronic states in 1D disordered systems are always locali
On the other hand, models that include the electron-elec
interactions have been investigated theoretically. Some
sults have indicated that both long-range and short-ra
electron-electron interactions suppress the persis
current.18–20 Conversely, Wang, Wang, and Zhu have fou
that the persistent current is enhanced by the elect
electron interactions in a disordered ring by means of
world-line quantum Monte-Carlo simulations.21 They do not
directly compare their result with the experimental obser
tions. But, their result is more close to the direction of t
experimental results. Meantime, their result is also in agr
ment with that of other theoretical calculations.22,23

However, there are some examples of 1D disordered
tems where the extended states have been found. It has
PRB 610163-1829/2000/61~3!/2008~6!/$15.00
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shown that the existence of extended states is a consequ
of introducing short-range correlations on the disordered
tribution. In a 1D random dimer model,24,25 Dunlap et al.
have shown that when one of the site energies is assigne
random to pairs of lattices~that is, two sites in succession!,
AN of the electronic states are delocalized, which is con
tent with other theoretical results.26,27 This is a tight-binding
model with site-diagonal disorder and is constructed by r
domly inserting a number of identical dimers into a pure
periodic chain. The random dimer model has been gene
ized to include more complex arrangements of symmetr
defects28 and other models of paired correlations,29 without
suppressing the existence of many extended states. We
also shown that the extended states appear in other 1D
dom models, for example, the 1D site-diagonal disorde
tight-binding model with random period30 and 1D site-
diagonal tight-binding random cluster model.31 The random
dimer model is also in this class with two atoms in ea
inserted cluster. In these 1D correlated disordered mod
the competition between the long-range disorder and
short-range correlation causes the appearance of deloca
tion and long-range transport.32,33More recently, the delocal-
ization has also been found in 1D tight-binding model w
long-range correlated disorder.34 It has been indicated tha
the presence of mobility edges arises from the long-ra
correlations in the disordered distribution. It is natural to a
whether there exist fixed persistent currents regardless of
order or how the persistent currents are influenced by
disorder in the correlated disordered rings if the rings
constructed by the 1D random segment chains. To the be
our knowledge, so far the effect of the disorder on the p
sistent currents in 1D correlated disordered rings rema
unexplored. The study of the persistent currents in 1D co
lated disordered rings may provide a profound understand
of the 1D disordered localization. Therefore, it is worthwh
to explore the properties of persistent currents in mesosc
2008 ©2000 The American Physical Society



la
om
e
di
sl
rd
,

t
o

ts
ar
re
te
ta
de
o
r

ion
si

ng
di
g
ia

-

ite
u

eg

s
i-

-

b
s

ons

fer

the

ed
orre-

n,
h

f

PRB 61 2009PERSISTENT CURRENT IN A ONE-DIMENSIONAL . . .
correlated disordered rings. In this paper, we focus on a c
of 1D tight-binding correlated disordered rings, the rand
segment rings, which can be constructed by randomly ins
ing a number of identical segments into a purely perio
chain. Using the transfer-matrix method, we show rigorou
that there exist fixed persistent currents regardless of diso
at some selected energies. From a numerical scheme
illustrate the energy spectrum, the persistent currents and
charge stiffness of a sample ring with different choices
parameters. The existence of the fixed persistent curren
1D correlated disordered rings is further confirmed, contr
to the general theorem on the decrease of persistent cur
in 1D disordered rings. The existence of the fixed persis
currents is equivalent to the appearance of delocalized s
in the 1D disordered chain. Therefore, the realization of
localized states in the experiments is easily obtained by
serving only finite length rings, in contrast to the 1D diso
dered chain where the infinite length is needed. In addit
the effect of the electron-electron interaction on the per
tent current will also be discussed appropriately.

