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Effect of quantum interference in the nonlinear conductance of metallic microconstrictions
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The influence of the interference of electron waves, which were scattered by single impurities on nonlinear
quantum conductance of metallic microconstrictions†as was recently investigated experimentally B. Ludoph
et al., Phys. Rev. Lett.82, 1530~1999!‡ is studied theoretically. The dependence of the interference pattern in
the conductanceG(V) on the contact diameter and the spatial distribution of impurities is analyzed. It is shown
that the amplitude of conductance oscillation is strongly dependent on the position of impurities inside the
constriction.
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I. INTRODUCTION

The scanning tunneling microscopy~STM! and the me-
chanically controllable break junction~MCB! techniques of-
fer an opportunity to study the conductance of metallic c
tacts consisting of only a few atoms~quantum contacts!. The
electrical conductance of such contacts, at small bias vol
is proportional to the number of propagating electron mod
N, each one contributing an amount ofG052e2/h.1 By in-
creasing the diameter of the contact, the energies of mo
continuously decreases, but the number of modes incre
whenever a new mode fits into the constriction cross sect
This numberN is limited by the requirement that the kinet
energy for the transverse motion is smaller than the Fe
energy«F . When a new mode is occupied, a new quant
channel is opened. The conductance then undergoes a
of G0. Such quantization of conductance has been obse
in both two- and three-dimensional contacts with diamet
comparable to Fermi wave lengthlF5h/pF (pF is the Fermi
momentum!.2–6 Jumps in conductance are also expected
occur, at the constant contact diameter while bias voltag
varied. If the bias eV is larger than the distances between
energy levels of quantum modes, it is possible to change
number of opened modes by changing the voltageV. At a
certain threshold voltage a channel is opened or closed
one direction of the electron wave vector along the const
tion and consequently conductance suffers aG0/2 stepwise
change.7

Quantum interference effects have been studied in dif
ent mesoscopic systems.8 In ballistic metallic microconstric-
tions it manifests itself as fluctuations in conductance whe
magnetic field9 or an electrical voltage is applied.10 Now
experimental efforts have been done using MCB techniqu
in order to measure conductance as a function of voltag
atomic-size point contacts.11 A prominent feature of these
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measurements, is the existence of small random volta
dependent fluctuations in conductance, far from steps.
measurements11 clearly indicate suppression of the fluctu
tions for conductance values near the integer multiples of
conductance quantum. Similar results have been reporte
using a STM to show the strong voltage dependence of c
ductance of one-atom contacts at different temperatures.12 It
is generally believed that the observed oscillations in c
ductance are due to the quantum interference effects.12 Lu-
doph and co-authors,11 propose the following interpretation
The electron wave transmitted through the contact is ba
scattered to the contact by an impurity and then partia
reflected at the contact. These waves interfere and chang
total conductivity. The energy and thus the wave number
an injected electron into the channel, depends on the volt
Consequently the interference pattern in conductance o
lates as electron wave number varies with the voltage.

Although the theory developed by Ludophet al.11 can
explain the general feature of fluctuations, here we try
examine a different mechanism. Impurities~or defects! are
assumed to be located inside the constriction, and the in
ference is effectively between waves scattered from the
purities. The existence of a few defects or impurities ins
the constriction is rather natural considering the way the c
tact is formed. Using the model of a long microconstricti
we can find the conductivity analytically. We discuss t
theory of nonlinear electron transport through a mesosco
microconstriction with a few impurities. We show that th
nonlinear dependence of the quantum conductance on
voltage is obtained from this model. The form of this depe
dence is affected not only by the distances between imp
ties, but also by their positions inside the constriction.

In Sec. II the model Hamiltonian is discussed and is us
to obtain a general expression for the nonlinear conducta
In Sec. III ad-function potential is assumed for the intera
16 796 ©2000 The American Physical Society
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tion of electrons with impurities and a simplified equation f
the conductance is obtained. Within the framework of p
turbation theory, a general analytical equation is also deri
for conductance of the system, for an arbitrary number
quantum modes and an arbitrary number of impurities
cated in arbitrary positions. These analytical results are il
trated by numerical calculations for the contact in the fo
of a long cylindrical contact. A brief discussion of the res
is given in Sec. IV.

