PHYSICAL REVIEW B VOLUME 61, NUMBER 1 1 JANUARY 2000-I

Theory of rainbows in thin crystals: The explanation of ion channeling applied to Né** ions
transmitted through a (100) Si thin crystal
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The theory of crystal rainbows is presented. It enables the generation and full explanation of the angular
distribution of ions transmitted through thin crystals. The angular distribution of the transmitted ions is gen-
erated by the computer simulation method. Then, the rainbow lines in the scattering angle plane are deter-
mined. These lines ensure the full explanation of the angular distribution. The theory is applied to the trans-
mission of Né®" ions through &100 Si thin crystal. The ion energy is 60 MeV and the crystal thickness is
varied from 105 to 632 atomic layers, i.e., from the beginning of the first rainbow cycle to the beginning of the
second rainbow cycle.

[. INTRODUCTION lowing of ion trajectories in crystal channels similar to Bar-
Theoretical studies of ion channeling in crystals hav rett’s. Thosg codes were used to analyze the trans!tion from
) A : . ethe(llO) axial channeling to th¢211} planar channeling of
been going on along two major lines. The first line was; \1av He' ions in a thin Si crystat® They observed a
founded ’by Lindhard, and the second one by Barréﬁ. strong focusing effect in the transition region accompanied
Lindhard’s approach was via statistical mechanics, and ihy the dramatic changes in the energy spectra of the ions.
was analytical. He included the continuum approximationrayse and Daf? wrote an interesting review article on
i.e., neglected thdongitudina) correlations between the po- heavy ion channeling. It contains a brief description of the
sitions of the atoms of one atomic string of the crystal, neangular distributions of ions transmitted through thin crys-
glected thdtransversgcorrelations between the positions of tg|s.
the atomic strings, and included the assumption of statistical Nesovic!? showed theoretically that in the transmission
equilibrium in the transverse plane. Barrett's approach wasf ions through axial channels of very thin crystals the rain-
via the ion-atom scattering theory, and it was numerical. Hdows occurred, i.e., that the corresponding differential trans-
developed a very realistic computer code for the threemission cross section could be singular. His approach was
dimensional following of ion trajectories in crystal channels, via the ion-molecule scattering theory, and it was numerical.
in which the three approximations used by Lindhard wereln that approach the continuum approximation was included
avoided. Barrett's approach is more complex, but a numbeimplicitly, the correlations between the positions of the
of calculations have shown that it is much more accuraté@tomic strings of the crystal were included, and the assump-
than Lindhard’s approach' The coincidence of the experillon. of statistical eqUIIIbrlum |!"| the transverse p[ane was
mental and theoretical results obtained by Kraesel? avoided. Shortly after the prediction, the crystal rainbow ef-
clearly demonstrates the accuracy of Barrett's approact€Ct was observ‘?i:?. , o
Lindhard’s approach would give the angular distributions of  Krause etal’ studied the angular distributions of

4-6)+ ; ; s
the channeled ions which would be qualitatively different6_30 Mev C ions transmitted through GL.OO).S' thin
from the angular distributions obtained by Kraueeal. crystal. They showed that the angular distributions of the

: , ) : . transmitted ions could be classified by the reduced crystal
Lindhard’s and Barrett's approaches are described in de; . . L
- ) ! ) hickness, and that some maxima of the angular distributions
tail in the famous review article on channeling and relate

effects of Gemmelf. A brief description of Lindhard's ap- could be attributed to the crystal rainbows. The reduced crys-

) ; tal thickness is defined by expression
proach can be found in the study of resonant electronic pro- y exp

cesses accompanying heavy ion channeling by Andersen

et al® Regarding Barrett's approach, we would like to men- A=f(qe,m)L/v, (N
tion here the following four studies and a review article rel-

