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Thermoelectric properties of n-type PbTeÕPb1ÀxEuxTe quantum wells
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A systematic theoretical analysis of electronic states and thermoelectric transport in PbTe/Pb12xEuxTe
quantum well structures is presented, employing more realistic well model than has been used up to now. The
carrier scattering both on optical and acoustical phonons is considered. The kinetic equations are solved using
the variational method and taking into account the intersubband transitions. The electrical conductivity, ther-
mopower~Seebeck coefficient! and thermoelectric power factor as functions of the well width are studied for
quantum well~QW! structures with~100! and~111! crystallographic orientations and different carrier densities.
It is found that the power factor is greater in~100! QW’s, but the more realistic the well model is the lower the
power factor. The dependencies of the power factor on the carrier density are determined and analyzed. It is
shown that when the potential barrier height grows but the carrier density remains constant, the power factor
is decreased. However the latter may be increased by increasing the permissible carrier density. So the
expected values of the power factor for QW’s withU5250 meV, d520 Å , andn5531019 cm23 are
175 mW cm21 K22 in the case of~100! orientation and 108m Wcm21 K22 for the ~111! one. The compari-
son with the results of recent experiments is also presented.
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I. INTRODUCTION

Interest in quantum-well structures as a new material w
improved thermoelectric properties has grown considera
in the last years. This interest was stimulated by the ide1,2

that it is possible to increase greatly the thermoelectric fig
of merit ZT of certain materials by preparing them in qua
tum well ~QW! two-dimensional~2D! layered structures. A
still more significant increase in ZT was predicted for on
dimensional~1D! conductors or quantum wires.3 These sug-
gestions were based on the theoretical results obtained
the simplest well model; when the height of potential barri
was supposed infinite, the approximation of constant re
ation time was used and the thermal conductivity through
barriers was neglected. The main increase of ZT in th
models proceeds from the large increase of the electr
density of states per unit volume that occurs when
quantum-well width decreases.

However, in systems with a finite height and a fin
thickness of the potential barriers the carrier tunneling
tween the conducting layers leads to the formation of sup
lattice states and, accordingly, the density of states decre
This effect and especially the thermal conduction throu
barriers tends to decrease the figure of merit4–7 in compari-
son with that of idealized models. The effect of energy d
pendence of the relaxation time gives rise to decreasing
rier mobility with decreasing well width in 2D
superlattices8,9 and especially in 1D wires10,11 leading to a
further decrease of ZT. Thus, the significant increase of
predicted in Refs. 1–3 is changed considerably. Theref
the detailed analysis of potential thermoelectric opportuni
of QW’s, of expected thermoelectric efficiencies of su
PRB 610163-1829/2000/61~23!/15965~10!/$15.00
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structures, is an important and urgent problem. Predicti
about ZT in~111! and~001! oriented PbTe/PbEuTe multiple
quantum-well ~MQW! structures have been presented
Ref. 12.

We have investigated13–16 the thermoelectric opportuni
ties of PbTe/Pb12xEuxTe QW’s in more realistic models
than was done earlier. It was shown that one may obtain
~100! oriented QW’s, power factor values higher than
~111! oriented structures. In Ref. 16 it was taken into acco
the dependence of carrier effective mass on the QW’s wid
This effect tends in addition to decrease ZT a little.

Experimental investigations of PbTe/Pb12xEuxTe quan-
tum wells17 have shown a significant increase of the prod
nS2 considered to be proportional to the thermoelect
power factorP5sS2, or even to ZT, wheren is the carrier
density,S is the Seebeck coefficient, ands is the electrical
conductivity. However, as it was demonstrated in Ref. 9, t
proportionality does not hold, and with decreasing w
width ZT grows much more slowly thannS2. A real increase
of the power factor was measured in the experimen
work.18 However, only ~111! oriented PbTe/Pb12xEuxTe
quantum wells withx50.073 were investigated. A review o
the recent progress on low-dimensional thermoelectric m
rials for enhanced performance is presented in Ref. 19.

In the present work we investigate the thermoelectric
portunities of PbTe/Pb12xEuxTe QW’s employing the mos
realistic well model that was used up to now. The anisotro
of effective masses, the multivalley character of bulk sem
conductors, the dependencies of effective masses on the
height and width, the presence or the lifting of valley dege
eracy, the effect of carrier penetration into barriers, and
15 965 ©2000 The American Physical Society
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coupling between longitudinal motion of electrons along
well and transversal motion across the well are taken
account. The electronic states in QW’s are investigated
function of the well width and of potential barrier height fo
structures with different crystallographic orientations. T
Fermi level position and the energetic levels population
determined for different carrier concentrations. The electr
conductivity and thermopower~Seebeck coefficient! are cal-
culated for the transport in the plane of QW by the var
tional method taking into consideration the intersubba
transitions and the scattering of carriers both on optical
acoustical phonons. The thermoelectric power factor a
function of the well width and carrier density is determin
and analyzed.

II. QUANTUM-WELL MODEL

We shall consider a quantum well formed of a thin Pb
layer of the thicknessd ~denoted as region 2! sandwiched
between two layers of Pb12xEuxTe ~regions 1 and 3!. Thus
the QW structure consists of three layers,l 51,2,3. The elec-
trons in the PbTe layer are confined to move into a rect
gular QW potential of finite heightU. The bulk PbTe and
Pb12xEuxTe with x,0.1 have four equivalent full valleys
~energetic minima! in L points of Brillouin zone and four full
ellipsoids of constant energy that are oriented in the dir
tions @111#.

