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Ge„001… surface reconstruction studied using a first-principles calculation
and a Monte Carlo simulation
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The problem of the relative energetic stabilities of high-order reconstructions of the Ge~001! surface is
revisited with more refined first-principles calculations. Deducing the parameters of the Ising model from this
result, we perform Monte Carlo simulations of the phase transition of the asymmetric dimer directions. The
Monte Carlo simulation reproduces fairly well the experimental transition temperature of an x-ray-diffraction
experiment. The potential-energy curve of the dimer flip-flop motion in thep(231) structure is determined.
The obtained geometry of thec(432) structure also agrees fairly well with the results of an x-ray diffraction
experiment.
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I. INTRODUCTION

The Ge~001! surface has reconstructed structures sim
to those of the Si~001! surface. The neighboring surface a
oms form dimers, and each dimer buckles in order to sta
lize, resulting in asymmetric dimer structures. The buck
dimers line up along thê110& direction and form ‘‘dimer
row’’ structures. There are several possible surface rec
struction structures characterized by the ordering of
dimer buckle directions: thep(231) structure, thep(2
32) structure, thec(432) structure, etc.1 The Ge~001! sur-
face has ap(231) structure at room temperature, whic
turns into ac(432) structure when it is cooled below 20
K. This phase transition of the Ge~001! surface, as well as
that of the Si~001! surface has been theoretically studied w
the model of an Ising spin system by treating the buck
dimers as interacting spins.2–7

One reason why the dimer fluctuation dynamics on
surfaces of the Ge~001! and Si~001! have attracted so muc
interest is that these surfaces provide a simple ideal syste
observe the fundamental processes of statistical mecha
such as phase transitions and critical phenomena. In par
lar, they can be observed both in real space by the scan
tunneling microscope~STM! and in reciprocal space b
x-ray diffraction, low-energy electron diffraction, etc. One
the remarkable aspects of these systems is that, from ob
vation in real space, interesting behaviors of the dimer fl
tuation statistics induced by nonperiodic structures, such
the defects and the steps, can be studied directly. This i
attractive point of these dimer systems compared with m
PRB 610163-1829/2000/61~3!/1965~6!/$15.00
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netic spin systems, where the spatial behavior of the sp
has been observed only in reciprocal space.

Theoretical studies on the phase transition of the Ge~001!
surface have often used statistical mechanics simulat
such as the Monte Carlo method. To perform these sim
tions, model parameters of the Ising spin system wh
mimic the tilting directions of the dimers must be dete
mined. The model parameters can be determined using fi
principles calculations by comparing the relative total en
gies of a sufficient number of different reconstruction mod
such asp(231), p(232), c(432), and p(431) struc-
tures. The accuracy of a first-principles calculation itself c
be evaluated by examining the reproducibility of the o
served phase transition of this surface by a simulation ba
on model parameters determined using the first-princip
calculation.

However, the absolute difference in the stabilization e
ergies per dimer between thep(232) and c(432) struc-
tures, which determines the ground state of the reconstru
structures, is fairly small, estimated to be under 5 me
dimer. The previous calculation8 was not able to determine
this parameter.

The charge transfer between up-atom and down-a
dimer causes dipole interaction among dimers, and this
teraction ‘‘prefers’’ p(232).3 However, elastic interaction
between dimers prefersc(432) ~see Fig. 1!. Therefore we
should treat both interactions simultaneously. Since fi
principles calculations fully treat the electrostatic energy
the electron density and ions, they can determine the bala
between the dipole interaction and elastic interaction.
1965 ©2000 The American Physical Society
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In the present work we attempt to reexamine this ene
difference with a better precision insofar as possible by m
accurate calculations than the one reported previously. A
ally, the present calculation indicates that the most sta
structure is thec(432), which agrees with the experiment
fact.

Using the values of the parameters determined by
present first-principles results of the relative stability da
we perform a Monte Carlo simulation~MCS! for arrange-
ments of asymmetric dimers on the Ge~001! surface. We
shall see below that the coupling constants for the Ge~001!
surface have nearly the same anisotropic character as t
for the Si~001! surface.9 It will be shown that in thermal
equilibrium, the statistical behavior of a defect-free Ge~001!
surface is almost the same as that of a Si~001! surface. We
shall see that the order-disorder phase transition occur
about 315 K, which is nearly equal to the middle of t
transient temperature region observed by an x-
experiment.10