II. THEORY

In the tight-binding approximation, the 1D disordered ri
can be described by Anderson model with site-diagonal
order. The effect of the magnetic field is simply to chan
the boundary condition along the ring. Thus, the Hamilton
for the Anderson model can be written as follows3,15

H5(
i 51

N

e i âi
1âi1 (

i 51

N21

t~ âi 11
1 âi1âi

1âi 11!1tei (2pf/f0)âN
1â1

1te2 i (2pf/f0)â1
1âN , ~1!

where âi
1(âi) creates~annihilates! an electron in the Wan

nier state at thei th lattice site,e i is the on-site energy andt
is the hopping-matrix element connecting neighboring s
The lattice constant is taken to be 1 and the lattice sum r
from j 51 to N.

The ring is made up of alternating connections of s
ments of two speciesA andB. Thus,e i takes the valueeA or
eB depending on the species of thei th site. We consider a
random distribution in which the lengths ofA segments are
random and the lengths ofB segments are fixed. This mean
that the length of a particularA segment is a random var
able. The ring arrangement is

. . . AAA . . . BBB . . . AAA . . . BBB . . . AAA . . . BBB . . .

Li m Li 11 m Li 12 m,

whereLi is the length of segmentA andm is the length of
segmentB. We denotePA(Li) as the stochastic function de
scribing the length distributions ofA site segments. The form
and the extent of the disorder are completely controlled
the function. Here, we consider the distribution as follow

PA~Li !5(
j

pjd~Li2 j !, ~2!

where
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d~ l !5H 1 l 50

0 lÞ0

andpj is the probability of finding a segment ofA having j
sites. The whole lattice is formed by sequential connecti
of A andB segments.

The tight-binding equation may be rewritten in a trans
matrix form,

C~ l 11!5M̂ ~ l !C~ l !, ~3!

whereC( l ) is a column vector (c l 21

c l ) andM̂ ( l ) is a transfer

matrix (1 0
E2e l /t 21 ). Repeated application ofM̂ ( l ) to the

disordered ring gives

S cN11

cN
D 5)

i 51

N

M̂ ~ i !S c1

c0
D 5ei (2pf/f0)S c1

c0
D . ~4!

For the disordered ring, the product of matrices in Eq.~4!
becomes

. . . M̂A
LiM̂B

mM̂A
Li 11M̂B

m . . . , ~5!

whereM̂A or M̂B is the matrixM̂ ( i ) with e i equal toeA or
eB .

From the theory of matrices, themth power of the 232
unimodular matrixM̂B can be written as35

M̂B
m5um21~x!M̂B2um22~x! Î , ~6!

where x5 1
2 Tr(M̂B), Î is a unit matrix,um(x) is the mth

Chebyshev polynomial of the second kind, which obeys
recurrence relation

um11~x!52xum~x!2um21~x!, m>0 ~7!

with u2150 andu051. If uxu<1, um(x) has the form

um21~x!5
sin~mu!

sinu
, ~8!

whereu5cos21(x). If

x5xl5cosS lp

m D , l 51,2, . . . ,m21, for m>2, ~9!

we haveum21(xl)50 and um22(xl)5(21)l 11. From Eq.
~6!, one has

M̂B
m5~21! l Î , ~10!

wherel represents thel th unscattered electronic states. Bas
on these formulas, the energy of the unscattered state c
sponding to xl in Eq. ~9! is El5eB12t cos(lp/m), (l
51,2, . . . ,m21 for m>2). From Eq.~10!, for the state
with eigenenergyEl , the matrix string of Eq.~5! is only
composed of matricesM̂A and (21)l Î . Since matrix
(21)l Î has no influence on the amplitude of wave functio
this matrix string is equivalent to that of periodic ring, whic
only consists of matrixM̂A . Therefore, if the Fermi level is
just equal toEl , the persistent current will recover to that o
the ordered ring.
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III. RESULTS AND DISCUSSIONS

In order to understand the effect of disorder on the pr
erties of the ring threaded by a magnetic flux, we nume
cally calculate the flux-dependent energy levels of electro
states by using Eq.~5!. Once the flux-dependent energy le
els are obtained, the persistent current contributed from
nth level is

I n~f!52c
]En~f!