In the envelope function approximation~EFA!, the
Hamiltonian of an electron in QW for a given valley can
written as

H52
\2

2 (
i j

]

]xi
S 1

m~z! D i j

]

]xj
1U~z!,

xi5~x,y,z!, ~1!

wherex andy are in-plane axes andz is perpendicular to the
QW plane. (m21) i j is the tensor of inverse effective mass
that has the same form in all three regions (l 51,2,3) due to
identical crystal layer symmetry. In dependence ofz it re-
ceives the barrier or well values, which must be calcula
through longitudinalmi and transversalm' bulk effective
masses for different crystallographic orientations of
structure.U(z) is the confinement potential of QW:U(z)
5U, whenuzu.d/2, andU(z)50, whenuzu,d/2, whereU
is the conduction-band offset between the well and bar
materials, andd is the QW width. The axisz is measured
from the middle of QW.

The validity and limitations of the EFA have been inve
tigated for different materials of QW’s by comparing EF
results with the calculations performed within the tigh
binding approximation20 and pseudopotential approach.21 It
was shown that the EFA yields somewhat higher energ
than the microscopic treatment, but this discrepancy is
portant only for very narrow wells. The very good agreem
between the infrared transmission results measured ex
mentally in PbTe/Pb12xExTe MQW’s and EFA calculations
established in Ref. 17 for wells larger than 20 Å, confirm
that EFA calculations can be used to determine the posit
of the subband energy levels, at least for not very narr
QW’s.
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Further calculations will be done for the structures w
~100! and ~111! orientations. Then for each of three consi
ered regions the solution of the Schro¨dinger equation with
the Hamiltonian~1! can be searched in the form22

cka
l ~r!5xkl~r!eialz(kx1ky)ja l~z!,

r5~r,z!, r5~x,y!, ~2!

wherexkl(r)5Sw
21/2 exp(ikr) is the wave function that de

scribes the free-electron motion along the well,Sw is the QW
area, k is a 2D wave vector, andk5(kx,ky). The factor
exp@ialz(kx1ky)# takes into account the coupling betwee
longitudinal and transversal motion of the electron. T
value ofal depends on the valley position relative to the w
plane and is determined by the values of longitudin
ml uu and transversalml' effective masses of the well and o
the barrier. It results from Eqs.~1! and~2! that the envelope
wave functionsja l(z) may be found from the equations

2
\2

2mzl
ja l9 1U~z!ja l5@E2« l~k!#ja l . ~3!

Herea denotes the number of dimensional quantization le
~the bottom of respective energy subband!, « l(k) is the ki-
netic energy of the electron in the layerl, andE is the full
electron energy measured from the bottom of the bulk Pb
conduction band. As a result of the difference between b
rier and well effective masses («1Þ«2) the envelope func-
tion depends on the wave vectork of electron motion along
the layer.

Equations~3! can be solved exactly in each layer~well
and barriers!. Using the Bastard boundary condition,23 i.e.,
the continuity ofmz

21d(ln j)/dz at each layer boundary, th
following equation for the energetic levels and dispers
law of electrons in thea subband may be obtained

pd5ap22 arcsin$p/@~mz2 /mz1!2D22p2#1/2%, ~4!

where

p25
2mz2

\2
@E2«2~k!#,

D25
2mz1

\2
~U1«12E!. ~5!

The full energy of electron isEa(k)5Ea1Ea(k), and it
forms series of minisubbands. The bottom of each subb
Ea5Ea(0) is the energy of dimensional quantization, a
Ea(k) is the kinetic energy of the electron inath subband.

From Eq.~4! it is seen: first, as far as the carrier masses
the barrier are greater than in the well, and thus«1,«2, the
energy levelsEa lower in comparasion with the case whe
the effective masses should be the same; second, for
carriers~smallkx ,ky) on deep well levels the dispersion la
is near to«2(kx ,ky), i.e., it is determined by electron mass
in the well, but for fast carriers it is near to«1(kx ,ky). The
dispersion law became nonparabolic, although in the b
materials it was considered parabolic.

It is also seen from Eqs.~3! and~4! that the formation of
quasi-two-dimensional states is possible only if the condit
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Ea(k),U1«1(k) is carried out, i.e., the full energy of elec
tron with the wave vectork of longitudinal motion in the
subbanda must be less than the energy of the electron w
the samek in the conduction band of the barrier. In th
contrary case the well cannot capture the electrons w
higher k and the discreet statesa turn into the states o
continuous spectrum.

Equation~4! was solved numerically. In order to compa
our results with those of Ref. 17, the same approach24 was
used to calculate the band offsets for QW’s and also the b
gaps and band effective masses for Pb12xEuxTe. This gave
muu50.620m0 (m0 is the free-electron mass! and m'

50.053m0 for PbTe, muu51.12m0 and m'50.076m0 for
barrier material withx50.073 (U5171 meV), andmuu
51.4m0 and m'50.094m0 for material withx50.098 (U
5250 meV). In Ref. 25 the band parameters of Pb12xEuxTe
were re-evaluated. This implies that the band gapEg ~and,
accordingly, the band offset! is reduced approximately b
10 %, the longitudinal masses are reduced still sma
whereas the transversal masses are increased by alm
factor of 1.7. However, this increase of barrier effecti
masses has influence on the transport only in very nar
wells. As our estimations have shown, atd520 Å the elec-
trical conductivity decreases by about 20 %, the thermoe
tric power slightly grows, and the thermoelectric power fa
tor diminishes by about 15 %. With the increase of the w
width these deflections diminish very rapidly. So as our c
culations have a model character, we have used the ab
mentioned approach.17 The massesmx , my , and mz at T
5300 K were then calculated in the well and in the barr
for ~100! and~111! 2D oriented structures withx50.073 and
x50.098, respectively. The results are listed in Table I
Ref. 14. In the previous papers13–15 we have used 2D para
bolic dispersion laws with these masses for the investiga
of electron transport along the well layer. But this appro
mation is sufficiently only for thick QW’s. Really, the non
parabolic dispersion law for each subband and for eacd
needs to be determined from Eq.~4!.