The dynamics of the dimer flip-flop motion can be o
served by the STM. The theoretical simulation of this d
namics requires the potential surface of the dimer flip-fl
motion. In the present study, the potential curve of the
dimer flip-flop motion in thep(231) structure is obtained
This potential surface should be parametrized by a mu
dimer orientation relation. However, due to the compu
tional cost, we treat only the minimal case. The geometry
the c(432) structure of the present study agrees fairly w

FIG. 1. Top: substrate relaxation around a dimer. Second-la
atoms under the up-atom dimer are pulled closer. Second-laye
oms under the down-atom dimer are pushed apart. Bottom: inte
tion of substrate relaxation between dimer rows.c(432) is prefer-
able top(232).
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with that obtained in an x-ray-diffraction experiment at 1
K.11

II. METHOD OF FIRST-PRINCIPLES CALCULATION

The framework of our calculations is the densit
functional theory.12,13 To select the exchange correlation p
tential, we compare the Ceperley-Alder-type14,15 and
Perdew-Wang-91-type16 exchange correlation potentials
~‘‘Perdew-Wang 91’’ is a gradient-corrected functiona!
This comparison is based on the bulk Ge calculation sho
in Table I. The Ceperley-Alder-type exchange correlati
potential reproduces the experimental lattice constant and
experimental bulk modulus better. On the other hand,
Perdew-Wang-91-type potential reproduces the experime
cohesive energy better. As far as we know, the origin of t
difference is not well known. However, this difference
empirically well known.17

We suppose that the subtle stability difference betwe
the p(232) structure and thec(432) structure is governed
mainly by the elasticity. Hence we select the Ceperle
Alder-type exchange-correlation potential14,15 for the present
study. The core electrons of the Ge atoms are treated by
Troullier-Martins-type norm-conserving pseudopotential.18

The surfaces were simulated by the repeated slab mo
To prevent the unphysical torsion of the slab, we use
calculated bulk lattice constant to construct the slab mo
fixing the atom positions of the bottom layer. The calculat
bulk lattice constant is 5.64865 Å. The slab was eig
atomic layers thick. The bottom of the slab was termina
by one virtual hydrogen atom layer. The vacuum region w
eight-atomic layers thick for the comparison of thec(4
32) and p(232) structures, and four-atomic layers thic

er
at-
c-

TABLE I. Comparison between the Ceperley-Alder-type e
change correlation potential applied to the bulk Ge, and the Perd
Wang 91 exchange correlation potential applied to the bulk Ge.
deviations from the experimental value are compared.a, B, andEc

are the lattice constant, the bulk modulus, and the cohesive ene
respectively.

a B Ec

Ceperley-Alder -0.2% 0.12% 15.0%
Perdew-Wang 91 1.2% -13.1% 2.0%
ts

TABLE II. Convergence checks.Nk is the total number of the samplek points in the first Brillouin zone.

Gc
2 is the cutoff energy of the plane wave basis set in Ry.DE is the total energy difference per dimer in uni

of meV.

p(231)-sym –p(231) p(231) – p(232)
values DE values DE

Nk 12, 24, 32 251.0, 293.7, 294.4 16, 32 86.7, 85.4
Gc 3.66, 4.0, 4.5, 5.0 294.4, 289.8, 290.7, 294.9 3.66, 4.0 86.7, 88.7

p(431) – p(231) p(232) – c(432)
values DE values DE

Nk 8, 12, 16 31.8, 30.6, 29.8 8, 24, 32 1.1, 1.2, 1.3
Gc 3.66, 4.0, 4.5 29.8, 28.8, 29.8 4.0, 4.5, 5.0 1.2, 1.2, 1.2
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for the other comparisons. For each comparison of the rec
structed structure, the supercell of the lateral direction w
set to be the minimum cell which simultaneously conta
the two compared structures.

We took the cutoff energy of the plane-wave basis se
be 13.4 Ry except in the comparison between thec(432)
andp(232) structures, for which we took 16 Ry. The tot
numbers of the sampledk points for each comparison wer
32, 16, 16, and 24 forp(231)-sym vsp(231), p(232)
vs p(231), p(431) vs p(231), and p(232) vs c(4
32), respectively. The convergence checks of the cutoff
ergy and the total sampledk points are shown in Table II
Symmetry-restricted geometry optimizations were perform
for all the atoms except those in the virtual hydrogen la
and the lowest Ge layer. The remaining force acting on
relaxed atoms in the optimized geometry was
31024 Hartree/a.u. We used programs developed
Yamauchiet al., the details of which are described in Re
19.