]f
. ~11!

If the electrons occupy the highest energy levelNe , the total
persistent current of the system is

I ~f!5 (
n51

Ne

I n~f!. ~12!

We discuss first the effect of disorder on the energy l
els. Figure 1~a! shows the energy spectrum of a 1D diso
dered ring as a function of magnetic fluxf. For the sake of
comparison, the energies are also exhibited for the 1D
dered ring in Fig. 1~b!. In disordered case, every energ
curve changes smoothly with flux. It is found that the pre
ence of the disorder opens gaps at the pointsf/f050 and
60.5 of the intersection of the corresponding energy ba
of ordered ring. The behavior is similar to that of the gene
1D disordered ring, in which impurities and disorder lead
the presence of gaps in energy spectrum at the pointf/f0
50 and60.5.3,13 However, we will show that there are sub
stantial changes in the persistent currents for 1D rings w
different types of disordered distributions.

It is easily found that for 1D ring with random segmen
the resonance condition is satisfied whenEl5eB
12t cos(lp/m)( l 51,2, . . . ,m21). In these energy levels
the electronic states do not feel the existence of the ran
segments. The ring recovers the ordered ring, only built bA
atoms. If the occupied energy is just at the resonance en
level, the persistent current is not reduced and shows
behavior of delocalized states. At other occupied energ
the electronic states feel the existence of disordered sca
ing. Instead of sudden jumps, the current is obviously
duced and becomes a continuous function of flux, pass
through zero. In Fig. 2, we show the current of the 1D d
ordered ring at both occupied energies~resonance and off
resonance! with different electronic occupied numbersNe
522 andNe528, corresponding to~a! and~b!, respectively.
For the sake of comparison, the persistent current in 1D
dered ring is exhibited withNe528 in Fig. 2~c!. Here, the
maximum persistent current of the periodic tight-bindi
modelI 05(4pc/Nf0)sin(Nep/N) is taken to be the curren
unit. We can see that when the energy of the unscatte
state coincides with the Fermi level of the ring, the persist
current is equivalent to that of a ring without disorder a
shows the behavior of delocalized states, which is not
duced and appears sudden jumps; while in other energy
persistent current is reduced and becomes a smooth fun
of flux. In Fig. 2~b!, we also show the result for an oddNe
case with dashed curve. It is found that the current-flux cu
shifts f/f051/2 along the flux axis when compared wi
that ~solid curve! for evenNe in Fig. 2~b!. The parity effect
of the electronic filling with odd and even numbers is simi
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to that of the periodic system.3,36 In the sample of our calcu
lation, when filling with odd number of electrons we cann
find the unscattered persistent current because the F
level of the ring does not coincide with the energy of t
delocalized state. If one changes the parameters of the d
dered ring, such as, ring length, random-segment length
atomic site energy etc., the unscattered persistent curren
still be found and only shiftsf/f051/2 along the flux axis
when compared with that for evenNe in Fig. 2~a!. It is ex-
pected to have a high conductivity in the delocalized ener
This indicates that the properties of the disordered ring at
unscattered states are independent of the disorder. The
clusion is not in agreement with that of general disorde
rings, in which all electronic states are scattered, and
amplitude of persistent current should be reduced and
comes a smooth function of magnetic fluxf.3,5–7,13,14How-
ever, the result is the evidence of the existence of delocal
states in 1D correlated disordered system. Therefore, the

FIG. 1. Several lower electronic energy levels as a function
the flux f/f0 in 1D rings with N580, m53, eA50.0, andeB5

20.5. The parameters in Eq.~3! are ~a! disordered ring,pj5
3
5 for

j 53, pj5
1
5 for 2< j <4, j Þ3, andpj50 otherwise, and~b! peri-

odic ring, pj51 for j 53 andpj50 otherwise. All energies are in
unit of t.
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istence of delocalized states is easily observed by using
1D disordered ring with finite length.

