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Enlarging a photonic band gap by using insertion
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We propose a simple, systematic, and efficient method to enlarge the gap of a photonic crystal. In this
method, we add a small fraction of a third component into the existing photonic crystal. The dielectric property
of the third component as well as its insertion position in a unit cell are chosen according to the field-energy
distribution of two Bloch states at the band edges. The method is very general. It can be applied to any
microstructure and is independent of the dimensionality of the original photonic crystal. Thus, it opens up a
way to engineer photonic band gaps. Here, we demonstrate the validity of this method explicitly in two
dimensions for boths andp waves. We show that, for certain microstructures, absolute gaps can be signifi-
cantly enlarged. The method is also demonstrated in microwave experiments.
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I. INTRODUCTION

During the past few years, a significant effort has be
devoted to the study of photonic crystals.1–14 The existence
of gaps, which prohibit the propagation of electromagne
~EM! waves in any direction, provides an opportunity to co
fine and control the propagation of EM waves. It can ha
profound implications for quantum optics, high-efficiency l
sers, optoelectronic devices, and other areas
applications.1,9 Various photonic band-gap~PBG! structures
have been successfully fabricated in two and three dim
sions ~2D and 3D! for frequencies in both microwave an
near-infrared regions.3–8 Despite the progress that has be
made in the application and fabrication of photonic crysta
the search for new microstructures that can produce la
gaps remains to be the important issue. The creation of a
depends on many factors in the microstructure such as to
ogy, dielectric contrast ratio, lattice structure, and filling fa
tor. The dielectric contrast ratio is often limited by mater
properties and causes a severe constraint to the searc
photonic crystals with large gaps, particularly in the techn
logically important near-infrared region. In order to ha
large dielectric contrast, metallic~or metallodielectric! pho-
tonic crystals~MPC’s! have also been studied.9–13 Although
large gaps have been achieved in MPC’s, they also su
from absorption, which becomes more important in the o
cal regime. Recently, by using the plane-wave expans
technique, Anderson and Giapis have shown in 2D that
absolute gap can be increased by reducing the struc
symmetry.14 Although some higher-order gap is enhance
the lower-order gap is often reduced as a result of symm
breaking. This leads us to the question of if we can hav
generic method that allows us to enlarge any gap by alte
the microstructure of the original photonic crystal.

In this paper, we propose a simple, systematic, and e
cient method to enlarge a gap by adding a small fraction
third component into the system. In this method, we comb
perturbation analysis and the mulitple-scattering calcu
tions. For any given gap, the perturbation analysis provi
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us the guide in choosing the dielectric property of the th
component as well as its insertion position in a unit cell. T
gap structure of the altered microstructure will be calcula
by using the multiple-scattering method. Our method is v
general. It does not require symmetry breaking. It can
applied to any microstructure and is independent of the
mensionality of the original PBG system. Thus, it opens u
way to engineer PBG’s. In the case of a metallic third co
ponent, significant gap enhancement can be achieved. H
ever, due to its small filling factor, absorption will not b
significant even in the optical regime. The outline of th
paper is as follows. Our pertubative approach is describe
Sec. II. The numerical results for both the pertubative a
multiple-scattering approaches are given in Sec. III. In S
IV, an experimental demonstration of our method is p
sented. A conclusion is given in Sec. V.

II. THE PERTURBATIVE APPROACH

For a periodic dielectric constante~r !, a Bloch state for
the magnetic field at thenth band and wave vectorkW satisfies
the Maxwell equation

c2
“3@e21~r !“3Hnk~r !#5vnk

2 Hnk~r !, ~1!

where the eigenfrequenciesvnk give the band structures.2

Let us denoteẽ(r ), ṽnk , and Hnk(r )1dHnk(r ), respec-
tively, as the new dielectric constant, eigenfrequency, a
eigenfield after the insertion of a third component. If w
ignore the higher-order term, from perturbation theory, it
easy to see from Eq.~1! that

“3S 1

e~r ! D“3dHnk1“3S 1

ẽ~r !
2

1

e~r ! D“3Hnk

>
ṽnk

2 2vnk
2

c2 Hnk1
vnk

2

c2 dHnk . ~2!