evant to this work. Abekt al.” calculated the distribution of wherege, m andv are the ion charge, ion mass, and average
1.9 MeV He" ions in the{110 planar channel of a thin Fe ion velocity, e is the elementary chargé, is the crystal
crystal as a function of the crystal thickness using the conthickness, and(qe,m) is the average frequency of the trans-
tinuum approximation. They demonstrated that the yield ofverse motion of the ion$!* Also, it has been demonstrated
the channeled ions near the channel center was periodic withat the evolution of the angular distribution with the reduced
respect to the crystal thickness. In addition, they found thacrystal thickness has a periodic behavidt " The values of
the distribution of the channeled ions at the distance from theariable A equal to 0.0, 0.5, 1,0.. correspond to the be-
channel center which varied with the crystal thickness wagiinnings of the cycles of the angular distribution. These
singular. Smulders and Boerfi@nd Dygo and Turdsde-  cycles are called the rainbow cyclesHowever, the evolu-
veloped the computer codes for the three-dimensional foltion of the angular distribution wittA within one rainbow
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cycle, as well as the differences between the angular distrinitial ion velocity. The angular distribution of the transmit-
butions in different rainbow cycles remained unexplained. ted ions is generated by the computer simulation
We shall present here the theory of the crystal rainbowmethod®**4~1"The transverse components of the initial ion
which is the generalization of the model introduced byposition, i.e., the components of its impact parameter, are
Neovic.'? This theory will be used to analyze the case ofchosen randomly or uniformly within the region of the chan-
Ne'®" jons and 100 Si thin crystal. The ion energy will be nel.
60 MeV and the crystal thickness will be varied from 105 to  Alternatively, instead of solving the equations of motion
632 atomic layers, i.e., from the beginning of the first rain-of the ion in the transverse plane, the components of its
bow cycle to the beginning of the second rainbow cycle. Wescattering angle can be obtained after the three-dimensional
shall compare the evolution of the angular distribution of thefollowing of its trajectory, as in Barrett's approatfln that
transmitted ions with the reduced crystal thickness with thecase the continuum approximation is avoided.
evolution of the crystal rainbow. The scattering law of the ion is given by expressions

0,=0,(Xg,Y0;A) and ©y(Xg,Yo;A), (4)

The system under consideration is an ion moving througr\évfhﬁ]f)i(gr?ndyo are the components of the impact parameter

an axial channel of a thin crystal. We assume that the inter-" .. . L
action of the ion and the crystal is elastic, and that it can be. Since the scattering angle of the ion is small, the expres-

treated classically.The z axis coincides with the channel sion for its differential transmission cross section is
axis and the origin lies in the entrance plane of the crystal. o=1/J], (5)
The angle between the initial ion velocity vector and the ) )
axis is taken to be zero. However, the theory of the crystaihereJ=J(xo,yo;A) is the Jacobian of the components of
rainbow can easily include the case in which this angle is noth€ scattering angle, which describes the mapping of the im-
Zero. pact parameter plane to the scattering angle plane in the pro-
. . . . . i ;12,13
We assume that the ion-atom interaction potential is of€SS under conglderatlé?\. _ _
the Thomas-Fermi type, and adopt for it Moliere’s expres- Thus, the rainbow lines in the impact parameter plane,

Il. THEORY

sion, i.e., the lines in the impact parameter plane along which the
differential transmission cross section of the ion is singular,
V(r)=(Z,Z,e%/r)[0.35exp—br)+0.55exg—4br) are determined by equation
+0.10exg—20br)], (2 J(Xg,Yo;A)=0. (6)

whereZ, andZ, are the atomic numbers of the ion and the The rainbow lines in the scattering angle plane are deter-
atoms of the crystal, respectively,s the distance between mined by Egs.(6) and(4), i.e., they are the images of the
the ion and the atomh=0.3R, a=[972/(128&,)]"%a, is  rainbow lines in the impact parameter plane, defined by the
the screening radius of the atoms, amg is the Bohr scattering law of the ion.

radius**! This expression is chosen following the excellent It should be noted that in the model introduced by
experience of Krauset al. with it** (who studied the angu- Neovic'? the components of the scattering angle and the
lar distributions of the medium energy heavy ions transmit-differential transmission cross section of the ion, as well as
ted through &100 Si thin crystal tog. We also assume that the rainbow lines in the impact parameter plane and the
we can apply the continuum approximatibfror the con- shapes of the rainbow lines in the scattering angle plane de-
tinuum potential of théth atomic string of the crystal we use pend only on the components of the impact parameter of the

expression ion.
It will be shown here that the determination of the rain-

U}h(x,y)= Ui(x,y)+(at2h/2)[axxui(x,y)+ayin(x,y)], bow lines in the scattering angle plane is crucial for the ex-

3 planation of the angular distribution of the transmitted ions.
This step had not been included in Barrett's apprdatand,
hence, it could not ensure the full explanation of the angular
gistributions obtained by Krauset al?

