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Phase transitions in fiber materials
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~Received 1 March 1999; revised manuscript received 23 August 1999!

We propose a theory for the phase transitions in materials made from natural fibers. At heating, the theory
predicts structural phase transitions of the first order. The normalized thermodynamical characteristics show
the universal behavior of a scaling law, which is unusual for first order phase transitions The scaling exponents
depend only on the exponent of the energy of small-angle interaction between fiber segments. We consider
here some specific fibers like collagen which ‘‘melt’’~denaturate! at higher temperature and we found explicit
expressions for the thermodynamics characteristics, which can be verified by experiment.
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Introduction. In crystals, liquid crystals, and molecula
liquids the energy of intramolecular interaction is mu
higher than the characteristic temperatures of phase tra
tions. For these materials the structural transformations
determined by a competition between the intermolecular
teractions which force the material to order and the tende
of the entropy to increase. The basic units of these syst
are microscopic and interact with their neighbors by sho
range interaction. Because the effective number of neighb
is small, mean-field approximation is problematic and hig
approximations are required. On the other hand, the rele
parameters of the intermolecular interaction depend on
tails of the molecular structure and correct estimation
them requires a complex quantum-mechanical calculat
Both these factors complicate the theory so much that o
huge numerical calculation may lead to satisfactory res
for a real case. In certain cases, however, we can avoid t
difficulties by the replacement of the microscopic basic un
by quasimacroscopic ones. This approach was success
used in the renormalization-group theory of critical pheno
ena and in polymer physics—the concepts
‘‘quasimonomers’’1 and ‘‘blobs.’’2 In all these cases such
replacement was successful because of the existing l
range correlations in the system.

In this paper we would like to propose still another mod
where the concept of quasimacroscopic basic units is nat
It is a system that consists of quasistable macromolecule
molecular aggregates in which the energy of the relev
intraunits interactions is of the same order as the charac
istic temperature of the phase transformations. In suc
case, the structure of the material is determined by a com
tition between the interunit interactions and the temperatu
dependent change of the internal structure of the units.
cause of the macroscopic nature of the units, most of
details of the internal structure of the units are irrelevant
an effective interunit interaction and this can be appro
mated by using simple expressions in the mean-field
proximation. Therefore, the theory simplifies and most of
thermodynamic characteristics can be calculated analytic

We will discuss here a concrete case of collagen m
material—natural leather. Leather is made up of fibe
which are built from collagen molecules in ‘‘helix’’~spiral!
form. The collagen molecule in helix form has a length
3000 Å and a diameter of 15 Å. The three folded spirals
PRB 610163-1829/2000/61~1!/16~4!/$15.00
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bonded by relatively weak, mainly hydrogen, bonds. The s
ral consists of about 300 segments and each one con
approximately 3 amino-acid residues with 20–30 carbon
nitrogen atoms.3 If the temperature is low (T!Td1, where
Td1'310 K) the helix form is stable. At higher temperatur
hydrogen and other weak bonds, which stabilize the he
form, become unstable and the helix breaks down to rand
coils.3 This transition, however, is not sharp, but sprea
over a temperature interval of 30240 K. This indicates that
a cooperative process takes place and not a real p
transition.4 For higher temperature (T>Td2 ,Td2'350 K)
collagen molecules are ‘‘melted’’ completely. This proce
of the breakdown of the ordered helix structure, held
gether by noncovalent bonds, to a randomly coiled phas
called denaturation. The organized fibers are stable foT
!Td1 and break down forT>Td2.

At low temperature the fibers are stable and can be c
sidered as basic units. When the pressure is increased
number of fibers per volume fraction increases and the in
action between the fibers becomes important. As the fib
have a certain rigidity and their quasistraight pieces are m
longer than their diameter, there will be a tendency for
fibers to align themselves in parallel straight pieces. It h
been shown in Ref. 5 that the free energy of such a sys
has the form of theC4 field Hamiltonian on a sphere an
that at low temperature between low and high pressure
phase transition from a disordered to an ordered state t
place. For the explicite expressions of the density and te
perature dependencies of the other thermodynamic par
eters, see Ref. 5.

Theory.If we increase the temperature of compressed m
terial with fixedc, to a temperature higher thanT05cT* , a
first-order phase transition from the ordered to the disorde
phase takes place. As long asT0!Td1 this will be the initial
disordered phase.

A more complex situation occurs forT0.Td1. If the tem-
perature is higher thanTd1, the helix form of the collagen
molecule becomes unstable, the molecules melt, and th
bers are destroyed. The approach of the previous sec
fails, because the variation in the internal free energy of
fibers plays a major role.6 The structure of the material fo
T>Td1 is determined by the competition between the me
ing and ordering of the collagen molecules. We will descr
the behavior of the material by using the following mode
16 ©2000 The American Physical Society
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In a first approximation the leading term of the free e
ergy can be represented as

F5F01c fmol1Tceorien1F int , ~1!

where f mol is the free energy of a single collagen molecu
eorien is the orientation dependent part of the entropy, andF int
is the energy of intermolecular interaction. In order to calc
late f mol we use an approximation which is close to the we
known Zimm-Bragg model. The latter is in good agreem
with the real behavior of the collagen molecules~see, for
example Ref. 4!.