By multiplying both sides of Eq.~2! by Hnk* and integrating
over a unit cell, we find
1892 ©2000 The American Physical Society
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E 1

e~r !
~“3Hnk* !•~“3dHnk!dr1E S 1

ẽ~r !
2

1

e~r ! D
3u“3Hnku2dr

>
ṽmk

2 2vnk
2

c2 E uHnku2dr1
vnk

2

c2

3E ~dHnk•Hnk* !dr . ~3!

However, from Eq.~1!, we also have

E S 1

e~r ! D“3dHnk•“3Hnk* ~r !dr

5
vnk

2

c2 E dHnk•Hnk* ~r !dr . ~4!

By substituting Eq.~4! into Eq. ~3!, and using the displace
ment field

Dnk~r !5~2 ic/vnk!“3Hnk~r !

as well as the relation

E uHnk~r !u2dr5E e21~r !uDnk~r !udr ,

we finally obtain

S ṽnk

vnk
D 2

21'
E @ ẽ21~r !2e21~r !#uDnk~r !u2dr

E e21~r !uDnk~r !u2dr
. ~5!

The functionẽ21(r )2e21(r ) is nonzero, sayd, only at the
insertion position. We would like to point out that the simil
formula has been derived by Joannopoulos, Meade,
Winn in discussing the defect states in PBG materia2

Equation~5! provides a simple way to estimate the shift
eigenfrequency before and after the insertion. For two Blo
states at the band edges of the gap, we denote the shif
Dv l5ṽnL2vnL and Dvu5ṽmU2vmU , where L and U
represent the symmetry points of the band structures at
lower and upper edges of the gap, respectively. The sig
Dv l or Dvu depends on that ofd. It is their relative change
Dvg5Dvu2Dv l , that determines the enlargement or r
duction of the gap. The value ofDvg can be positive or
negative, depending sensitively on the difference in the fie
energy distribution of the two states at the band edges as
as the insertion position. For instance, if the minimum
uDnLu2 occurs at the same position as the maximum
uDmUu2, an optimal enlargement of the gap can be achie
by inserting a third component with positived at this posi-
tion. A negatived can also enhance the gap ifuDnLu2 is at the
maximum at the insertion position, whereasuDmUu2 is at the
minimum. Thus, Eq.~5! provides a useful guide for the en
gineering of a gap by using insertion as a new degree
freedom.

For s waves, we consider 2D structure consisting
infinite-length parallel cylinders. We use the electric fie
nd
.
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@Enk(r )# that is parallel to the cylinder axis to describe
Bloch state, and the Maxwell equation in a scalar form c
be written as

@c22vnk
2 e~r !1¹2#Enk~r !50. ~6!

Similar to the abovep wave, the perturbation theory now
gives

S ṽnk

vnk
D 2

21'
E @e~r !2 ẽ~r !#uEnk~r !u2dr

E e~r !uEnk~r !u2dr
. ~7!

From Eq.~7!, we can estimate easily the shift in eigenfr
quency before and after the insertion fors wave.

III. NUMERICAL RESULTS AND DISCUSSIONS

In this section, we will first compare the numerical resu
obtained from both the perturbative and multiple-scatter
approaches in the case of dielectric insertion to show
validity of our method. Then we will use the perturbativ
approach as the guide to make metallic insertions. O
multiple-scattering results show that both full and compl
gaps can enlarged significantly. The system we conside
here consists of an array of cylinders with dielectric const
ec in a background of dielectric constanteb . We denote the
dielectric constant of the third component ase i . We first
consider a situation discussed in Ref. 14. The original sys
consists of air cylinders (ec51) of radii R embedded in a
background dielectric witheb511.4 in a square lattice with
lattice constanta. The insertion is made by air cylinder (e i
51) of radiusRi at the center of each unit cell. Thus, w
have d[e i

212eb
21>0.91.0. For the original system, we

have used the multiple-scattering method to calculate
band structuresvnk , eigenfields, and gap positions.9,15,16

The calculated band structure ofs wave in square lattice
of air cylinder withR/a50.485 is plotted in Fig. 1. In terms
of the dimensionless frequencyn[va/2pc, the first gap