II. GENERAL EQUATION FOR THE NONLINEAR
CONDUCTANCE OF THE LONG QUANTUM

MICROCONSTRICTION

Let us consider a long narrow constriction, which co
nects two bulk metals, assumingeV!«F . The geometry is
shown in Fig. 1. We assume that the contact shape is sm
on the scale of the wavelengthlF . This condition assures
that different transverse modes pass through the ball
contact independently~adiabatic approximation13!. We also
assume that the contact length is much larger than its di
eter and we can neglect the constriction end effects. Un
these approximations, the electrical field inside the con
far from the ends is negligible and the energy« of ballistic
electrons depends only on the sign of velocity along the c
tact axis.14,15 The HamiltonianH of the electrons contain
the following terms:

H5H01H11Hint , ~1!

where

H05(
n

«aca
†ca ~2!

is Hamiltonian of free electrons, and

H15
eV

2 (
a

sinvzca
†ca ~3!

describes the influence of applied bias voltage.16 Hint de-
notes interaction of electrons with impurities, and depe
on the positions of impuritiesr i in the constriction; the op-
erator ca

1(ca) creates~annihilates! a conduction electron
with the wave functionwa , and energy«a . The electron
wave functions and eigenvalues are

wa~r !5cb~R!expS i

\
pzzD , ~4!

FIG. 1. The model of the quantum microconstriction in the fo
of a long channel of the radiusR, which smoothly~on the Fermi
length scale! connects two massive metallic reservoirs. The imp
rities inside the constriction are shown schematically.
-
d
f
-

s-

t

-

th

ic

-
er
ct

-

s

«a5«b1
pz

2

2me
, ~5!

wherea5(b,pz), b is the set of two transverse quantu
numbers,pz is the momentum of an electron along the co
tact axis,r5(R,z), R is a coordinate in the plain, perpen
dicular to thez axis, andme is the electron mass.

In zero approximation inHint the currentJ0 through the
contact areaSc is

J05eScTr~vzr0!, ~6!

where

r05 f F~H01H1!, ~7!

vz5pz /m is the electron velocity andf F is the Fermi func-
tion. Using Eqs.~6! and ~7!, and wave function~4!, we find
the equation for the ballistic conductance:

G15
1

2
G0(

b
F f FS «b1

eV

2 D1 f FS «b2
eV

2 D G . ~8!

At zero temperature andV→0, this formula describes the
well known G0 steps of quantum conductance and in t
quasiclassical case it turns into the Sharvin conductance17,14

In order to investigate the influence of single impuriti
on the nonlinear quantum conductance of the point cont
we use the method, which was developed by Kulik a
others.18,19 The change in the electrical currentDJ is related
to the rate of energy dissipation by the relation:

DJV5
dE

dt
5

d^H1&
dt

. ~9!

The differential of^H1& with respect to timet is we ob-
tained from the Heisenberg equation. The changeDJ of the
current due to interactions of electrons with impuritie
would then be

DJV5
1

i\
^@H1~ t !,Hint~ t !#&, ~10!

where

^ . . . &5Tr@r~ t ! . . . #. ~11!

All operators are in the interaction representation.
The statistical operatorr(t) satisfies the equation

i\
]r

]t
5@Hint~ t !,r~ t !#, ~12!

which can be solved using perturbation theory inHint ~but
for the arbitraryH1):

r~ t !5r01
1

i\E2`

t

dt8@Hint~ t8!,r0#1••• . ~13!

We would then have

DJ52
1

\2V
E

2`

t

dt8Tr~r0@@H1 ,Hint~ t !#,Hint~ t8!# !.

~14!
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The decrease in total conductanceDG52G2, results in
the quantum interference defined as

G252
dDJ

dV
. ~15!

If the applied bias eV is much smaller than the differenc
between the energies«b of modes, Eq.~15! describes the
dependence of total conductance on the voltageV.

III. THE CONDUCTANCE OSCILLATIONS

Now using the general Eqs.~14! and~15!, we investigate
the behavior ofG2 for the case ofd-function scattering po-
tential. The HamiltonianHint can be written as

Hint~r j !5g (
aÞa8

wa* ~r j !wa8~r j !ca
†ca8 . ~16!

Hereg is the coupling constant of the interaction of an ele
tron with an impurity located in the pointr j .

Substituting Eqs.~7! and ~16! into Eq. ~14!, after some
simple but cumbersome calculations we find

DJ52
ep

2\
g2 (

a,a8
(
i , j

~sinvza2sinvza8!

3wa8
* ~r j !wa* ~r i !wa8~r i !wa~r j !

3~ f a82 f a!d~ea82ea!, ~17!

where f a5 f F(«1eV/2 sinvza). At zero temperaturef F
5Q(«F2«), Eq. ~17! can be further simplified. Using th
wave functions~4!, we obtain for the nonlinear part of con
ductance the following equation:

FIG. 2. The normalized conductanceG2 /G1 as a function of
voltage in a three modes channel (2pR54.2lF), for the different
numberk of impurities; k52 for solid line,k53 for dashed line,
andk54 for dotted line.
s

-

G25G0

pmeg
2

2 (
b,b8,i , j

H cosF1

\
~pb

(1)1pb8
(1)

!Dzi j G
3

1

pb
(1)pb8

(1) QS «F2«b1
eV

2 D
3QS «F2«b81

eV

2 D1cosF1

\
~pb

(2)1pb8
(2)

!Dzi j G
3

1

pb
(2)pb8

(2) QS «F2«b2
eV

2 D
3QS «F2«bn82

eV

2 D J
3cb8

* ~Rj !cb* ~Ri !cb8~Ri !cb~Rj !, ~18!

where

pb
(6)5A2me~«F6eV/22«b!. ~19!

