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Theory of rainbows in thin crystals: The explanation of ion channeling applied to Ne101 ions
transmitted through a Š100‹ Si thin crystal

S. Petrovic´, L. Miletić, and N. Nesˇković
Vinča Institute of Nuclear Sciences, P.O. Box 522, 11001 Belgrade, Yugoslavia

~Received 5 October 1998; revised manuscript received 6 July 1999!

The theory of crystal rainbows is presented. It enables the generation and full explanation of the angular
distribution of ions transmitted through thin crystals. The angular distribution of the transmitted ions is gen-
erated by the computer simulation method. Then, the rainbow lines in the scattering angle plane are deter-
mined. These lines ensure the full explanation of the angular distribution. The theory is applied to the trans-
mission of Ne101 ions through â100& Si thin crystal. The ion energy is 60 MeV and the crystal thickness is
varied from 105 to 632 atomic layers, i.e., from the beginning of the first rainbow cycle to the beginning of the
second rainbow cycle.
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I. INTRODUCTION

Theoretical studies of ion channeling in crystals ha
been going on along two major lines. The first line w
founded by Lindhard,1 and the second one by Barrett.2,3

Lindhard’s approach was via statistical mechanics, an
was analytical. He included the continuum approximati
i.e., neglected the~longitudinal! correlations between the po
sitions of the atoms of one atomic string of the crystal, n
glected the~transverse! correlations between the positions
the atomic strings, and included the assumption of statist
equilibrium in the transverse plane. Barrett’s approach w
via the ion-atom scattering theory, and it was numerical.
developed a very realistic computer code for the thr
dimensional following of ion trajectories in crystal channe
in which the three approximations used by Lindhard w
avoided. Barrett’s approach is more complex, but a num
of calculations have shown that it is much more accur
than Lindhard’s approach. The coincidence of the exp
mental and theoretical results obtained by Krauseet al.4

clearly demonstrates the accuracy of Barrett’s approa
Lindhard’s approach would give the angular distributions
the channeled ions which would be qualitatively differe
from the angular distributions obtained by Krauseet al.

Lindhard’s and Barrett’s approaches are described in
tail in the famous review article on channeling and rela
effects of Gemmell.5 A brief description of Lindhard’s ap-
proach can be found in the study of resonant electronic p
cesses accompanying heavy ion channeling by Ande
et al.6 Regarding Barrett’s approach, we would like to me
tion here the following four studies and a review article r
evant to this work. Abelet al.7 calculated the distribution o
1.9 MeV He1 ions in the$110% planar channel of a thin Fe
crystal as a function of the crystal thickness using the c
tinuum approximation. They demonstrated that the yield
the channeled ions near the channel center was periodic
respect to the crystal thickness. In addition, they found t
the distribution of the channeled ions at the distance from
channel center which varied with the crystal thickness w
singular. Smulders and Boerma,8 and Dygo and Turos9 de-
veloped the computer codes for the three-dimensional
PRB 610163-1829/2000/61~1!/184~6!/$15.00
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lowing of ion trajectories in crystal channels similar to Ba
rett’s. Those codes were used to analyze the transition f
the ^110& axial channeling to the$211% planar channeling of
1 MeV He1 ions in a thin Si crystal.10 They observed a
strong focusing effect in the transition region accompan
by the dramatic changes in the energy spectra of the io
Krause and Datz11 wrote an interesting review article o
heavy ion channeling. It contains a brief description of t
angular distributions of ions transmitted through thin cry
tals.

Nešković12 showed theoretically that in the transmissio
of ions through axial channels of very thin crystals the ra
bows occurred, i.e., that the corresponding differential tra
mission cross section could be singular. His approach
via the ion-molecule scattering theory, and it was numeric
In that approach the continuum approximation was includ
implicitly, the correlations between the positions of th
atomic strings of the crystal were included, and the assu
tion of statistical equilibrium in the transverse plane w
avoided. Shortly after the prediction, the crystal rainbow
fect was observed.13

Krause et al.4 studied the angular distributions o
6 – 30 MeV C~426!1 ions transmitted through â100& Si thin
crystal. They showed that the angular distributions of
transmitted ions could be classified by the reduced cry
thickness, and that some maxima of the angular distributi
could be attributed to the crystal rainbows. The reduced c
tal thickness is defined by expression

L5 f ~qe,m!L/v, ~1!