FIG. 1. Calculated photonic band structure ofs wave for a
square lattice of an air cylinder withR/a50.485. The dielectric
constant of background is taken as 11.4.
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appears fromn1M>0.249 ton2X>0.314, whereas the secon
gap appears fromn3X>0.450 to n4G>0.490. At the same
time, we also plot the functionuEnk(r )u in a unit cell for the
band-edge states 1M , 2X, 3X, and 4G in Fig. 2. The corners
of the unit cell correspond to the centers of air cylinde
After the insertion of air cylinders at the center of each u
cell, we have estimated the gap position by using Eq.~7! and
plot the results as the dashed and solid lines in Fig. 3~a! for
the first and second gaps, respectively. Since the func
uEnk(r )u has its minimum at the insertion position for stat
2X and 3X, the upper edge of the first gap and the low
edge of the second gap remain unaffected. However, for

FIG. 2. In the case ofs waves, distribution of the absolute valu
of the electric field~in arbitrary units! for four eigenstates at the
band edges.

FIG. 3. Gap structures after the insertion of air cylinders of ra
Ri at the center of each unit cell. The original system consists o
cylinders of radiiR in a square lattice in a background dielectr
(eb511.4) ~a! for s waves and~b! for p waves. The dashed an
solid lines denote the estimated results for the first and second g
respectively. The solid circles and triangles denote the calcul
gaps. The open circles and squares denote the calculated ga
the insertion of metallic cylinders.
.
t

n

r
he

states at 1M and 4G, uEnk(r )u becomes a maximum at th
insertion position. Thus, both the lower edge of the first g
and upper edge of the second gap increase withb. As a
result, the first gap is reduced while the second gap is
larged. For comparison, we also plot in Fig. 3~a! the calcu-
lated gap position obtained from the multiple-scattering
proach by solid circles and triangles for the first and seco
gaps, respectively. The excellent agreement between the
timated and calculated results demonstrates the validity
the method and the accuracy of Eq.~7! whenb,0.2. When
b>0.2, discrepancies appear and Eq.~7! becomes invalid. At
b50.16, our results also agree quantitatively with that o
tained from band structure calculations presented in Ref.

For the case ofp waves, the magnetic field is parallel t
the cylinder axis. We have chosenR/a50.440, a square lat
tice of an air cylinder, to calculate the band structuresvnk
and the functionuDnk(r )u, which are shown in Figs. 4 and 5
respectively. The band-structure calculations indicate that

ii
ir

ps,
d
for

FIG. 4. Calculated photonic band structure of ap wave for a
square lattice of an air cylinder withR/a50.440. The dielectric
constant of background is taken as 11.4.

FIG. 5. In the case ofp waves, distribution of the absolute valu
of the displacement field~in arbitrary units! for four eigenstates a
the band edges.
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first gap appears fromn1M>0.303 ton2X>0.332 with the
lower and upper band edges located at the states 1M and
2X, respectively. The second gap appears fromn2G>0.412
to n3M>0.475 with two edges located at 2G and 3M . We
have first used Eq.~5! to estimate the shifts in gap position
due to the insertion. The results are shown by two das
and two solid lines in Fig. 3~b! for b5Ri /R<0.2. The po-
sition of first gap is not much affected, whereas the sec
gap is enlarged due to the increase in eigenfrequency a
upper edge. These behaviors arise from the fact that the f
tion uDnk(r )u is at the minimum at the insertion position fo
the states 1M , 2X, and 2G, but it is at the maximum for the
state 3M . In Fig. 3~b!, we also plot the calculated gap pos
tion by solid circles and triangles for the first and seco
gaps for comparison. We again find the excellent agreem
between the estimated and calculated results for the casep
waves.

It should be mentioned that the enhancement in the
ond gap fors waves actually enlarges the absolute gap of
system.14 The reduction of the first gap can be understood
using the following simple arguments without knowin
uEnk(r )u explicitly. Since the first band is dielectric band, th
state at the lower edge of the first gap will have an elec
field concentrated near the center of the unit cell.2 The inser-
tion of the air cylinder will push the eigenfrequency up a
reduce the gap. However, the second band is an air band
the electric field concentrated in air cylinders, and the eig
frequency at the upper edge of the first gap will not be
fected much by the insertion. Thus, we expect a reductio
the first gap, irrespective of the lattice structure. For high
order gaps, the distinction between the dielectric and
bands becomes less obvious and an explicit form ofuEnk(r )u
at two edges of the gap becomes necessary for an opt
insertion.