III. RELATIVE STABILITIES OF THE DIMER
ARRANGEMENTS

The relative surface energies per dimer are summarize
Table III. Those for the Si~001! surface9 are also shown in
this table. Thep(232) structure is higher by 1 meV than th
c(432) structure per dimer. Thep(231)-sym structure is
higher than thep(231) structure by 294 meV. For the S
case, this difference was reported as 169.9 meV in Re
Thus the barrier of the dimer flip-flop motion of Ge is si
nificantly higher than that of Si.

The convergence error of the comparison between
p(232) andc(432) structures is estimated from Table
to be 0.1 meV/dimer. The influence of the thicknesses of
slab and vacuum on the energy difference per dimer betw
thep(232) andc(432) structures was also checked by te
calculations. Changing the slab thickness from eight to
atomic layers thick resulted in an energy difference of l
than 0.1 meV/dimer. Changing the vacuum thickness fr
four to eight atomic layers thick also resulted in an ene
difference below 0.1 meV/dimer.

TABLE III. Energetic stability per dimer~meV!.

p(231)-sym p(431) p(231) p(232) c(432)

present 382.3 117.7 87.9 1.2 0
Ref. 8 — 101 66 -3 0
Ref. 21 290 — 50 — 0
Si: Ref. 9 260.5 117.6 90.6 1.2 0
n-
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Our results show that thec(432) structure is more stable
than thep(232) structure. This result agrees with the e
perimental fact below 200 K, which shows thec(432)
structure as the most stable phase.11,20,10

IV. GEOMETRY OF THE c„432… STRUCTURE

The obtained geometry of thec(432) structure shown in
Table IV is compared with the geometry determined from
x-ray-diffraction experiment11 in Table V. Since the bulk
lattice constant of the present calculation and that of
above experiment are slightly different, we compare th
two results in following manner: first, we compare them
the lattice coordinate; then we transform the obtained diff
ence in the lattice coordinate to the difference in the Ca
sian coordinate using the experimental lattice parameter

The differences between the two results are small for
lateral direction. However, the differences for the vertic
direction are somewhat larger. The accuracy of the exp
mental geometry for the vertical direction is worse than t
of the lateral direction. Thec(432) symmetry also strictly
restricts the lateral geometry. Therefore, it is not strange
the difference between the experiment and the numerical
culation is larger for the vertical direction. The obtaine
dimer tilting angle is 19°, which agrees well with the valu
19°61° determined by the above experiment. Neede
Payne, and Joannopoulos obtained 14° as the dimer til
angle.21,8 Spiess, Freeman, and Soukiassian obtained 1
as the dimer tilting angle.22

V. MONTE CARLO SIMULATION OF THE PHASE
TRANSITION

We introduce the model for the defect-free surface as
lows. It is considered that only the arrangement of the asy
metric dimers is affected by a temperature up to several h
dred K. Because the equilibrium angles of the fo
asymmetric structures take almost the same value, the til
angles of each dimer are assumed to take only two va
6q0. The thermal flip-flop motion between the two angles
considered in the Monte Carlo simulation. The real system
dimers is thus projected onto the Ising spin model, in wh
the two degrees of freedom of an Ising spin correspond to
two possible tilting angles of an asymmetric dimer. We co
firm that the Ising spin model which has been used in
scribing the arrangement of the dimers and the flip-flop m
tions on the Si~001! surface is also adequate for the Ge~001!
surface. The model is described by the Ising spin Ham
tonian
terisks

41
TABLE IV. Obtainedc(432) structure. Thex andy coordinates refer to thec(432) unit cell. The unit
of the z coordinate is the bulk lattice constant. The labels of the atoms are shown in Fig. 3. The as
denote agreement with the assumedc(432) symmetry.

1 2 3 4 5 6 7 8

x 0.1874 0.3354 0.3692 0.25* 0.5* 0.0* 0.2513 0.5*
y 0.5* 0.5* 0.2670 0.25* 0.2511 0.5* 0.5* 0.5*
z -0.0252 0.1230 -0.1607 -0.4435 -0.3946 -0.6492 -0.6893 -0.65
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TABLE V. c(432) structure difference from Table I of Ref. 11.Dx, Dy, andDz denote the differences
in each axis of the Cartesian coordinate.Dr denotes the distance between the atom position of the pre
work and that of the experiment referred to. The asterisks denote agreement with the assumedc(432)
symmetry. The atom numbers 1–8 refer to Fig. 3

