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Magnetic double structure for SÄ1 and SÄ1Õ2 mixed-spin systems

Yoshihiro Takushima, Akihisa Koga, and Norio Kawakami
Department of Applied Physics, Osaka University, Suita, Osaka 565-0871, Japan

~Received 16 December 1999; revised manuscript received 1 March 2000!

We investigate the zero-temperature and the finite-temperature properties of the two-dimensional antiferro-
magnetic quantum spin system composed of thes51/2 ands51 spins. The spin excitation spectrum as well
as the thermodynamic quantities are computed by means of the Schwinger-boson mean-field theory. We
discuss how the magnetic double structure with the gapful and the gapless excitations is generated, and apply
the results systematically to the Haldane gap system in a staggered magnetic field and also to the weakly
coupled ferrimagnetic mixed-spin chains. It is confirmed that the results obtained are consistent with the
experiments for the quasi-one-dimensional Haldane compoundsR2BaNiO5.
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I. INTRODUCTION

The Haldane gap system1 has been one of the most fasc
nating subjects in condensed matter physics, for which
tensive experimental and theoretical investigations have b
providing a variety of interesting phenomena. One of the
topics is the magnetic double structure in the quasi-o
dimensional~1D! Haldane systems observed for the ra
earth compoundsR2BaNiO5.2–7 In the case withR5Y31,
the system has a disordered ground state with the Hald
gap.8 If R is substituted by other magnetic ions such as Nd31

and Pr31,7,9 the s51/2 spins on theR31 sublattice order
magnetically at low temperatures, thus giving rise to
magnetic double structure composed of the Haldane gap
citation and the gapless excitation induced by the long-ra
order. This system has been theoretically treated as
Haldane chains with astatic staggered field which are in
duced by the ordereds51/2 spins on theR31 sublattice so
far.10,11 In a recent paper,5 however, it has been pointed ou
that the dynamics of thes51/2 spins may be also importan
stimulating us to treat the system by a mixed-spin mod
Concerning the magnetic double structure, there is ano
interesting spin system of current interest, i.e., the quan
ferrimagnetic chain composed of two kinds of mixe
spins.12–17 Several compounds have been already fou
which indeed realize the mixed-spin system.12,13 This has
been stimulating further intensive theoretical studies on
subject.14–17In particular, it has been pointed out that such
ferrimagnetic chain has the double structure for the spin
citation spectrum, which controls the characteristic prop
ties in the ferrimagnetic chain.16

The above two subjects, which have been studied exp
mentally in different contexts, should possess the comm
interesting physics, because both systems are characte
by the mixture of two kinds of distinct spins. Motivated b
these hot topics, we study here the properties of the ant
romagnetic mixed-spin system in detail, for which thes51
and s51/2 spin chains are stacked alternately. We exp
the two-dimensional~2D! system as the simplest mod
which possesses the magnetic long-range order at zero
perature. By computing the dispersion relation and the s
gered magnetization by means of the Schwinger-bo
mean-field theory,18 we clarify how our system generates th
PRB 610163-1829/2000/61~22!/15189~7!/$15.00
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magnetic double structure, which naturally interpolates
above two interesting spin systems. We also show that
results obtained are consistent with the experimental findi
for quasi-1D Haldane compoundsR2BaNiO5.2–7

This paper is organized as follows. We introduce t
model and then briefly summarize the Schwinger-bos
techniques in Sec. II. We discuss the zero-temperature p
erties in Sec. III, and finally move to the thermodynam
properties in Sec. IV. A brief summary is given in Sec. V

II. SCHWINGER-BOSON MEAN-FIELD THEORY

Let us consider a 2D mixed-spin model on the squ
lattice, which is described by the following Hamiltonian,

H5J1(
i , j ,h

@S2i ,2j
A1

•S2i 1h,2j
B1 1S2i 1h,2j 11

B2
•S2i ,2j 11

A2 #

1 (
i , j ,h

@J2S2i ,2j
A1

•S2i ,2j 1h
A2 1J3S2i 11,2j

B1
•S2i 11,2j 1h

B2 #,

~1!