In order to enlarge the first gap, we should choose a
ferent insertion. From Fig. 2, we observe thatuEnk(r )u is
small for the state 1M at the center of the air cylinder, but
is large for the state 2X. Thus, if we insert a cylinder with a
negative dielectric constant at this position, the upper e
will shift to a higher frequency, while the lower one wi
remain unaffected as can be seen from Eq.~7!. In fact, the
same arguments apply to the states 3X and 4G at the band
edges of the second gap. Thus, with such an insertion,
gaps can be enlarged at the same time. To confirm this
insert a perfect conductor of radiusRi at the center of the ai
cylinder. The calculated gap position is now plotted as op
circles and squares in Fig. 3~a! for the first and the secon
gaps, respectively. We find significant enlargements in b
gaps even at a smallb. It should be pointed out that we hav
also calculated the gap position by using a more reali
dielectric constant for the metal cylinder, i.e.,em51
2 f p

2/@ f ( f 1 ig)#, with the plasma frequencyf p53600 THz
and absorption constantg5340 THz.10,15For a wide range of
structure ~frequency! scales, i.e., froma'1 mm ~micro-
wave! to a'1 mm ~infrared!, the gap position~in units of
n[va/2pc! is close to that obtained from a perfe
conductor.16 The sudden rise of gap size at a smallb indi-
cates that the gap can be significantly enlarged by the p
ence of only a small filling factor of the metal component.
this case, the effects due to absorption will be insignifica

The metallic insertion at the center of the air cylinder
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particularly useful in the case of triangular lattice where t
absolute gap appears as the first gap fors waves. The gap
map for the system of a triangular array of air cylinders in
dielectric backgroundeb511.4 has been given in Ref. 2. I
Fig. 6~a! we plot the gap map for the absolute gap with
solid line and denote it as regionA. The region surrounded
by two dotted lines represent the gap forp waves. After the
insertion of a metal cylinder of radiusRi50.05a at the cen-
ter of the air cylinder, the region covered by the absolute g
extends fromA to B. The gap structures forP waves are not
much affected by the insertion. Thus, an absolute gap
appears as the primary gap can also be significantly enla
by using this generalized method of insertion.

For the case of dielectric cylinders in air, we consider t
honeycomb structure. When the dielectric constant of
cylinders isec511.4, three regions of absolute gaps ha
been found.2 We denote them asA1 , A2 , andA3 in Fig. 6~b!.
It has been shown that by using insertion of a dielectric c
inder at the center of each honeycomb, the third-order ab
lute gapA3 can be enlarged.14 Here, we insert, instead o
dielectric cylinders, metallic cylinders of radiiRi50.05a at
the center of each honeycomb. The regions covered by
first- and second-order absolute gaps have been exte
from A1 and A2 to B1 and B2 , respectively. A significant
enhancement of the second absolute gap is evident. It
been extended to the region covered by the third-order a
lute gap of the original system. Thus, adopting the sa
insertion position, we are able to enlarge different absol
gaps by choosing different dielectric constants of the inse
component.

IV. EXPERIMENTAL DEMONSTRATION

In order to test our method experimentally, we have a
carried out the following microwave experiments in the fr
quency range from 6.8 to 15.0 GHz. The transmittance o

FIG. 6. ~a! Gap map for triangular lattice of air cylinders in
background dielectric (eb511.4). RegionA denotes the absolute
gap. The region surrounded by the dotted lines denotes the ga
p waves. RegionB denotes the extension of the absolute gap fr
region A after the insertion of metallic cylinders of radiiRi

50.05a at the center of the air cylinders~inset!. ~b! Gap map for
the honeycomb lattice of dielectric cylinders (ec511.4) in air. Re-
gions A1 , A2 , and A3 denote absolute gaps. RegionsB1 and B2

denote the extensions of the absolute gap from regionsA1 andA2

after the insertion of metallic cylinders at the center of each hon
comb ~inset!.
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photonic crystal was measured in a two-dimensional w
waveguide scattering chamber. The chamber was comp
of two components, the square groove and cover plate.
square groove with a 250 nm internal width, 270 mm ext
nal width, 350 mm length, and 10.16 mm depth was m
chined into a 20-mm-thick aluminum plate. The cover pla
with a 270 mm width and a 350 mm length was machin
into a 10-mm-thick aluminum plate. The inner surfaces
the chamber were polished to satisfy the requirement of
microwave measurement. To avoid the reflection from late
wall of the chamber, its inner sides were furnished with
thick layer of low-density absorber. The back and forwa
ports of the chamber were fit in conjunction with the 8–1
GHz type-H trumpets of 350 mm in length. Then the trum
pets were connected with standard 8–12-GHz wavegui
The PBG system was placed in the middle of the cham
All of them consist of a complete device under test as sho
in Fig. 7~A!. The transmittance was measured by using
HP8757E scalar network analyzer and an HP8364A se
synthesized sweeper.