The cosine terms in the Eq.~18! describe the conductanc
oscillations due to the interference of electrons waves s
tered by impurities. The transverse partscb(Rj ) of wave
functions contain the mesoscopic effect of impurity positio
inside the constriction. Equation~18! diverges atpb

(6)50.
Physically it means that in the Born approximation, t
slowly moving electron is repeatedly scattered on the im
rity. In this case the perturbation theory~Born approxima-
tion! is not valid anymore, and we must take into account
interference of partial waves under the electron scattering
impurity. We assume that energy levels are not very clos
the boundary energies«F6eV/2 and the quantityG2 added
to the ballistic conductanceG1 @Eq. ~8!# is small.

FIG. 3. The normalized conductanceG2 /G1 as a function of
voltage for a channel with two impurities at different number
opened quantum modes; single mode (2pR52.7lF) for the solid
line, three modes (2pR54.2lF) for the dashed line, and five
modes (2pR55.5lF) for the dotted line.
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FIG. 4. The changing of the interference pa
tern in theG2(V) dependence of the three mod
channel, which contains two impurities, with in
creasing the contact diameter. The distance
tween impurities and its distances from the co
tact axis is the same for all values ofR. The
radiusR is changed in the interval, in which th
number of opened quantum modes is constan
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For the numerical calculations we have used the fr
electron model of point contact consisting of two infini
half-spaces connected by a long ballistic cylinder of a rad
R and a lengthL ~Fig. 1!.

In the limit L→` the electron wave functionswa8(r ) and
energies«a can be written as

wa8~r !5
1

AVJm11~gmn!
JmS gmn

r

RDexpS imw1
i

\
pzzD ;

~20!

where

«a5«mn1
pz

2

2me
; «mn5

\2

2meR
2
gmn

2 . ~21!

We have used cylindrical coordinatesr5(r,w,z) with z
along the axis of cylinder. Herea5(n,m,pz) are the quan-
tum numbers,V5pR2L is the volume of the channel, an
gmn is the nth zero of the Bessel functionJm . Since the
electron energy has degeneracy for azimuthal quantum n
ber m ~as a result of the symmetry of the model! quantum
modes with6m have the same contribution in conductanc
In this model, Sharvin conductance has not only stepsG0,
but also steps 2G0.20 In Fig. 2 the dependence of the inte
ference pattern on the number of impurities inside a cons
tion with constant radius is shown. It shows that as a resu
the interference of electron waves, which were scattered
different impurities, the interference maxima inG2(V) de-
pendence, may both be depressed and increased. The
ference oscillation of the conductance depends strongly
the number of opened quantum modes that follows from
dependence of its maximum value of longitudinal electr
momentum@see, Eq.~3!# on the contact size. The voltag
dependence ofG2 for different contact sizes are shown
Fig. 3. Figure 4 illustrates how the changing in the nonlin
-
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dependenceG2(V) changes with the contact size. It corr
sponds to the case of two impurities in the contact. The
sition of impurities and the number of opened quantu
modes are kept constant. The difference in the interfere
oscillations is a result of the changing in the relative po
tions of nodes and maxima of the electron wave funct
from the points in which the impurities are situated.

IV. CONCLUSION

The dependence of quantum conductance of metallic
trasmall contacts containing impurities on bias voltage
been theoretically studied. We have shown that impurit
situated inside the quantum microconstriction produce a n
linear dependence of the conductance on the applied volt
which is the result of the interference of electron waves
flected by impurities. The transmission probability of th
electron through constriction depends on the relation
tween the electron wave lengthl andDzi j , the projection of
distances between impurities along the channel. It is ma
mum when the conditionDzi j 5nl/2 (n is integer! is satis-
fied. Since the electron momentum depends on the app
bias, one can change the transmission by changing the
age. Our numerical calculations show that the resulting n
monotonic dependence of the conductance, is similar
shape to the ones observed in experiment.11,12The amplitude
of the interference pattern is sensitive to the transversal
sition of impurities inside the constriction. If the impurity i
located near the point where the electron wave function c
responding to thenth quantum mode vanishes, then the d
creasing of transmission of that mode would be negligibl
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