whereqe, m, andv are the ion charge, ion mass, and avera
ion velocity, e is the elementary charge,L is the crystal
thickness, andf (qe,m) is the average frequency of the tran
verse motion of the ions.4,14 Also, it has been demonstrate
that the evolution of the angular distribution with the reduc
crystal thickness has a periodic behavior.4,15–17The values of
variableL equal to 0.0, 0.5, 1.0, . . . correspond to the be
ginnings of the cycles of the angular distribution. The
cycles are called the rainbow cycles.15 However, the evolu-
tion of the angular distribution withL within one rainbow
184 ©2000 The American Physical Society
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cycle, as well as the differences between the angular di
butions in different rainbow cycles remained unexplained

We shall present here the theory of the crystal rainbo
which is the generalization of the model introduced
Nešković.12 This theory will be used to analyze the case
Ne101 ions and â100& Si thin crystal. The ion energy will be
60 MeV and the crystal thickness will be varied from 105
632 atomic layers, i.e., from the beginning of the first ra
bow cycle to the beginning of the second rainbow cycle. W
shall compare the evolution of the angular distribution of
transmitted ions with the reduced crystal thickness with
evolution of the crystal rainbow.

II. THEORY

The system under consideration is an ion moving throu
an axial channel of a thin crystal. We assume that the in
action of the ion and the crystal is elastic, and that it can
treated classically.1 The z axis coincides with the channe
axis and the origin lies in the entrance plane of the crys
The angle between the initial ion velocity vector and thez
axis is taken to be zero. However, the theory of the cry
rainbow can easily include the case in which this angle is
zero.

We assume that the ion-atom interaction potential is
the Thomas-Fermi type, and adopt for it Moliere’s expre
sion,

V~r !5~Z1Z2e2/r !@0.35 exp~2br !10.55 exp~24br !

10.10 exp~220br !#, ~2!

whereZ1 andZ2 are the atomic numbers of the ion and t
atoms of the crystal, respectively,r is the distance betwee
the ion and the atom,b50.3/a, a5@9p2/(128Z2)#1/3a0 is
the screening radius of the atoms, anda0 is the Bohr
radius.4,11 This expression is chosen following the excelle
experience of Krauseet al. with it4,11 ~who studied the angu
lar distributions of the medium energy heavy ions transm
ted through â100& Si thin crystal too!. We also assume tha
we can apply the continuum approximation.1 For the con-
tinuum potential of thei th atomic string of the crystal we us
expression

Ui
th~x,y!5Ui~x,y!1~s th

2 /2!@]xxUi~x,y!1]yyUi~x,y!#,
~3!

whereUi(x,y) is the continuum potential of thei th atomic
string with the thermal vibrations of the atoms neglectedx
andy are the transverse components of the ion position,
s th is the one-dimensional thermal vibration amplitude of t
atoms.12 The continuum potential of the crystal is the sum
the continuum potentials of the atomic strings.

We shall neglect here the energy loss of the ion,
changes of its charge, and the uncertainty of its scatte
angle caused by the collisions with the electrons of the c
tal. However, these effects can be included in the theory
the crystal rainbow.12

In order to obtain the components of the scattering an
of the ion, Qx and Qy , one has to solve the equations
motion of the ion in the transverse plane, and use express
Qx5Vx /V0 andQy5Vy /V0 , whereVx andVy are the trans-
verse components of the final ion velocity, andV0 is the
ri-
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initial ion velocity. The angular distribution of the transmi
ted ions is generated by the computer simulat
method.2,3,14–17The transverse components of the initial io
position, i.e., the components of its impact parameter,
chosen randomly or uniformly within the region of the cha
nel.

Alternatively, instead of solving the equations of motio
of the ion in the transverse plane, the components of
scattering angle can be obtained after the three-dimensi
following of its trajectory, as in Barrett’s approach.2,3 In that
case the continuum approximation is avoided.

The scattering law of the ion is given by expressions

Qx5Qx~x0 ,y0 ;L! and Qy~x0 ,y0 ;L!, ~4!

wherex0 andy0 are the components of the impact parame
of the ion.

Since the scattering angle of the ion is small, the expr
sion for its differential transmission cross section is

s51/uJu, ~5!

whereJ5J(x0 ,y0 ;L) is the Jacobian of the components
the scattering angle, which describes the mapping of the
pact parameter plane to the scattering angle plane in the
cess under consideration.12,13

Thus, the rainbow lines in the impact parameter pla
i.e., the lines in the impact parameter plane along which
differential transmission cross section of the ion is singu
are determined by equation

J~x0 ,y0 ;L!50. ~6!

The rainbow lines in the scattering angle plane are de
mined by Eqs.~6! and ~4!, i.e., they are the images of th
rainbow lines in the impact parameter plane, defined by
scattering law of the ion.

It should be noted that in the model introduced
Nešković12 the components of the scattering angle and
differential transmission cross section of the ion, as well
the rainbow lines in the impact parameter plane and
shapes of the rainbow lines in the scattering angle plane
pend only on the components of the impact parameter of
ion.