The photonic crystal was composed of 10323 alumina
cylinders with dielectric constant 8.9 and radii 3.0
60.03 mm embedded in a styrofoam template, arranged
square lattice with a lattice constant 9 mm. The normal s
face of the photonic crystal corresponded to theG-X direc-
tion in the first Brillouin zone. Meanwhile, we also fabr
cated three metallodielectric photonic crystals by insert
copper cylinders of 0.2, 0.3, and 0.4 nm radii into the cen
of each square of the dielectric photonic crystal. For a be
simulation of the infinite photonic crystal in the traverse
rection, a 7-cm-wide slit was placed in the front of the ph
tonic crystal. In part~a! of Fig. 7~B!, we plot the measured
transmission data. The dashed and dotted curves are th

FIG. 7. ~A! Schematic representation of the scattering sys
~not to scale!; ~B! parts ~a! and ~b! represent the measured an
calculated transmission coefficients, respectively. For the orig
system of 10323 dielectric cylinders (ec58.9) of radii 3.03
60.03 mm arranged in a square lattice in a styrofoam template
dotted and solid curves denote results of normal (G-X) and oblique
(G-M ) incidences, respectively. After the insertion of metallic c
inders of radii 0.2 mm in the center of each unit cell, the cor
sponding results are denoted by the dashed and dot-dashed c
respectively.
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sults of normal incidence (G-X) for the cases of with and
without 0.2-mm ~b>0.067! metal cylinders, respectively
The corresponding results for the case of oblique incide
(G-M ) are shown as the dot-dashed and solid curves, res
tively. We calculated the transmission coefficients for t
above cases by using the multiple-scattering method.15 The
corresponding theoretical results are shown in part~b! of Fig.
7~B!. Both experiment and theory have shown that the~full !
gap width is nearly doubled from the original widthD f
>1.4 GHz to D f i>2.6 GHz after the insertion of metallic
cylinders. Their discrepancies in the pass band may be du
the misalignment of cylinders as well as other disorder
fects in the sample. Although the experiments were carr
out in the microwave region, we have also calculated
transmission near the optical regime by rescaling the lat
constant froma59 mm to 0.9mm. From its size depen
dence, we determine that the absorption length in the p
band shown in Fig. 7~B! to be about 40a. Such a large decay
length is a result of small filling factor~>0.0015! of the
metallic component. Thus, unlike metallic photonic crysta
a metallic insertion into a dielectric photonic crystal can ha
large gap with small absorption and be useful in applicatio

V. CONCLUSION

In this paper, we have proposed a simple, systematic,
efficient method to enlarge the gap of a photonic crystal.
this method, we add a small fraction of a third compone
into the existing photonic crystal. Based on a perturbat
analysis, the dielectric property of the third component
well as its insertion position in a unit cell are chosen acco
ing to the field-energy distribution of two Bloch states at t
band edges. The field distributions at band edges have b
calculated by the multiple-scattering method and their str
tures can be understood from the variational principle. In
case of dielectric insertion, the excellent agreement betw
the perturbative analysis and multiple-scattering res
shows the validity of our method. Thus, the perturbative
proach can provide us an efficient way in the choices of
dielectric property of the insertion as well as the inserti
position to enlarge PBG’s, whereas the gap structure of
altered microstructure should be obtained from more ac
rate calculations such as the multiple-scattering method.
doing so, in the case of metallic insertion, we are able
obtain much larger full and complete gaps. An explicit e
perimental demonstration of the method in the microwa
region is also presented. Our method is very general an
does not require symmetry breaking. Although we have c
sidered here only a few simple microstructures in 2D, n
ertheless, the method proposed here can be applied t
microstructures in 2D and 3D photonic crystals.5–8,11,12 In
3D, since all waves are vector waves, Eq.~5! should be used
to estimate the frequency shift. Thus, our method opens u
new way to engineer photonic band gaps.
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