whereSi , j
A (Si , j

B ) is the spin operator at the (i , j )-th site in the
(x,y) plane, andh implies the summation to be taken ov
nearest-neighbor sites. All the exchange couplingsJ1 ,J2 and
J3 are assumed to be antiferromagnetic. We here focus
the mixed-spin system composed ofSA51/2 and SB51
spins, since it is straightforward to generalize the results
the arbitrary-spin case. In Fig. 1, we have drawn the mix
spin model schematically. The indicesAm andBm label the
sublattice in the unit cell. Note that this mixed-spin model
constructed in two ways depending on how we stack
independent spin chains by introducing three kinds of
coupling constants. By takingJ3@J1 ,J2, we can study the
characteristic properties of thes51 Haldane spin chains
coupled with thes51/2 gapless spin chains, which may ha
the relevance to the Haldane gap system in a staggered
observed in the compoundsR2BaNiO5.2–7 On the other
hand, by setting the coupling constantsJ1@J2 ,J3, we can
investigate how the independent ferrimagnetic chainsJ2
5J350), which have been studied extensively in rece
years,12–17are combined to form the 2D system. The adva
tage of our mixed-spin approach is that we can system
15 189 ©2000 The American Physical Society
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15 190 PRB 61TAKUSHIMA, KOGA, AND KAWAKAMI
cally describe these two interesting systems by continuo
varying the parametersJ1 , J2, andJ3.

We employ the Schwinger-boson mean-field theo
~SBMFT!18 to study the above mixed-spin model.19 This
method was applied successfully to the 2D Heisenb
model with uniform spins,18,20 and then to the bilaye
system,21 the double-exchange system,22 the ferrimagnetic
chain,17 etc. It is known that the SBMFT can describe t
magnetically ordered phase, which is characterized by
condensation of the Schwinger bosons.20 In the Schwinger-
boson representation, the spin operators are expresse
fo

o-

h

a
e
o

ly

y

g

e

in

terms of the boson creation and annihilation operat
ga

† ,ga , with the Pauli matrixs as S5 1
2 ga

†sabgb (a,b
5↑,↓). Since the unit cell in our model includes four site
we necessarily introduce eight kinds of Bose operatorsga

5aa
(1) ,aa

(2) ,ba
(1) ,ba

(2) which belong to theA1 ,A2 ,B1 ,B2

sublattices, respectively. By imposing the constraintg i↑
† g i↑

1g i↓
† g i↓52SA or 2SB on each site, we can correctly map th

original spin system to the boson system. Introducing
Lagrange multipliersl i j

A and l i j
B , the Hamiltonian with the

constraints is recast to
H522(
i , j ,h

@J1~Ai j h
† Ai j h1Bi j h

† Bi j h!1J2Ci j h
† Ci j h1J3Di j h

† Di j h#1 (
n51

2 F (
( i j )PAn

l i j
AS (

s
ai j s

(n)†ai j s
(n)22SAD

1 (
( i j )PBn

l i j
BS (

s
bi j s

(n)†bi j s
(n)22SBD G1 (

i , j ,h
@J1~SA1SB11SA2SB2!1J2SA1SA21J3SB1SB2#, ~2!
m-
for

nd
e

where four bond operators are introduced as

Ai j h5a2i ,2j↑
(1) b2i 1h,2j↓

(1) 2a2i ,2j↓
(1) b2i 1h,2j↑

(1) , ~3!

Bi j h5a2i ,2j 11↑
(2) b2i 1h,2j 11↓

(2) 2a2i ,2j 11↓
(2) b2i 1h,2j 11↑

(2) , ~4!

Ci j h5a2i ,2j↑
(1) a2i ,2j 1h↓

(2) 2a2i ,2j↓
(1) a2i ,2j 1h↑

(2) , ~5!

Di j h5b2i 11,2j↑
(1) b2i 11,2j 1h↓

(2) 2b2i 11,2j↓
(1) b2i 11,2j 1h↑

(2) . ~6!

We perform a Hartree-Fock decomposition of Eq.~2! by
taking the thermal averagêAi j h&5A, ^l i j

A&5lA , etc.,
which means that these values are assumed to be uni
and static.

By diagonalizing the mean-field Hamiltonian via the B
goliubov transformation, we have

HMF5(
ks

(
n51

2

@Ek
(1)aks

(n)†aks
(n)1Ek

(2)bks
(n)†bks

(n)#, ~7!

wherea andb are the Bose operators for normal modes. T
corresponding energy spectrums read

FIG. 1. 2D mixed-spin model on a square lattice. The sm
~large! circle representsSA51/2 (SB51) spin. The bold dashed, th
thin dashed, and the bold solid lines represent the coupling c
stantsJ1 , J2, andJ3, respectively.A1 , A2 , B1, andB2 specify four
spins in the unit cell.
rm

e

Ek
(1)5AE02AE1

2
, Ek

(2)5AE01AE1

2
, ~8!

whereE0 andE1 are given by

E05lA
21lB

222dk
22ek

22 f k
2 ,

E15~lA
22lB

22ek
21 f k

2!224dk
2@~lA2lB!22~ek1 f k!2#,

~9!

with

dk52AJ1 coskx , ek52CJ2 cosky ,

f k52DJ3 cosky .