In the present paper we neglect the nonparabolity, but
calculate from Eq.~4! the electron effective massesmx(d)
andmy(d) at the bottom of the subband that are functions
d. Just these masses will characterize the electron transpo
subbands. The estimations demonstrate that this is a ra
good approximation.

Figures 1~a! and 1~b! show the dependencies of the d
mensional quantization energiesEa on well width d for U
5171 meV. Each valley forms its set of levels~the bottom
of respective subbands!. In the case of~100! oriented QW,
Fig. 1~a!, the valley degeneracy is preserved, all four ell
soids are equivalent, and the energy levels coincide. In
case of~111! oriented QW, the valley degeneracy is partia
lifted. Therefore, it results in one set of levels arising fro
the longitudinal ellipsoid, which is oriented along the dire
tion @111# or perpendicular to the QW plane~longitudinal
subbands!, and the other set arising from three, oblique to
@111# direction, ellipsoids~oblique subbands!, Fig. 1~b!.

At very small well widthd;20 Å in ~100! QW, there is
only one levelE1, but in ~111! QW there are three,E1l , E2l ,
andE1ob . With the growth ofd these levels lower and at
certain value ofd new levels appear. So far, as in the~111!
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case, the massmz is greater than in the~100! one, the dis-
tances between the levels in~111! QW are less, and thei
number is greater. Since here the dependence of effec
masses ond has been taken into account, and the mas
increase with decreasingd, the levelsEa are lower than in
Ref. 14. Moreover, in~111! QW at d520 Å , there are not
two, but three levels. All levels presented in Fig. 1 give ri
to energy subbands, and all relevant electron-phonon sca
ing processes for both intrasubband and intersubband tra
tions will be considered in the study of the transport ph
nomena.

FIG. 1. ~a! Quantum-well energy levelsE1 , E2 , E3 ~curves 1,
2, and 3!, Fermi levelsEF ~curves 18, 28, and 38) and the differ-
encesEF2E1 ~curves 19, 29, and 39) expressed ink0T unites as a
function of the well widthd for (100) oriented PbTe/Pb12xEuxTe
wells. ~b! The same as in~a! for (111) oriented wells, where the
curves 1l to 8l denote the levelsE1l , E2l , . . . ,E8l arising from the
longitudinal ellipsoid along the@111# direction, curves 1ob to 3ob

denote the levelsE1ob , E2ob , andE3ob arising from the oblique to
@111# direction ellipsoids, curves 1l 9, 2l 9, and 3l 9 denote the dif-
ferencesEF2E1l and curves 1ob9 , 2ob9 , and 3ob9 denote the differ-
ences EF2E1ob . Barrier height U5171 meV56.61k0T(x
50.073), T5300 K. The levels 1-, 2-, and 3- correspond to
Fermi levels in bulk PbTe; 18, 19, 1-, 1l 9, and 1ob9 are for n
51018 cm23; 28, 29, 2-, 2l 9, and 2ob9 for n5531018 cm23; 38,
39, 3-, 3l 9, and 3ob9 for n51019 cm23.
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The results of the calculation of the Fermi energyEF
dependence on the well widthd at fixed electron density in
QW and the Fermi energies of bulk PbTe,EF

b , for three
different densities, are also shown in Fig. 1. The Fermi
ergy grows with the decreasingd, however, this growth is
not as sharp as forEa . Therefore, for~100! QW’s the quan-
tity EF2E1 that determines the degeneracy degree of
carriers in the respective subband, is lower than respec
bulk EF

b in the whole interval ofd. There is also a large
domain of parameters whereEF2E1,0, and the difference
uEF2E1u increases with the decrease ofd. Such behavior of
EF2E1 is determined by increasing the density of states

In the case of~111! QW’s, the situation is more compli
cated because even at smalld there are three levels. Th
differenceEF2E1l is close to bulkEF

b . Only at very small
d, EF2E1l is less thanEF

b . However, for oblique subband
EF2E1ob is much lower thanEF2E1l due to higher position
of oblique subband than in longitudinal one.

On the base of Eq.~4! we have calculated the 2D spe
trum of electronsEa(k) in ~100! and~111! QW’s for several
lowest subbands. It was found that for each band the s
trum Ea(k) is near parabolic with some new effective mass
mxa(d), mya(d) that depend on well width, on the subban
number, and on the height of barrier potential.

Figure 2 shows, as an example, the dependence of e
tron effective massesmya on well width d in three lowest
subbands of~100! QW’s with U5171 meV and in four sub-
bands forU5250 meV. It is seen that whend decreases the
well masses in all subbands tend to barrier ones. At fixed
the effective mass is greater in higher subband.

Figure 3 shows the variation of relative electron effect
masses@mi(d)2mi #/mi , where i 5x,y, in the lowest sub-
bands for~100! and ~111! QW’s with U5171 meV. It is
seen that with decreasingd the massesmx(d) andmy(d) in
the longitudinal subband of~111! QW grow weakly enough
because they are already close to barrier masses, but i
~100! QW and in the oblique subband of~111! QW, these
masses grow considerably. This growth of effective mas
is connected with the penetration of the electron wave fu

FIG. 2. Variation of electron effective massesmya(d) as a func-
tion of well width d in three lowest subbands of (100) QW’s wit
U5171 meV~curves 1, 2, and 3! and in four subbands~curves 18,
28, 38, and 48) whenU5250 meV. The horizontal lines note th
value of effective masses in the barriers.
-
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tion into the barrier. At very smalld, practically the whole
wave functionj1(z) is in the barrier. With increasingd the
wave functionj1(z) becomes more and more localized in t
well and the mass more and more close to well mass.
same dependencemia(d) is observed for the rest of the sub
bands.