Another important physical magnitude is the charge st
ness, which represents the response of the persistent cu
to the applied flux. Kohn has shown that the localizati
characteristics of electronic state is closely tied to the cha
stiffness,37

Dc5
1

2

d2~E0 /N!

d~f/N!2 U
f501

, ~13!

whereE0 is the ground-state energy of a ring in a field. T
definition ofDc assumes a ring-shaped geometry of length
threaded by a fluxf. Kohn noted that for an insulating sys
tem Dc decays exponentially to zero, while it remains fin
for a metal. In terms of the ground state energyE0, changes
in the magnetic flux have a profoundly different effect in
metal than an insulator. Thus, the charge stiffness, wh
characterizes the ground state of the system can be used
measure of a transition from the localized regime~insulator!
to the ballistic one~perfect metal!.

We calculateDc for several systems with different filling
and different random segment lengths, as a function of
site energy of identical random segments. At a certain e
tronic filling, when the site energyeB is changed so that th
resonance energyEl5eB12t cos(lp/m) coincides with the
Fermi level of the disordered ring, we expect a high cond
tivity, and therefore a maximum in the charge stiffness. N
merical results of the charge stiffness are shown in Fig. 3
a function ofeB for the disordered rings with two differen
degrees of randomnesses, where the total lengthN of ring
and the lengthm of random segment are taken to be 80 a
3, respectively. Several facts are worth noticing in the Fig
~i! The charge stiffness shows two peaks, one ateB50 ~cor-
responding to a system built only by A atoms and witho

FIG. 2. The persistent currentI vs f/f0 for 1D rings with N
580, m53, eA50.0, andeB520.54. The disordered ring with th
highest occupied energy level~a! Ne522 and ~b! Ne528 ~solid
curve! and Ne521 ~dashed curve!, and other parameters are th
same as Fig. 1~a!; the periodic ring~c! the highest occupied energ
level Ne528 and other parameters are the same as Fig. 1~b!.
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disorder because ofeB5eA50), and the other in the region
of the resonance.~ii ! The height of the peaks converges to
finite nonzero value, indicating that the systems are meta
at those energies.~iii ! Dc takes a finite nonzero value at th
energy of resonance state, and the position of the pea
independent of the degree of randomness. For example
peaks have the same positions for different disordered
grees and the fixed segment lengthm in Figs. 3~a! and 3~b!,
corresponding to the parameters in Eq.~3! to be pj5

4
10 for

j 53, pj5
3

10 for 2< j <4, j Þ3 and pj50 otherwise, and
pj5

6
20 for j 53, pj5

6
20 for 2< j <4, j Þ3, pj5

1
20 for j

51 and j 55 and pj50 otherwise, respectively. Furthe
more, if we consider the disordered rings with different ra
dom segmentm, it can be found that the peaks of charg
stiffness have different locations, satisfying Eq.~10!, in
which the electronic states do not feel the existence of r
dom segments. There arem21 finite nonzero peaks~expect
for that ofeB50), in which the electrons freely pass throug
the disordered ring, regardless of disorder. Another wo
noticing fact is that the charge stiffness peaks appear w
the energy levels of delocalized states in the disordered
correspond to the Fermi energy, the highest occupied en
level. Similar behaviors can also be found for odd-numb
electrons, but with the flux being shifted byf0/2. We think
that if one want to observe the delocalized state in 1D s
tem, the system must be infinite or at least much longer t
the localized length. If the system is a finite ring, the loc
ization theory is easily confirmed by observing the curre
because the persistent current is very sensitive to the
figurations of rings. Experiment requires only a very sh
finite ring. Our results provide also a new electronic interf
ence phenomenon, regardless of disorder, in the correl
disordered rings. In our model calculation, we consider
site energies distributed in such a way that the impurity
ways appears in finite segments of fixed size. Delocali
states arise from resonant modes, which present no scatt
through these finite structures. Such states form a discret