Consider a collagen molecule that containssN segments
in helix form and pN boundaries between ‘‘helix’’ and
‘‘coil’’ parts of the molecule ~in the literatures is called
spirality!, whereN is the number of segments in the mo
ecule.N is large. Let us call the free energy of a segmen
helix form 2«h , in coil form - «c and the energy of seg
ments on the boundary between helix and coil parts as«s
@«h2«c5DU2TDS[DS(Tm2T), whereDU and DS are
the differences between the internal energy and entropy
spiral and a melted segment#. As the collagen molecule ca
be considered as a one-dimensional system, we can calc
the free energyf mol in an analogous way as for the on
dimensional~1D! Ising model. The result is Ref. 4:

f mol52~«c2«h!s1«sp2T$s ln s1~12s!ln~12s! ~2!

22p ln p2~s2p!ln~s2p!2~12s2p!ln~12s2p!%.
~3!

The last two terms in Eq.~1! we obtain in the mean-field
approximation~MFA!:13

eorien5sE
nW 251

dnW g~nW !ln~4pg~nW !!; ~4!

F int5
c2

2 H s2E
n251

dkWdnW g~kW !g~nW !U~kW ;nW !

12Txshs~12s!1Txss~12s!2J , ~5!

whereg(nW ) is the average fraction of the segments in he
form that are directed in the directionnW . The first term in Eq.
~5! corresponds to the interaction between helix-helix s
ments, while the others describe the interaction betw
helix-coil and coil-coil segments, respectively.

The energy of interaction between spiral segments
write in the form

U~kW ;nW !.Txhhu~kW ;nW !. ~6!

We assume as above, that nearkW'nW

u}ukW3nW u2v, ~7!

which corresponds to a repulsive interaction in an exclud
volume approximation.7 In this approximation,v50 corre-
sponds to the bundles made from hard spheres,v50.5 to the
bundles made from hard bars and largerv may be used for
archlike ‘‘hemstitch’’ units.
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We will also assume that in a first approximation the c
efficientsxhh'xhs'xss'nsx are of the same order.ns is
the number of atoms in the segments.

Using the Onsager approximation forg(kW ) ~Ref. 13! and
integrating formula~5! over nW andkW , we obtain forl@1

Tceorien1F int.TcH s~ ln l21!1s2
cnsx

2
z~v!l2v

2s2
cnsx

2 J 1
Tc2nsx

2
, ~8!

where coefficientz(v) is

z~v!522v11p21/2G~ 3
2 1v!.

In the disordered phaseg(kW )[1/4p and the interaction
term in this approximation

F int8 5
Tc2

2
$xhhs

212xshs~12s!1xss~12s!2%'
Tc2nsx

2
~9!

does not depend on spirality. In the ordered phase the q
tities s,p andl have to be found by minimizing Eq.~1!. This
gives

l5~c/c0!1/vs1/v, ~10!

~12s2p!s

~s2p!~12s!
5

l

t
exp

2

v S 2
c

zc0
s112

v

2 D , ~11!

p2

~s2p!~12s2p!
5s, ~12!

where

t5exp
«c2«h

T
[expDS

Tm2T

T
, ~13!

s5exp2«s/T , ~14!

c052/xnsvz ~15!

~for collagen«s@Tm ,v'0.5, ns;23101 and DS;10). If
cs!c0 , l is small and the above used approach fails. F
suchc and s, however, the angle-dependent interaction b
tween molecules becomes irrelevant, and the system wil
in the disordered phase. In this phasel50 and the free
energyF8 can be calculated in an explicit form. The resu
is4

F8'F02cT ln
t111A~t21!214st

2
1

Tc2nsx

2
.

~16!

The order parameter in the ordered phase is

Q'12
3

l
1oS 1

l2D .123S c0

c D 1/v

s21/v. ~17!

Note, that we have here
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] ln~12Q!

] ln c
5

] ln~12Q!

] ln s
'2

1

v
, ~18!

while for the phase transition under presure at low tempe
tures it is obtained in Ref. 5 that

] ln~12Q!

] ln c
'2

1

11v
. ~19!

So in Eq.~18! the dependence ofQ on c is much stronger for
small v, than in Eq.~19!. These derivations depend only o
n and thus measurement ofQ gives important information on
the type of interfiber interaction.

The solution of the system~10!–~12! that corresponds to
largel, is

12s'
1

t F S c

c0
DexpS 2

2c

zc0
122v D G1/v

!1, ~20!