It is interesting to note that with a precision of seve
percents the effective mass for any well widthd may be
calculated as the mathematical expectation of the well
barrier effective masses,mi

well andmi
bar,

mia~d!5Pami
well1~12Pa!mi

bar,

Pa5E
2d/2

d/2

uja~z!u2dz,

wherePa is the quantum-mechanical probability to find th
electron in the well. The increase of potential barrier heig
leads to the increase of effective masses as a result of ba
masses increasing.

III. THERMOELECTRIC TRANSPORT

Now we shall consider the carrier transport in the Q
model, presented in Sec. II. We are interested in the trans
along the QW. Therefore, let us suppose that a weak ele
field E and a weak temperature gradient¹T are applied
along the well, and¹T is parallel toE. In the general case
the current densityJ can be written in the form

J5ŝE2~sŜ!¹T, ~6!

whereŝ andŜ are the tensors of electrical conductivity an
of thermopower~Seebeck coefficient!, respectively. In the
multivalley semiconductors the current is a sum of carr
currents from different valleysn, so that

ŝ5( ŝn, ~sŜ!5( ~sŜ!n. ~7!

FIG. 3. Variation of relative electron effective masses as a fu
tion of the well widthd in the first lowest subbands of QW’s with
U5171 meV (i 5x,y). Curves 1 and 3 are formy andmx in the
(100) well; 2 and 4 are formy andmx in the lowest oblique sub-
band of the (111) well; curve 5 is formy and mx in the lowest
longitudinal subband of the (111) well.
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PRB 61 15 969THERMOELECTRIC PROPERTIES OFn-TYPE . . .
Let us further consider one valley omitting indexn. In
order to determine the kinetic coefficients, it is necessary
deduce the system of kinetic equations for the nonequilibr
distribution functionsf ka of electrons with the 2D wave vec
tor k, k5(kx ,ky), in theath 2D subband deriving from the
nth valley. In Ref. 15 we have taken into account the co
duction only in the lowest subband in the case of~100!
QW’s, or in the lowest longitudinal and oblique subbands
~111! QW’s. Here more subbands and also intersubb
transitions are considered, so that the problem is more c
plicated. To deduce the kinetic equations we used Keldys
diagram method,26 which is very convenient in this case
Here we shall note only the peculiarities of this deduction
spite of the fact that the Hamiltonian~1! formally is not a
sum of the Hamiltonians of longitudinal and transversal c
rier motions, it is possible to obtain the kinetic equation
f ka in a well model with sharp boundaries due to the co
pleteness and orthonormalizing properties of the funct
systemsxk(r) and exp@ialz(kx1ky)#ja(z) apart.

Further, so far as the functionxk(r) satisfies the equation

Ea~2 i¹r!xk~r!5Ea~k!xk~r!,

it appears in the left part of the kinetic equation the veloc
of the electron with the dispersion lawEa(k) in the ath
subband. The presence of the factor exp@ialz(kx1ky)# has in-
fluence only on the form-factor expression in the collisi
integral. Thus, one can obtain the kinetic equations forf ka
that look like Boltzmann equations with the collision int
grals of the form~the intervalley scattering is neglected!

I ka5
2p

\ (
Qb

E dvAQ
2 uI ab~Q!u2@N~v! f k2qb~12 f ka!

2@N~v!11# f ka~12 f k2qb!#d@v2Ea~k!1Eb~k2q!#

3@d~v2vQ!2d~v1vQ!#. ~8!

Here AQ is the electron-phonon matrix element. F
QW’s larger than 10–15 Å , the phonon confinement can
neglected and the phonons can be considered as in the
PbTe. Therefore for the interaction with longitudinal optic
~LO! phonons, one can put

AQ
2 52pe2k\vQ /~VQ2!, k5«`

212«0
21 ~9!

and for the interaction with deformation acoustical~DA!
phonons, respectively,

AQ
2 5\hQ/~2Vrs!, ~10!

wherevQ andN(v) are the phonon frequency and phon
distribution functions,Q is the 3D phonon wave vector,Q
5(q,qz), V is the volume of the system,e is the electron
charge,h is the deformation potential constant,s is the
sound velocity,r is the mass density, and«0 and«` are the
static and high-frequency dielectric constants, respective

The scattering form factor in Eq.~8! is given by

I ab~Q!5E dzja* ~z!e2 iz[qz2al (qx1qy)]jb~z!. ~11!

It is seen that in multivalley low-dimensional semico
ductor structures, due to the coupling between the longitu
to
m
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nal and transversal motion of carriers, a supplementary i
proportional toal , has appeared in the exponent express
from Eq.~11!. For oblique subbandalÞ0, and the maximum
value of the form factorI aa51 is achieved not atqz50, but
at a larger valueqz5al(qx1qy). The increase, characterist
for scattering values ofqz , leads to decreasing scatterin
probability on LO-phonons. In the case of scattering on D
phonons this effect is small because of the quasielasticit
scattering processes.