FIG. 3. Charge stiffnessDc vs on-site energyeB of random
segment withN580, Ne522, eA50.0, andm53. The parameters
in Eq. ~3! are ~a! pj5

4
10 for j 53, pj5

3
10 for 2< j <4, j Þ3, and

pj50 otherwise;~b! pj5
6

20 for j 53, pj5
6

20 for 2< j <4, j Þ3,
pj5

1
20 for j 51 and j 55, andpj50 otherwise.
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of energy values. We can observe the unscattered persi
current and the effect of high conductivity at particular d
localized energies. If a long-range correlation is introduc
in the disordered distribution, one can find the existence
an Anderson transition with mobility edges separating de
calized and localized states in the 1D disordered syste34

The delocalized states exist in a finite range of energy val
Therefore, if the ring is constructed by the 1D chain w
long-range correlated disorder, it can be predicted that
unscattered persistent current and the high conductivity
appear in a finite range of energy values. The behavior in
system needs further exactly study.

Further, we discuss appropriately the effect of t
electron-electron interactions on the persistent current in
1D correlated disordered ring. The discussion is based on
results we have obtained in 1D correlated disordered sys
with electron-electron interactions in the Hartree-Fo
approximation.38 With a certain electronic filling, in the
Hartree-Fock approximation, it has been found that the
cupied number of electrons is different in the atomic sites
the random segments. So, the renormalized energies o
sites in the random segments are different. This means
the matrix product of in Eq.~4! can not be expressed as th
product of matricesM̂A

Li and M̂B
m . In this disordered matrix

product, the 1D correlated disordered system becomes a
eral 1D disordered model. The extended states will disapp
in a rigorous sense. The result is contrary to the noninter
ing case, in which the extended states are not affected by
disorder. Therefore, in the 1D correlated disordered ring w
the electron-electron interactions, one can predict that
persistent current may be suppressed by the interaction
the Hartree-Fock approximation. This conclusion is in agr
ment with that of the general 1D disordered ring with t
interactions.18–20 However, with a more exact method, on
may obtain much more interesting results, for example,
means of the world-line Monte Carlo simulations21,39and the
exact diagonalization calculations22 etc. The exact results in
the 1D correlated disordered ring with the electron-elect
interactions are beyond our present model calculations
remains an open question whether the novel persistent
ev
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rent still exists in a 1D correlated disordered ring when
electron-electron interactions are treated exactly.

IV. CONCLUSIONS

We have studied the persistent currents and charge s
ness in 1D disordered ring, which is constructed by ra
domly inserting a number of identical segments into a pur
periodic ring. Using the transfer-matrix method, we have
actly shown that under certain conditions some electro
states do not feel the existence of the disorder and the
recovers the ordered case. If the occupied energy is jus
the energy level of the unscattered state, the persistent
rent is not reduced and shows the behavior of sudden ju
regardless of disorder, contrary to the general theorem wh
the current is obviously reduced and becomes a smooth f
tion of flux, passing through zero; while for other occupi
energy, the persistent current is scattered and decrease
expected. At a certain electronic filling, when the site ene
of identical random segments is changed so that the uns
tered state energies coincide with the Fermi level of the d
ordered ring, it is expected to have a high conductivity, a
therefore a charge stiffness maximum. It is also found tha
the identical segment length ism, there arem21 finite non-
zero peaks in the charge stiffness. The results indicate th
quantum interference effect can be observed in 1D correla
disordered mesoscopic rings. Furthermore, the results
vide evidence that the realization of delocalized states in
experiments is easily obtained by observing only the fix
persistent current of finite length rings, in contrast to the
disordered chain where the infinite length is needed.
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