Q'123S c

c0
D 21/v

. ~21!

The phase transition temperatureTc is found from the con-
dition Forder(Tc)5Fdisorder8 (Tc). So we obtain

DS
Tc2Tm

Tc
.jS v,

c

ct
D2 lnS 11

se22j

12e2jD , ~22!

j'
r~v!~c/ct21!2 ln~c/ct!

v
, ~23!

r5 ln r1 ln z~v!e12v, ~24!

ct5zrc0 . ~25!

The ordered phase can be stable only ifc.ct5zrc0. Thus
l.(zr)1/v and the above used approximation~6! is valid,
becausezr.1.

The derivative of the transition temperature to the pr
sure
a-

-

]Tc

]P
}

]Tc

]c
;

Tc
3

qvTm
S 11s

~22e2j!e22j

~12e2j!2 D S ct

c D S r
c

ct
21D

.0 ~26!

is positive. The latent heat and the jump in compressibil
for this case are

q;ctTcDS, ~27!

Dk}
ctTc

v S 122r
c

ct
D,0. ~28!

For the jumps in the orientation order parameter and
the spirality we have

DQ.123S ct

zrcD 1/v

, ~29!

Ds.12exp
1

v S 12r
c

ct
D , ~30!

so the phase transition is of first order. Note, that in o
approximation these jumps strongly depend on the expon
of the small-angle interaction between the molecules se
ments.

The restrictionct<1 leads to

ns>ns0~v!5 2r/xv ~31!

and forns, ns0(v) the phase transition does not exist. Th
numerical solution of the system~10!–~12! is shown in Fig.
1.

On the left hand side (c,ct) cooperative ‘‘melting’’
takes place, while on the right hand side (c.ct) a first order
phase transition can clearly be seen. The intermolecular
teraction transforms the cooperative ‘‘melting’’ to the phas
transition of the first order.

Discussion and concluding remarks.The MFA is the
most crucial approximation in our theory but it is a reaso
able one. At low temperatures each quasistraight piece o
l-
FIG. 1. Spirality as a function of the norma
ized inverse temperature and density.
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fiber or collagen molecule interacts with a large number
neighbors and, therefore, fluctuations of the concentra
are irrelevant. On the other hand, the phase transitions a
the first order and fluctuations of the order parameter
therefore small.

In spite of the different analytical expressions obtained
Ref. 5 and here, there is a close relationship between
corresponding models. In Ref. 5 our basic units were fib
We can roughly consider the fiber as a chain with
straight-piece segments being of persistent length. Bec
the persistent length is inverse proportional to the temp
ture the unit structure changes as function of the tempera
as shown in Fig. 2~a! ~see also the concept of ‘‘quasimon
mers’’ in Ref. 1!. In this paper our basic units were collage
molecules. In the temperature interval, where the colla
molecule denatures, it can be considered as a chain bui
from straight-helix pieces interspersed with denatured
pieces. Because the fraction of helix segments decreases
increasing temperature the unit structure changes as sh

FIG. 2. Change of basic unit structure as function of the te
perature.~a! fibers,~b! collagen molecules.
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in Fig. 2~b!. It is clear that Figs. 2~a! and 2~b! are compa-
rable.

For low pressure, heating leads to destruction of
leather, but for high pressure it leads to the appearance o
amorphous material~see Fig. 3 in Ref. 5!. This transforma-
tion corresponds to the transition described here. For
transition the jump of Young’s modulus, which is strong
correlated with the jump in the compressibility@see Eq.
~28!#, was observed in Ref. 8. The theory predicts the sta
lization of the spiral form of the collagen molecules at hi
pressure and the sensitivity of the transition to an uniax
stress.6 The spiral form stabilization has been found alrea
in an aqueous solution of collagen,9 while the sensitivity to
an uniaxial stress should be tested by experiment.

In fact, it has been shown in Refs. 10–12, that a no
material can be developed by exerting high pressure
temperature on natural leather material. The production
done in an oxygen poor environment in order to prev
burning of the leather. The resulting material, which w
calledpleather, is thermoplastic.

It should be noted, that in the real material the pha
transition under heating is not reversible and after cool
the system does not return to the initial low-temperat
phase. This effect is connected with the cross links betw
collagen molecules in the coil form. These cross links are
important for the behavior under heating, because until
phase transition the spirality of collagen is large. However
we cool the material after phase transition the cross li
prevents spiralization and, therefore, stabilize the disorde
phase.

Our main assumptions are general enough to apply
theory to a class of compressed materials made from var
fibers. It could be used, for example, for implant materi
made from actin myofibrils or for artificial wood made from
natural cellulose fibrils.

We would like to express our gratitude to Professor
Domb, F.R.S. for his interest in the work and for critical
reading the manuscript.
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