The kinetic equations were linearized in weak field by t
substitution

f ka5 f ka
0 2Fka] f ka

0 /]Ea~k!, ~12!

where f ka
0 is the equilibrium Fermi-Dirac distribution func

tion, and Fka is a new function, which characterizes th
deflection of nonequilibrium distribution function fromf ka

0 .
The linearized equations were solved by the variatio
method, using for the variational function, the expression27,28

Fka5(
i 51

2

(
n50

kih inS Ea~k!2z

k0T D n

, i 5xn,yn, ~13!

whereh in are the parameters to be varied,z is the chemical
potential,k0 is the Boltzmann constant,T is the temperature
and xn and yn are the axes of the local coordinate syste
connected with the principal axes of the ellipse of const
energyEa(k) for a separate valleyn. Taking into account
that the current density in the given valley is

J52
2e

V (
ka

vkaFka

] f ka

]Ea~k!
, ~14!

and determining the parametersh in , one can obtain the con
ductivity and thermopower tensors

s i j 5e2 (
i 1 j 1nm

Xi 1i
n ~Lnm

i j !21Xj 1 j
m , ~15!

~sS! i j 5ek0 (
i 1 j 1nm

Xi 1i
n ~Lnm

i j !21Xj 1 j
m11 , ~16!

where

Xi j
n 5

2

V (
ka

kivkja

] f ka

]Ea~k! S Ea~k!2z

k0T D n

, ~17!

vkja
5

1

\

]Ea~k!

]kj
,

Lnm
i j 5

p

\k0TV (
kk8qzab

AQ
2 uI ab~Q!u2sinh22S \vQ

2k0TD
3~ f k8b

0
2 f ka

0 !Fki8S Eb~k8!2z

k0T D n

2ki S Ea~k!2z

k0T D nG
3Fkj8S Eb~k8!2z

k0T D m

2kj S Ea~k!2z

k0T D mG
3d@\vQ2Ea~k!1Eb~k8!# ~18!
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and Q5(k2k8,qz). It is easy to see that in the coordina
systemxn, yn, the matrix Xi j

n is the diagonal, and in the
approximation of the parabolic dispersion law, used la
whenEa(k)5\2kx

2/2mxa1\2ky
2/2mya , Xi j

n are proportional
to unity matrix. The matrices of transport integralsLnm

i j are
also diagonal relative to indicesi and j. As a result, the
tensorss i j and (sS) i j are reduced to principal axes.

For the calculation of the conductivity tensor, it is enou
to keep in the sums onn and m, only one item withn5m
50. This means that in Eq.~13! only two variational param-
eters are used. Note that the increase of the variational
rameters number leads to the corrections smaller than 5–
Then, taking into account that

Xii
0[X052

k0T

p\2d
(
a

AmxamyaF0S z2Ea

k0T D52
nn

\
,

~19!

whereF0(z) is the Fermi integral of zero index andnn is the
bulk density of electrons innth valley, we obtain from Eqs
~15! and ~18!

s i i
2152

\

2e2nn
2k0Td

(
Qab

qi
2 sinh22S \vQ

2k0TD
3AQ

2 uI ab~Q!u2Im Pab~q,vQ!, ~20!

where ImPab(q,vQ) is the imaginary part of the polariza
tion operator

Pab~q,vQ!5
2

Sw
(

k
@~ f ka

0 2 f k1q,b
0 !/~\v1Ea~k!

2Eb~k1q!1 id!#,

d→01. ~21!

HereSw is the area of QW. Let us note that if the aniso
ropy is neglected, expression~20! coincides with the respec
tive expression of Ref. 29, wheres was obtained in the
frame of balance equations of transport theory. If elect
gas is considered pure 2D (I ab51), expression~20! agrees
with the results of Ref. 30!, when, in the latter, the dynamica
screening of the electron-phonon and electron-electron in
actions is neglected.

Further simplification of Eq.~20! depends on the type o
phonons. In the case of LO phonons, we haves i i

LO . Neglect-
ing the phonon dispersion,vQ[v0, and integrating onqz ,
we obtain

(
qz

AQ
2 uI abu25

pe2k\v0

Swq
Fab~q!, ~22!

where form factor

Fab~q!5E dz1E dz2ja* ~z1!ja~z2!

3e2quz12z2u1 ialqy(z12z2)jb* ~z2!jb~z1!

also can be calculated analytically, however this express
is very cumbersome and we do not show it here.
r,

a-
%.

n

r-

n

In the case of scattering on DA phonons, the imagin
part of the polarization operator was presented in the for

Im Pab~q,vQ!52
2p

Sw
~12e2\vQ /(k0T)!(

k
f ka

0

3~12 f k1qb
0 !d@\v1Ea~k!2Eb~k1q!#.

~23!

We used the quasielasticity of scattering in the conside
interval of room temperatures and carried out the expans
on (\vQ /k0T)!1, assuming a linear dispersion law for D
phonon frequency (vQ5sQ). After the integration with re-
spect toqz , we obtained

~s i i
DA!215

2p\h2

e2nn
2rs2dSw

(
qab

qi
2Iab

1

Sw
(

k
f ka

0

3~12 f k1q,a
0 !d@Ea~k!2Eb~k1q!#, ~24!

where the form factor

Iab5E dzuja~z!u2ujb~z!u2

does not depend on the wave vectorq of longitudinal phonon
motion.

When both scattering mechanisms on LO and D
phonons are considered, it results in one valleyn, in the local
coordinate systemxn, yn, (s i i

n )215(s i i
LO)211(s i i

DA)21.
Note that the tensorss i i

n are diagonal, but the in plane of QW
2D valley conductivitiessxnxn

n andsynyn
n are different. Now

it is necessary to lead the tensorss i i
n to a certain definite

coordinate systemx, y, connected with the QW and to sum
up these conductivity tensors of all four valleys. Hence
follows that ŝ is a diagonal tensor with equal componen
i.e.,s is a scalar. This is the consequence of cubic symme
of initial materials. Thus, for~100! QW

s10052~sxnxn
n

1synyn
n

! ~25!

and for ~111! oriented QW

s1115s l1
3

2
~sxnxn

n
1synyn

n
!, ~26!

wheres l is the conductivity of longitudinal subbands.
The expressions fors cannot be calculated analytically

The results of numerical calculation ofs are shown in Fig. 4.
The values of parameters were taken from Ref. 31. The s
tering both on optical and acoustical phonons was taken
account. It is found that, in the considered temperature ra
(T5300 K) the main contribution tos comes from the
scattering on optical phonons, although the scattering
acoustical phonons cannot be neglected, so the contribu
of the latter is of the order of 20–30 %.