By minimizing the free energy thus obtained at finite te
peratures, we end up with the self-consistent equations
A5B,C,D,lA ,lB ,

112SA5(
n
E dk

p2
cothkEk

(n)
]Ek

(n)

]lA
, ~10!

112SB5(
n
E dk

p2
cothkEk

(n)
]Ek

(n)

]lB
, ~11!

28J1A5(
n
E dk

p2
cothkEk

(n)
]Ek

(n)

]A
, ~12!

24J2C5(
n
E dk

p2
cothkEk

(n)
]Ek

(n)

]C
, ~13!

24J3D5(
n
E dk

p2
cothkEk

(n)
]Ek

(n)

]D
, ~14!

with k51/(2kBT), where we have assumed that the bo
operators which link thes51 ands51/2 spins take the sam

ll

n-
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PRB 61 15 191MAGNETIC DOUBLE STRUCTURE FORS51 AND S51/2 . . .
mean value,A5B. This completes our formulation based o
the SBMFT. In the following sections, we solve these se
consistent equations to estimate the excitation spectrum
the thermodynamic quantities. Since it is not easy to ana
cally perform the Bogoliubov transformation, we nume
cally diagonalize the mean-field Hamiltonian to compute
energy dispersionsEk

(1) andEk
(2) .

III. PROPERTIES AT ZERO TEMPERATURE

In order to treat the ground-state properties, it should
taken into account that the Bogoliubov particles of thea
branch in Eq.~7! may condense at absolute zero, because
excitation energyEk

(1) has its minimal valueEk
(1)50 at k

50, while theb branch has a finite gap even atT50. Sarker
et al.20 showed that the long-range order is described by
condensation of the Schwinger bosons for the ferromagn
and antiferromagnetic Heisenberg models. This is also
case for our 2D mixed-spin model on a square lattice.

Suppose that the bosons condense at the states ofa↑
(1)uk50

anda↓
(2)uk50, by fictitiously applying an infinitesimal exter

nal staggered field to theA andB lattices. The self-consisten
equations atT50, which include the Bose condensatio
now read,

G5
2

N2
cothkEk50

(1) uk→`

5

F112SA2(
n
E dk

p2

]Ek
(n)

]lA
G

]Ek50
(1) /]lA

,

~15!

112SB5G
]Ek

(1)

]lB
U

k50

1(
n
E dk

p2

]Ek
(n)

]lB
, ~16!

24A5G
]Ek

(1)

]dk
U

k50

1(
n
E dk

p2
coskx

]Ek
(n)

]dk
, ~17!

22C5G
]Ek

(1)

]ek
U

k50

1(
n
E dk

p2
cosky

]Ek
(n)

]ek
, ~18!

22D5G
]Ek

(1)

] f k
U

k50

1(
n
E dk

p2
cosky

]Ek
(n)

] f k
. ~19!

We shall solve these equations numerically for given c
pling constantsJ1 , J2, andJ3.

A. Dispersion relation

We start our discussions with the case that may be
garded as the Haldane gap system in a staggered field. W
J150, the 2D system is completely decoupled into thes
51 massive Haldane chains and thes51/2 massless spin
chains. When we introduce the interchain couplings am
-
nd
i-

e

e

e

e
tic
e

-

e-
en

g

them, the ground state has long-range order mainly du
thes51/2 spins. The important point is that even though
have the long-range order, the Haldane-type gapful exc
tion still exists. Therefore, as far as the case with smallJ1
andJ2 is concerned, the system is regarded as the one o
called the Haldane gap system in a staggered field.2–7 In Fig.
2, we show the dispersion relation calculated forJ15J2
51/2 andJ351. As seen in this figure, the lower branch
gapless with the linear dispersion relation, reflecting the
tiferromagnetic long-range order, whereas the upper opt
mode is mainly composed of the Haldane-type excitation
is observed that the dispersion in thekx direction is indeed
weak for the optical mode, since the interchain coupling
much smaller than the energy gap for the optical mo
which confirms that the system in Fig. 2 may be regarded
the Haldane gap system in a staggered field. Although
have also performed the calculation for the cases w
smaller J1 and J2, the obtained dispersion of the optic
branch becomes almost flat in thekx direction, so that we
have not shown them here. Concerning this limit of smallJ1,
we here make a brief comment on the validity of t
SBMFT. WhenJ1 takes too small a value, for which th
system is almost decoupled into independents51 and s
51/2 chains, the SBMFT may lead to a pathological res
although the Haldane gap for thes51 chain is well de-
scribed by the SBMFT, it is not the case for the gapless
51/2 chains, for which we are left with a gapful phas
Actually, if the value ofJ1 (5J2) becomes smaller than
J1 /J3;1022, we encounter a problem that the present se
consistent calculation does not converge, implying that
assumption for the antiferromagnetic ordered state does
hold anymore. Nevertheless, we find that the correct beh
ior with the antiferromagnetic ground state is still obtain
except for this small parameter region.