It will be shown here that the determination of the rai
bow lines in the scattering angle plane is crucial for the
planation of the angular distribution of the transmitted ion
This step had not been included in Barrett’s approach,2,3 and,
hence, it could not ensure the full explanation of the angu
distributions obtained by Krauseet al.4

III. RESULTS AND DISCUSSION

As we have already said, we shall analyze here the an
lar distributions of Ne101 ions transmitted through â100& Si
thin crystal. The ion energy will be 60 MeV and the cryst
thickness will be varied from 105 to 632 atomic layers; t
thickness of one atomic layer is 0.543 082 nm.18 This range
corresponds to the range of the reduced crystal thickn
from 0.10 to 0.60, i.e., from the beginning of the first rai
bow cycle to the beginning of the second rainbow cycle. T
one-dimensional thermal vibration amplitude of the atoms
the crystal is 0.007 44 nm.19 We assume that the atomi
strings defining the channel lie on thex and y axes. The
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FIG. 1. The angular distributions of Ne101 ions transmitted through â100& Si thin crystal. The ion energy is 60 MeV and the crys
thicknesses are 105, 232, 274, 369, 422, and 632 atomic layers, corresponding to the reduced crystal thicknesses of 0.10, 0.22,
0.40, and 0.60. The areas in which the yields of the transmitted ions are larger than 5, 15, 30, and 60% of the maximal yield are d
by the increasing tones of gray color.
th

y
th

um
s.
are

eter
number of atomic strings is 36, i.e., we take into account
atomic strings lying on the three nearest~relative to the chan-
nel axis! square coordination lines.17 The average frequenc
of the transverse motion of the ions is determined from
e

e

second-order terms of the Taylor expansion of the continu
potential of the crystal in the vicinity of the channel axi
The equations of motion of the ion in the transverse plane
solved numerically. The components of the impact param
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FIG. 2. The rainbow lines in the scattering angle plane for the transmission of Ne101 ions through â100& Si thin crystal. The ion energy
is 60 MeV and the crystal thicknesses are 105, 232, 274, 369, 422, and 632 atomic layers, corresponding to the reduced crystal t
of 0.10, 0.22, 0.26, 0.35, 0.40, and 0.60.
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of the ion were chosen uniformly within the region of th
channel. The initial number of ions was 70925502 681. The
Jacobian of the components of the scattering angle of the
and the rainbow lines in the impact parameter plane
scattering angle plane are determined numerically too.

Figure 1 shows the angular distributions of the transmit
ions for the six characteristic values of the reduced cry
n,
d

d
al

thickness—0.10, 0.22, 0.26, 0.35, 0.40, and 0.60. The a
in which the yields of the transmitted ions are larger than
15, 30, and 60 % of the maximal yield are designated by
increasing tones of gray color. The first five values of va
ableL correspond to the first rainbow cycle, while its six
value corresponds to the beginning of the second rainb
cycle. The angular distribution forL50.10 is characterized



to

ce
ic
d

on
ce

i
-
f

sta

gl
st
ow
di

ct

on
ou
ct
e
in
e

an
m

in-

een

cted

ld

the
ns-
e
lu-

tal
tal

g
an-
om-
m
fo-

d by
ma
tan-

eles

the

gs
e
es
ne

gs
e
ess
ess
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by four pronounced maxima lying on the lines directed
wards the atomic strings defining the channel. ForL50.22
and 0.26 the angular distributions contain four pronoun
maxima lying on the lines directed towards the atom
strings, and eight pronounced maxima close to the lines
rected between the atomic strings. The angular distributi
for L50.35 and 0.40 are characterized by four pronoun
maxima lying on the lines directed between the atom
strings. Finally, forL50.60 the angular distribution is simi
lar to the one forL50.10, demonstrating the periodicity o
the angular distribution with respect to the reduced cry
thickness.

Figure 2 gives the rainbow lines in the scattering an
plane for the six characteristic values of the reduced cry
thickness, as in Fig. 1. The figure includes only the rainb
lines connecting the pronounced maxima of the angular
tributions of the transmitted ions. For variableL equal to
0.10 the rainbow is a cusped square with the cusps dire
towards the atomic strings defining the channel. ForL
50.22 there are two cusped rectangular rainbows lying al
the lines directed between the atomic strings, and f
cusped isosceles triangular rainbows along the lines dire
towards the atomic strings. ForL50.26 and 0.35 there ar
four cusped isosceles triangular rainbow lines, and four ra
bow points. However, in the former case the rainbow lin
lie along the lines directed between the atomic strings,
the rainbow points on the lines directed towards the ato