All subbands of dimensional quantization, and all intr
subband and intersubband transitions were taken into
count. Note that earlier16 we had used a more simple ap
proximation: although for the calculation of the Fermi lev
all subbands were taken into consideration; for the electr
conductivity it was assumed that the electron transport
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curs only in the one lowest subband for~100! QW or in the
two lowest subbands for~111! QW. The comparison of re
sults shows that this approximation is rather good for t
wells with d;20 Å .

As is seen from Fig. 4, when the well widthd decreases
s100 decreases too~curves 1, 18, 3, 38, 5, and 58) although
the density-of-states per unit volume increases. This beh
ior of s100 is determined by the decrease of carrier mobil
caused by the increase of the phonon wave vector re
involved in the scattering processes. Namely, in the 2D c
the energy and momentum conservation laws do not imp
restrictions on the projectionqz . However, due to the pres
ence of the form factor in the collision integral, it follow
that the phonons withqz,1/d are important for the scatter
ing. Therefore, with decreasingd the scattering probability
increases ands100 decreases. The increase of the carrier
fective mass with the decrease ofd also leads to the decreas
of s100. On the other hand, with decreasingd ~for d
,40 Å ! the penetration of carrier wave function into ba
rier becomes more and more important, the wave func
becomes less and less localized, the effective well wi
grows and the decrease ofs100 becomes less sharp. The in
crease of potential barrier height leads to the decrease ofs100
~curves 18, 38, and 58), determined by more localized elec
tron wave functions in deeper potential well and by t
growth of effective mass, although first cause is more imp
tant. When the carrier density rises,s100 grows slightly more
rapidly than in the 3D case, but in all QW’ss100 is less than
in respective bulk material.

In the ~111! QW’s there is another situation. As the ca
culation of band population shows, in very narrow QW
with d;20 Å , the main contribution to conductivity come
from the lowest longitudinal subband with small effecti
masses and high mobilities. Accordingly,s111 is higher than
s100 ~curves 2, 28, 4, 48, 6, and 68). Whend increases, the
oblique subbands lower, and the electrons pass more

FIG. 4. Calculated electrical conductivitiess of
PbTe/Pb12xEuxTe quantum wells as a function of the well widthd
for (100) oriented QW’s,s100 ~curves 1, 18, 3, 38, 5, and 58) and
for (111) oriented QW’s,s111 ~curves 2, 28, 4, 48, 6, and 68).
Potential barrierU5171 meV (x50.073) for the curves 1, 2, 3, 4
5, and 6, andU5250 meV (x50.098) for the curves 18, 28, 38,
48, 58, and 68, T5300 K. Curves 1, 18, 2, and 28 are for n
51018 cm23; 3, 38, 4, and 48 for n5531018 cm23; 5, 58, 6, and
68 for n51019 cm23.
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more from longitudinal to these subbands, due to mu
higher density-of-states. But in these subbands the effec
masses are greater and the mobilities are smaller. There
s111 decreases with the increasingd. The rise of the potentia
barrier leads to the rise of oblique subbands and, as a re
to the growth of electron population of longitudinal subban
with high mobilities. Accordingly, in spite of several in
creases of effective mass,s111 rises. This effect is more im-
portant at smalld and higher carrier density.

As is seen from Fig. 4, the highest conductivities ares111
at smalld, but whend grows, boths100 ands111 tend to the
same value at a given carrier density. It is found that ad
.100 Å the intersubband transitions and the transpor
higher subbands becomes important. In this region of Q
thickness the conductivity depends very slightly on the o
entation of QW, on the potential barrier height, and on Q
thicknessd itself, tending with the growth ofd to its bulk
value. Note that the numerical calculations were carried
for d.20 Å . For smallerd the penetration of electron wav
function into barrier becomes very large and it requires t
ing into account the scattering of carriers in barriers on al
potential too.

IV. THERMOELECTRIC POWER

In order to determine the thermoelectric power ten
~Seebeck coefficient! Si j , the tensor (sS) i j @Eq. ~16!# was
calculated. The kinetic equations were also solved by va
tional method, using the variational function~13!, but in this
case, it needs to take two terms in the sum onn in Eq. ~13!.
This means that for the calculation ofSi j , four variational
parameters are used. Accordingly, in the sums onn andm in
Eqs.~15! and ~16! the terms withn,m50,1 were taken into
consideration.

In the matrices of transport integrals, additional comp
nents L01

i i , L10
i i , L11

i i appeared, which unlike theL00
i i , are

expressed not only by the imaginary part of the polarizat
operator~21!, but also contain more complicated structur
with ki

n under the symbol of summation in Eq.~21!. The
expression forSi j

n is rather cumbersome and cannot be p
sented here. Note that due to cubic symmetry of initial b
materials the tensorŜ becomes a scalar, which is noted byS.

The results of the numerical calculation ofSas a function
of well width d for ~100! and~111! oriented QW’s (S100 and
S111) are shown in Fig. 5. It is seen that the highest values
S are reached in~100! QW’s at smalld. Whend increases,
the bottom of the energy subbandsEa lowers, the Fermi
level EF lowers too, but more slowly, due to the decrease
the density-of-states per unit volume. The differenceuEF
2Eau, which influence significantly the values ofS100, di-
minish, and therefore, with increasingd, S100 decreases
~curves 1, 18, 3, 38, 5, and 58). The growth of the potentia
barrier from 171 meV to 250 meV has a small influence
S100.