1 2 3 4 5 6 7 8

Dx (1022 Å) -3.07 0.69 -3.87 0* 0* 0* 0.01 0*
Dy (1022 Å) 0* 0* -1.99 0* 0.56 0* 0* 0*
Dz (1021 Å) -0.001 0.0 -0.469 1.33 3.09 1.483 -0.042 1.137
Dr (1021 Å) 0.307 0.069 0.640 1.33 3.09 1.483 0.042 1.137
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i , j

Si , jSi , j 111H(
i , j

Si , jSi 11,j

1D(
i , j

Si , j~Si 21,j 111Si 11,j 11!, ~5.1!

whereSi , j561 corresponds to the angle6q0 of the dimer
at the site (i , j ) defined in Fig. 2. The coupling constants a
also illustrated in Fig. 2. The values of the parametersV, H,
andD are determined by the energetic stability data obtai
in Sec. IV. The details will be discussed in Sec. V A.

A. Model parameters of the Monte Calro simulation

The values of the coupling constantsV, H, andD for the
Ge~001! surface are listed in Table VI together with those f
the Si~001! surface~Fig. 3!.9 It is remarkable that the value
of V, H, andD for the Ge~001! surface are almost the sam
as those for the Si~001! surface. This is because the relati
energy differences between the four asymmetric structu
on each surface are almost the same. On both surfacesV is
much larger than the others, and its sign is positive. The
fore, the interaction along the dimer row strongly tends to
the orientations of the neighboring dimers along the dim
row ‘‘antiferromagnetic,’’ i.e., opposite to one another. Th
reflects the fact that the energies of thep(232) and c(4
32) structures are much lower than those of the other st
tures on both surfaces. When the asymmetric dimers in e
dimer row are perfectly ordered antiferromagnetially, the
teraction energy per dimer between the nearest-neigh
rows is given byH22D. As H22D is a small but finite
value with a positive sign~0.6 meV for both surfaces!, the
c(432) structure is energetically preferable to thep(2
32) structure on both surfaces.

FIG. 2. Ising model of thec(432) structure.
d

es

e-
t
r

c-
ch
-
or

B. Method of the Monte Carlo simulation

We perform a MCS on a system of 50 dimer rows31000
dimers, employing periodic boundary conditions. T
Metropolis algorithm is used to update the spin configu
tion. A set of trials updating the configurations of all th
spins in the system is counted as ‘‘one Monte Carlo~MC!
step.’’ At each temperature, the system reaches thermal e
librium after 104–105 MC steps, and the succeeding 104–
(53105) MC steps are employed to calculate thermod
namic averages. The latter MC steps are divided equally
ten segments, and sectional averages are calculated over
segment. Such data points are used to estimate the stan
deviations which are shown as error bars in the figures p
sented below.

The long-range order parameter for thec(432) structure
is defined as

^C&5K (
i , j

~21! i 1 jSi , j L Y N, ~5.2!

whereN is the total number of spins (N55031000), and the
brackets ^•••& denote the average over MC steps. T
squared fluctuation of the long-range order parameterC is
defined aŝx&5^(C2^C&)2&. We calculatê C& and^x& at
each temperature.

C. Results of the Monte Carlo simulation
and comparison with experiments

We show the results of a MCS for the defect-free Ge~001!
surface. Figure 4 shows the temperature dependence o
long-range-order parameter^C&. ^C& fluctuates around zero
at high temperature. When the temperature is lowered be
around 315–310 K, the absolute value of^C& increases rap-
idly to almost unity. A similar feature has also been observ
for the defect-free Si~001! surface.9,5 At a lower temperature,
the structure transforms into a single domain of thec(4
32) structure with asymmetric dimers. We show the te
perature dependence of^x& in Fig. 5. It fluctuates around
zero at higher temperatures. As the temperature is lowe

TABLE VI. Model parameters of the Si~001! and Ge~001! sur-
faces.V, H, andD are defined in Fig. 2.

V H D

Si~001! 51.9 -6.6 -3.6
Ge~001! 51.1 -7.2 -3.9
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and approaches 315 K,^x& increases abruptly, and a sha
peak appears at 315 K.^x& becomes nearly zero again whe
the temperature is lowered below 310 K. From the pres
MCS, the transition temperature of the defect-free Ge~001!
surface is estimated to be about 315 K. This is almost eq
to the middle point of the broad transition region~250–350
K! observed by Lucaset al. in an x-ray-diffraction
experiment.10 Therefore, we can conclude that the Isin
model parameters determined by the first-principles calc
tions can reproduce an experimental phase transition t
perature of thec(432)↔p(232).