whereU;(x,y) is the continuum potential of thigh atomic
string with the thermal vibrations of the atoms neglected,
andy are the transverse components of the ion position, an
oy, is the one-dimensional thermal vibration amplitude of the
atoms'? The continuum potential of the crystal is the sum of
the continuum potentials of the atomic strings. As we have already said, we shall analyze here the angu-
We shall neglect here the energy loss of the ion, thdar distributions of N&* ions transmitted through @00 Si
changes of its charge, and the uncertainty of its scatteringhin crystal. The ion energy will be 60 MeV and the crystal
angle caused by the collisions with the electrons of the crysthickness will be varied from 105 to 632 atomic layers; the
tal. However, these effects can be included in the theory ofhickness of one atomic layer is 0.543 082 HhT his range
the crystal rainbow? corresponds to the range of the reduced crystal thickness
In order to obtain the components of the scattering anglérom 0.10 to 0.60, i.e., from the beginning of the first rain-
of the ion,®, and ®,, one has to solve the equations of bow cycle to the beginning of the second rainbow cycle. The
motion of the ion in the transverse plane, and use expressiomme-dimensional thermal vibration amplitude of the atoms of
0,=V,/Voand®,=V,/V,, whereV, andV, are the trans- the crystal is 0.007 44 niY. We assume that the atomic
verse components of the final ion velocity, awg is the  strings defining the channel lie on theandy axes. The

Ill. RESULTS AND DISCUSSION
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FIG. 1. The angular distributions of R ions transmitted through @00 Si thin crystal. The ion energy is 60 MeV and the crystal
thicknesses are 105, 232, 274, 369, 422, and 632 atomic layers, corresponding to the reduced crystal thicknesses of 0.10, 0.22, 0.26, 0.35
0.40, and 0.60. The areas in which the yields of the transmitted ions are larger than 5, 15, 30, and 60% of the maximal yield are designated
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number of atomic strings is 36, i.e., we take into account thesecond-order terms of the Taylor expansion of the continuum
potential of the crystal in the vicinity of the channel axis.

nel axi9 square coordination liné€.The average frequency The equations of motion of the ion in the transverse plane are
of the transverse motion of the ions is determined from thesolved numerically. The components of the impact parameter
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FIG. 2. The rainbow lines in the scattering angle plane for the transmission'8f Mes through 100 Si thin crystal. The ion energy
is 60 MeV and the crystal thicknesses are 105, 232, 274, 369, 422, and 632 atomic layers, corresponding to the reduced crystal thicknesses
of 0.10, 0.22, 0.26, 0.35, 0.40, and 0.60.

of the ion were chosen uniformly within the region of the thickness—0.10, 0.22, 0.26, 0.35, 0.40, and 0.60. The areas
channel. The initial number of ions was 789502 681. The in which the yields of the transmitted ions are larger than 5,
Jacobian of the components of the scattering angle of the iord,5, 30, and 60 % of the maximal yield are designated by the
and the rainbow lines in the impact parameter plane andhcreasing tones of gray color. The first five values of vari-
scattering angle plane are determined numerically too. able A correspond to the first rainbow cycle, while its sixth
Figure 1 shows the angular distributions of the transmitted/alue corresponds to the beginning of the second rainbow
ions for the six characteristic values of the reduced crystatycle. The angular distribution fok =0.10 is characterized
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FIG. 3. The yields of N¥" ions transmitted through @00 Si FIG. 4. The yields of N¥* ions transmitted through @00 Si

thin crystal(a) along the line directed towards the atomic strings ihin crystal(a) along the line directed towards the atomic strings
defining the channel, anb) along the line directed between the gefining the channel, antb) along the line directed between the
atomic strings. The ion energy is 60 MeV and the crystal thickness;gmic strings. The ion energy is 60 MeV and the crystal thickness

is 232 atomic layers, cor/responding to the reduced crystal thicknesg 39 atomic layers, corresponding to the reduced crystal thickness
of 0.22.0= (®x2+ ®y2)1 2 of 0.35.0 = (®><2+ ®y2)1/2.