In the ~111! QW’s, as was mentioned above, at smalld
the lowest longitudinal subband is mainly populated and
most important contribution inS111 comes from this subband
with low density-of-states. Therefore,S111 is less thanS100
~curves 2, 28, 4, 48, 6, and 68). When d increases,S111
decreases in the beginning at smalld, as S100. However,
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with futher increase ofd, a weak growth ofS111 is observed,
caused by the transfer of electrons from longitudinal s
bands to oblique ones, in which the density-of-states is m
higher. At d.100 Å , the thermoelectric power depen
very slightly on QW orientation, on the potential barri
heightU, and on QW thicknessd, tending at very larged to
its bulk value.

V. THERMOELECTRIC POWER FACTOR

The above obtained values of conductivitys and Seebeck
coefficient S permit us to calculate the power factorS2s.
Numerical results for (S2s)100 and (S2s)111 for (100) and
(111) oriented QW’s, respectively, are shown in Fig. 6 a

FIG. 5. Calculated thermoelectric powerSof PbTe/Pb12xEuxTe
quantum wells as a function of the well widthd for (100) oriented
QW’s, S100 ~curves 1, 18, 3, 38, 5, and 58) and for (111) oriented
ones,S111 ~curves 2, 28, 4, 48, 6, and 68). Potential barrierU
5171 meV (x50.073) for the curves 1, 2, 3, 4, 5, and 6, andU
5250 meV (x50.098) for the curves 18, 28, 38, 48, 58, and
68, T5300 K. Curves 1, 18, 2, and 28 are forn51018 cm23; 3,
38, 4, and 48 for n5531018 cm23; 5, 58, 6, and 68 for n
51019 cm23.

FIG. 6. Thermoelectric power factorS2s of PbTe/Pb12xEuxTe
quantum wells as a function of the well widthd for (100) oriented
QW’s, (S2s)100, ~curves 1, 18, 3, 38, 5, and 58) and for (111)
oriented ones, (S2s)111 ~curves 2, 28, 4, 48, 6, and 68). Poten-
tial barrier U5171 meV (x50.073) for the curves 1, 2, 3, 4, 5
and 6, andU5250 meV (x50.098) for the curves 18, 28, 38, 48,
58, and 68, T5300 K. Curves 1, 18, 2, and 28 are for n
51018 cm23; 3, 38, 4, and 48 for n5531018 cm23; 5, 58, 6, and
68 for n51019 cm23.
-
h

a

function of well width d. The data are presented for wel
with potential barrier heightsU5171 meV and U
5250 meV and for several values of carrier density. It
seen that for decreasingd, the power factor increases and th
growth is more pronounced at smalld. In (100) QW’s, due
to higher values ofS, the power factor (S2s)100 is higher
than (S2s)111 in spite of lower conductivity. Nonmonoto
nous dependencies ofS2s on d arise from the peculiarities in
the behavior ofs andSas functions ofd, and are connected
with the appearance of new subbands disposed near to
top of the potential barrier or close to the continuous en
getic spectrum along thez direction. Near these values ofd
the criterion of calculation is broken, so in these cases
continuous spectrum needs to be taken into considera
too. The latter becomes more important at higher carrier d
sity n when populated subband states arise near the con
ous spectrum states. If in the calculation the continuous sp
trum is taken into account, the nonmonotonous behavio
s, S, andS2s at highn would disappear. At the same time
larged the conductivitys would grow slightly faster, while
S and S2s would decrease a little faster, whend increases,
especially at higher carrier densities, tending to the resp
tive bulk values. But for very narrow wells withd520 Å ,
when the bottom of the first subband in (100) QW and of
first oblique~the highest! subband in (111) QW, is at leas
2k0T lower than the potential barrier heightU, and for car-
rier densities such that the Fermi levelEF is at least 3k0T
lower thanU, the contribution to the transport of the contin
ous spectrum may be neglected. In this case for QW w
U5171 meV, the highest admissible carrier density is n
1019 cm23. At this density (S2s)1005115 mW/cmK2 and
(S2s)111586 mW/cmK2. These values practically coincid
with those, which were calculated in Ref. 16 in the appro
mation, when only the lowest subbands were taken into
count, confirming that this approximation can be applie
These values ofS2s are considerably higher than th
measured18 value of 38 mW/cmK2 in the best bulk PbTe a
optimal densityn5631018 cm3, and are also higher tha
the calculated value for large wellsd;150 Å , and n
51019 cm23, which is a little less than 60mW/cmK2. The
enhancement of the thermoelectric power factor obviou
demonstrates the effect of quantum confinement.

It is of interest to compare calculated values ofs, S, and
S2s with those that were measured18 in PbTe/Pb12xEuxTe
~111! QW’s with x50.073 (U5171 meV) at 300 K. We
shall not discuss the sample No. T-225 with very high co
ductivity, which is 25% greater than the calculated one. A
other eight samples may be divided into two groups: fo
samples with narrow,d;20 Å QW’s and four samples
with ‘‘large,’’ d;40 Å , QW’s. For the first group, the cal
culated conductivitiesscal are greater than the experiment
onessex on average by 50%. It is natural because not
scattering mechanisms were taken into consideration. A
result of the overestimation ofscal, Scal are smaller than
Sex on average by 4%, but this deflection is in the limits
measurement error. Calculated power factors are greater
experimental ones on average by 25%. Thus, the theore
data agree very well with experimental ones. For oth
group,scal are greater thansex on average by 20%,Scal are
greater thanSex on average by 50%, and (S2s)cal are greater
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than (S2s)ex on average by 170%. The data agrees le
apparently, because neard550 Å a new subband close t
the height of the potential barrier appears, and the calc
tions are less precise for thisd ~the continuous spectrum wa
not taken into account!.