FIG. 3. The yields of Ne101 ions transmitted through â100& Si
thin crystal ~a! along the line directed towards the atomic strin
defining the channel, and~b! along the line directed between th
atomic strings. The ion energy is 60 MeV and the crystal thickn
is 232 atomic layers, corresponding to the reduced crystal thick
of 0.22.Q5(Qx

21Qy
2)1/2.
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strings, while in the latter case the arrangement of the ra
bow lines and rainbow points is opposite. ForL50.40 the
rainbow is a cusped square with the cusps directed betw
rather than towards the atomic strings. Finally, forL50.60
the rainbow is again a cusped square with the cusps dire
towards the atomic strings. It should be noted that forL
50.10 the rainbow line coincides with the one which wou
be obtained by the model introduced by Nesˇković.12

The comparison of Figs. 1 and 2 clearly shows that all
pronounced maxima of the angular distributions of the tra
mitted ions lie on the rainbow lines, i.e., their origin is th
crystal rainbow effect. Therefore, we can say that the evo
tion of the angular distribution with the reduced crys
thickness is fully determined by the evolution of the crys
rainbow.

Figure 3~a! gives the yield of the transmitted ions alon
the line directed towards the atomic string defining the ch
nel for the reduced crystal thickness equal to 0.22. The c
parison of this figure and Fig. 2 shows that the maximu
designated by 1 corresponds to the effect of zero-degree
cusing of the channeled ions, and the maxima designate
2, 3, and 4 correspond to the crystal rainbow effect. Maxi
2 correspond to the intersections of the two cusped rec
gular rainbows with theQy axis, while maxima 3 and 4
correspond to the intersections of the two cusped isosc
triangular rainbows with this axis. Figure 3~b! gives the yield
of the transmitted ions along the line directed between

s
ss

FIG. 4. The yields of Ne101 ions transmitted through â100& Si
thin crystal ~a! along the line directed towards the atomic strin
defining the channel, and~b! along the line directed between th
atomic strings. The ion energy is 60 MeV and the crystal thickn
is 369 atomic layers, corresponding to the reduced crystal thickn
of 0.35.Q5(Qx

21Qy
2)1/2.
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PRB 61 189THEORY OF RAINBOWS IN THIN CRYSTALS:
atomic strings for variableL equal to 0.22. Maximum 1
corresponds to the effect of zero-degree focusing, w
maxima 2 and 3 correspond to the intersections of the
cusped rectangular rainbows with theQx5Qy axis.

Figure 4~a! gives the yield of the transmitted ions alon
the line directed towards the atomic strings defining
channel for the reduced crystal thickness equal to 0.35.
comparison of this figure and Fig. 2 shows that the maxim
designated by 1 corresponds to the effect of zero-degree
cusing of the channeled ions, and the maxima designate
2 and 3 correspond to the crystal rainbow effect—to the
tersections of the two cusped isosceles triangular rainb
lines with theQy axis. Figure 4~b! gives the yield of the
transmitted ions along the line directed between the ato
strings for variableL equal to 0.35. The maximum desig
nated by 1 corresponds to the effect of zero-degree focus
while the maxima designated by 2 correspond to the cry
rainbow effect—to the rainbow points lying on theQx5Qy
axis.

It must be noted that in an experiment the widths of
maxima of the yields of the transmitted ions shown in Figs
and 4 would be larger—primarily due to the uncertainty
the scattering angle of the ion caused by its collisions w
the electrons of the crystal, and the finiteness of the res
tion of its detector. In order to observe these maxima o
must perform a high-resolution experiment similar to the o
performed by Krauseet al.4
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IV. CONCLUSIONS

We have presented here the theory of the crystal rainb
It enables one to generate and fully explain the angular
tributions of ions transmitted through thin crystals. The co
ponents of the scattering angle of the ion are obtained a
solving its equations of motion in the transverse plane,
after the three-dimensional following of its trajectory. Th
angular distribution is generated by the computer simulat
method. Then, the obtained mapping of the impact param
plane to the scattering angle plane is analyzed, and the r
bow lines in the scattering angle plane are determined. Th
lines ensure the full explanation of the angular distributio

The theory of the crystal rainbow has been applied her
the transmission of 60 MeV Ne101 ions through thê 100&
axial channels of the Si crystal of the thickness from 105
632 atomic layers, i.e., from the beginning of the first ra
bow cycle to the beginning of the second rainbow cycle.

This work is the continuation of the experimental a
theoretical work of Krauseet al.,4,13 which was inspired by
the theoretical work of Nesˇković.12 We have shown that the
evolution of the angular distribution of the transmitted io
with the reduced crystal thickness can be fully explained
the evolution of the crystal rainbow. This means that t
theory of crystal rainbow is the proper theory of ion cha
neling in thin crystals.
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