by four pronounced maxima lying on the lines directed to-strings, while in the latter case the arrangement of the rain-
wards the atomic strings defining the channel. Ber0.22  how lines and rainbow points is opposite. FoE0.40 the
and 0.26 the angular distributions contain four pronouncedainbow is a cusped square with the cusps directed between
maxima lying on the lines directed towards the atomicrather than towards the atomic strings. Finally, for0.60
strings, and eight pronounced maxima close to the lines dithe rainbow is again a cusped square with the cusps directed
rected between the atomic strings. The angular distributionsowards the atomic strings. It should be noted that for
for A=0.35 and 0.40 are characterized by four pronounced=0.10 the rainbow line coincides with the one which would
maxima lying on the lines directed between the atomichbe obtained by the model introduced by Kewic.*?
strings. Finally, forA =0.60 the angular distribution is simi- The comparison of Figs. 1 and 2 clearly shows that all the
lar to the one forA =0.10, demonstrating the periodicity of pronounced maxima of the angular distributions of the trans-
the angular distribution with respect to the reduced crystamitted ions lie on the rainbow lines, i.e., their origin is the
thickness. crystal rainbow effect. Therefore, we can say that the evolu-
Figure 2 gives the rainbow lines in the scattering angletion of the angular distribution with the reduced crystal
plane for the six characteristic values of the reduced crystahickness is fully determined by the evolution of the crystal
thickness, as in Fig. 1. The figure includes only the rainbowainbow.
lines connecting the pronounced maxima of the angular dis- Figure 3a) gives the yield of the transmitted ions along
tributions of the transmitted ions. For variable equal to  the line directed towards the atomic string defining the chan-
0.10 the rainbow is a cusped square with the cusps directackl for the reduced crystal thickness equal to 0.22. The com-
towards the atomic strings defining the channel. Por parison of this figure and Fig. 2 shows that the maximum
=0.22 there are two cusped rectangular rainbows lying alongesignated by 1 corresponds to the effect of zero-degree fo-
the lines directed between the atomic strings, and foucusing of the channeled ions, and the maxima designated by
cusped isosceles triangular rainbows along the lines directe?l 3, and 4 correspond to the crystal rainbow effect. Maxima
towards the atomic strings. Far=0.26 and 0.35 there are 2 correspond to the intersections of the two cusped rectan-
four cusped isosceles triangular rainbow lines, and four raingular rainbows with the®, axis, while maxima 3 and 4
bow points. However, in the former case the rainbow linescorrespond to the intersections of the two cusped isosceles
lie along the lines directed between the atomic strings, antriangular rainbows with this axis. Figurét8 gives the yield
the rainbow points on the lines directed towards the atomiof the transmitted ions along the line directed between the
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atomic strings for variableA equal to 0.22. Maximum 1 IV. CONCLUSIONS

corresponds to the effect of zero-degree focusing, while

maxima 2 and 3 correspond to the intersections of the two We have presented here the theory of the crystal rainbow.

cusped rectangular rainbows with thg =0, axis. It enables one to generate and fully explain the angular dis-
Figure 4a) gives the yield of the transmitted ions along tributions of ions transmitted through thin crystals. The com-

the line directed towards the atomic strings defining theponents of the scattering angle of the ion are obtained after

channel for the reduced crystal thickness equal to 0.35. Theoying its equations of motion in the transverse plane, or

comparison of this figure and Fig. 2 shows that the maximuygter the three-dimensional following of its trajectory. The

designated by 1 corresponds to the effect of zero-degree fQynqjar distribution is generated by the computer simulation

cusing of the channeled ions, and the maxima designated By,iho4. Then, the obtained mapping of the impact parameter

2 and 3 correspond to the crystal rainbow effect—to the in

i i f the tw di les tri | inb \'@Iane to the scattering angle plane is analyzed, and the rain-
ersections of the o Cusped ISoSCeles tnanguiar rainboy, ines in the scattering angle plane are determined. These
lines with the ®, axis. Figure 4b) gives the yield of the

: . . . .lines ensure the full explanation of the angular distribution.
transmitted ions along the line directed between the atomic . .
The theory of the crystal rainbow has been applied here to

strings for variableA equal to 0.35. The maximum desig- 7 L
nated by 1 corresponds to the effect of zero-degree focusin € transmission of GO_MeV N&" ions through the(100
ial channels of the Si crystal of the thickness from 105 to

while the maxima designated by 2 correspond to the cryst ! . o _ i
632 atomic layers, i.e., from the beginning of the first rain-

rainbow effect—to the rainbow points lying on tkg, =0, = ’
axis. bow cycle to the beginning of the second rainbow cycle.

It must be noted that in an experiment the widths of the This work is the continuation of the experimental and
maxima of the yields of the transmitted ions shown in Figs. 3heoretical work of Krauset al,*** which was inspired by
and 4 would be larger—primarily due to the uncertainty ofthe theoretical work of Né®vic.'> We have shown that the
the scattering angle of the ion caused by its collisions withevolution of the angular distribution of the transmitted ions
the electrons of the crystal, and the finiteness of the resoluwith the reduced crystal thickness can be fully explained by
tion of its detector. In order to observe these maxima onghe evolution of the crystal rainbow. This means that the
must perform a high-resolution experiment similar to the ongheory of crystal rainbow is the proper theory of ion chan-

performed by Krauset al* neling in thin crystals.
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