When the potential barrier height grows fromU
5171 meV to U5250 meV, andn remains fixed, the
power factor diminishes, as is seen in Fig. 6. This effec
determined by the diminution ofs and S, caused by more
localized wave functions in a deeper potential well. But
deeper wells the possibility of raising the optimal carr
density appears. Figure 7 shows the results of the po
factor S2s calculation as a function of carriers density f
~100! and ~111! oriented QW’s withU5171 meV andU
5250 meV, respectively. The well thickness is taken eq
to 20 Å for which the greatest increase ofS2s is achieved.
For n<1019 cm23 the growth ofS2s is especially sharp
With the further increase ofn when the effect of carrier
degeneration begins to manifest itself, the growth ofS2s is
reduced, but it lasts up ton;1020 cm23. For higher densi-
ties n, whenU5250 meV, or forn.1019 cm23, whenU
5171 meV, the theory is not applicable, since the car
continuous spectrum becomes important, and it was
taken into consideration. As Fig. 7 shows, the expected
ues of the power factor forU5250 meV, d520 Å , and
n5531019 cm23 are (S2s)1005175 mW/cmK2 and
(S2s)1115108 mW/cmK2, which are, respectively, 4.6 an
2.8 times higher than the above-mentioned best bulk P
value, or 3.1 and 1.9 times higher than the calculated va
for large wells with d;150 Å , U5171 meV, andn
51019 cm23, or 1.5 and 1.3 times higher than respecti
values ford520 Å andU5171 meV. These results loo
very promising.

Unfortunately, we can not evaluate here the thermoe
tric figure of meritZT5S2sT/k, because the thermal con
ductivity k of the structure with QW or even that of the QW
itself was not calculated. This problem is rather complica
and, to our knowledge, it is not yet solved. Theoretic
investigations32–34 have shown a decrease of thermal co
ductivity of superlattices. A reduction of the in-plane therm

FIG. 7. Thermoelectric power factorS2s of PbTe/Pb12xEuxTe
quantum wells as a function of carriers concentrationn for (100)
oriented QW’s ~curves 1 and 3) and for (111) oriented on
~curves 2 and 4);d520 Å , T5300 K. Curves 1 and 2 are fo
U5171 meV (x50.073); curves 3 and 4 are forU
5250 meV (x50.098).
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conductivity in superlattices has also been obser
experimentally.35,36Thus we can expect that the thermal co
ductivity of thin QW’s will be smaller than that of bulk
material.

Finally we note that if one takes the value ofZ2DT
50.78 or maybe 1.23 obtained in Ref. 18 fo
PbTe/Pb12xEuxTe ~111! QW’s with U5171 meV, d
520 Å , n51.131019 cm23, we expect to obtain for
(100) QW’sZ2DT values of the order of 1.1 or even 1.7, o
slightly greater for QW’s with higher potential barrier an
higher electron concentrations, but not so high as was
dicted in the first publications.1,2

VI. CONCLUSIONS

Thermoelectric properties of n-type multivalley
PbTe/Pb12xEuxTe quantum wells are investigated theore
cally. The results for electrical conductivitys, thermoelec-
tric power S, and thermoelectric power factorS2s reported
in this paper, extend previous investigations to a more re
istic well model, higher carrier concentrations, and larg
wells. It is shown that with decreasing well widthd, the
effective masses in the well increase and tend to bar
masses. The 2D carriers energetic spectrum and thermo
tric transport is calculated taking into account this effe
Intrasubband and intersubband scattering both on acous
and optical phonons is considered. The kinetic equations
solved by variational method and analytical expressions
electrical conductivity and Seebeck coefficient are obtain
Numeric calculations are made for structures with (100) a
(111) crystallographic orientations and different carrier co
centrations.

It is shown that for (100) structures,s100 decreases with
decreasing well widthd, but S100 and (S2s)100 increase. In
the case of (111) orientation,s111 grows with decreasing
d, S111 at first slightly decreases and then increases for
smallest width, and (S2s)111 grows. The power factor is
greater in (100) oriented quantum wells than in (111) on
in the whole interval of variation ofd. Calculated values of
electrical conductivity, thermopower, and the power fac
are in good qualitative agreement with the data18 measured
in (111) multiple-quantum-well structures withx
50.073 (U5171 meV), d;20223 Å and n;631018

21.131019 cm23. At very larged the values ofs, S and
S2s do not depend on well orientation and tend to values
bulk PbTe at given carrier concentrationn.

The increase of the potential barrier heightU give rise to
the decrease of the power factor, mainly because of the m
localized carrier wave functions in a deeper quantum wel
is shown, that in this case, the possibility appears to incre
the permissible carrier concentration. Thus forU
5250 meV the concentration may be raised up to nea
1020 cm23. The expected values of the power factor forn
5531019 cm23 and d520 Å become (S2s)100
5175 mW/cmK2 and (S2s)(111)5104 mW/cmK2, respec-
tively, for (100) and (111) QW’s. Possible values of th
figure of merit are also discussed, and it is predicted that t
could achieve 1.121.7 in (100) oriented QW’s. Unfortu-
nately, more precise predictions about the values of the
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ure of merit cannot be presented now because the the
conductivity of PbTe/Pb12xEuxTe QW’s have not been cal
culated yet. This problem is of special importance in orde
determine the optimal thermoelectric properties of su
structures.
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