We note that the experimentally observed phase trans
of the Ge~001! surface is not as sharp as that predicted by
present MCS for a defect-free system. It was shown in
experiment10 that the real surface consists of multidomai
of the c(432) structure which are not fully ordered into
single domain. The domain sizes of thec(432) structure
were estimated to be about 50 dimers36 dimer rows at 170
K from the half-width at half-maximum of the quarter-ord
spot.10 This is much smaller than thep(231) domain sizes
estimated from the half-order spots~about 250 dimers
3125 dimer rows!.10 Lucaset al. concluded that this is due
to the pinning of thec(432) domains by defects or impurit
atoms. If this is the case, we are unable to observe any
versal critical behavior. As for the Si~001! surface, it has
been clearly shown by MCS that a small number of type
defects influence the formations of the local domains a

FIG. 3. Top: top view of thec(432) structure. Bottom: side
view of thec(432) structure.

FIG. 4. Temperature dependence of the long-range order pa
eter.
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modify the feature of the phase transition. The broad tran
tion observed by LEED on the Si~001! surface has been we
reproduced by the MCS.5 The type-C defect influences th
ordering of the nearby dimers and plays the role of ‘‘pha
shifter.’’23 The type-C defects are typically seen in ma
STM images of the Si~001! surface, but not in those of th
Ge~001! surface. It is considered that thec(432) domain
structures on the Ge~001! surface are sensitive to some oth
defects. If such defects are identified by STM observatio
we can more precisely analyze the order-disorder phase
sition of the real Ge~001! surface by MCS, which treats th
defects on the basis of the STM observations.

VI. DISCUSSIONS

We comment briefly on the dynamics of the Si~001! and
Ge~001! surfaces. It is considered that the flip-flop motio
between the two stable configurations of each dimer occ
via a symmetric dimer configuration. Therefore, the ene
difference between the symmetric and asymmetric dim
DEs-a concerns the time scale of the flip-flop motion. We s
from Table III thatDEs-a of Ge~001! is larger by about 120
meV than that of Si~001!. This implies that the transition rat
between the two stable configurations of Ge~001! is much
smaller than that of Si~001!. On the other hand, the couplin
constantsV, H, andD, and the transition temperature regio
for Ge~001!, are almost the same as those for Si~001!. This
means that the thermal equilibrium structures of both s
faces are almost the same at each temperature, but the
scale of the thermal fluctuations of the Ge~001! surface is
much larger than that of the Si~001! surface. The lower the
temperature the larger the difference becomes. It is expe
that an extremely long observation time will be required
observe the thermal equilibrium Ge~001! surface at low tem-
perature. In order to interpret the experimental data theor
cally, the influence of surface defects and the scales of sp
and time of the observations should be taken into consid
ation. Such studies are now in progress.

As a first step, we calculated the total-energy curve of
Ge dimer flip-flop motion in thep(231) structure~the solid
line in Fig. 6!. The interpolation of the extreme points by
fourth-order polynomial is shown by the dashed line. T
difference between the two curves in the figure shows t
the interpolation of the extreme points by a fourth-ord
polynomial is not sufficiently small for a quantitative trea
ment of the dimer flip-flop motions. For example, th
second-order derivativeA at the minimum point in
1023@eV/deg2# is 2.52 and 6.76 for the calculated curve a
the interpolated curve, respectively. Since the p

FIG. 5. Temperature dependence of the fluctuationx.
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exponential factor of the thermal flip-flop probability is pr
portional to the square root ofA, the interpolation is suffi-
cient for a qualitative treatment. Within a parabo
approximation, the vibration energy around the minimu
point is 1

2 kBT, which is independent ofA. These results will
help future quantitative studies of the dynamics of the dim
motions.

VII. SUMMARY

The relative surface energies of the Ge~001! high-order
reconstructions were determined by density-functional ca

FIG. 6. Total-energy curve of the dimer tilting angle. The so
line denotes the present calculation. The dashed line denote
interpolation of the extreme points by a fourth-order polynomia
ij,

ys

lid

v.

s

J.
r

-

lations. The most stable structure turned out to be thec(4
32) structure, which has a lower energy than thep(232)
structure by 1.2 meV per dimer. The potential curve of t
dimer flip-flop motion in thep(231) structure was also de
termined. The parameters of the Ising model for describ
the arrangement of the dimer tilting directions were dedu
from the relative surface energies. A Monte Carlo simulat
based on the Ising model reproduced fairly well the ph
transition temperature of the Ge~001! surface determined by
an x-ray-diffraction experiment. The obtainedc(432) struc-
ture reproduced fairly well the structure obtained by x-r
diffraction.
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