By increasing the coupling parametersJ2 ,J3 continu-
ously, we naturally enter in the 2D ordered mixed-spin s

FIG. 3. The excitation spectrum for the 2D mixed-spin mod
(J15J25J351).

FIG. 2. The excitation spectrum for the mixed-spin model wh
may be regarded as theHaldane gap in a staggered field(J15J2

51/2, J351). Note that the Brillouin zone is reduced to a quar
of that for the uniform spin case, since the unit cell now includ
the four sites.
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15 192 PRB 61TAKUSHIMA, KOGA, AND KAWAKAMI
tem. Note that although during this process the magn
double structure is kept unchanged in its typical feature,
nature of the optical mode is gradually changed from
Haldane-gap excitation: i.e., the gapful excitation may
equally contributed from both thes51 ands51/2 spin sec-
tors. As a reference, we show the dispersion relation for
mixed-spin model with the isotropic bondsJ15J25J351 in
Fig. 3. If we further decrease the couplingsJ2 and J3, the
system gradually approaches the quasi-1D ferrimagn
chains with the periodic arrangement of spins 1/2+1+1/2+1.
The dispersion relation obtained in the corresponding par
eter region is shown in Fig. 4. Now the optical mode with
weak dispersion in theky direction is essentially the same a
that found for the ferrimagnetic chain.16 In order to clearly
observe how the gapless dispersion changes its charact
the ferrimagnetic-chain limit, we have shown the low-ener
dispersion relation atky50 in Fig. 5. It is seen that with the
decrease of the coupling constantsJ2 and J3, the kx-linear
dependence is gradually changed to thekx

2 dependence char
acteristic of the ferrimagnetic chain except for the smallkx
region where the 2D antiferromagnetic order still gives r
to the kx-linear dependence. AtJ25J350, the system is
reduced to the isolated ferrimagnetic chains, for which
2D character completely disappears, and thus the gapless
persion simply follows thekx

2 dependence. We note that th
ferrimagnetic chains have been experimentally realized
the compounds such as NiCu(C2O4)2•4H2O and
MnCu(pba)(H2O)3•2H2O,13 and have been studied theore
cally by many groups.14–16 Among others, it has bee
reported16 that this system exhibits the dual properties co
sistent with our results: the physical quantities are contro
by the s51 antiferromagnetic spin chain at high tempe
tures and by the effectives51/2 ferromagnetic spin chain a
low temperatures.

FIG. 4. The excitation spectrum for thecoupled ferrimagnetic
chains(J151, J25J351/2).

FIG. 5. The gapless dispersion for thecoupled ferrimagnetic
chains at ky50. The solid, the dash-dotted and the dashed li
correspond to the cases ofJ25J350.5, 0.1, and 0 (J151).
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The above analysis of the excitation spectrum implies t
the quasi-1D Haldane gap system in a staggered field2–7 and
the quasi-1D weakly coupled ferrimagnetic chains,12,13

which have been studied in different contexts experim
tally, share common interesting physics inherent in
mixed-spin systems. In particular, it is highly desirable
experimentally observe the magnetic double structure in
excitation spectrum for the ferrimagnetic-chain compoun

B. Haldane gap in a staggered field

Let us discuss the case of the Haldane gap system
staggered field in more detail. We here observe how the
fective staggered field induced by thes51/2 spin chains af-
fects the properties of the Haldane gap, by changing the c
pling constantsJ1 andJ2. For small values ofJ1 andJ2, we
define the effective staggered field on thes51 Haldane
chain byHST

eff5J1^Sz
A&, where^Sz

A& is the spontaneous stag
gered magnetization of thes51/2 spin chain. We numeri-
cally estimate the effective staggered field, and show
obtained results in Fig. 6. It is seen that the effective st
gered field increases monotonously with the increase oJ1
and J2, as should be expected. In a similar way, we a
compute the staggered magnetization^Sz

B& of the s51 spin
chains, and as well as the Haldane gap which is define
the minimum of the excitation energy in the optical bran
D5Ek5(p/2,0)

(2) .
These quantities are shown in Figs. 7 and 8. Following

way used for the experimental analysis,2,4 we have plotted
the staggered magnetization~the square of the Haldane gap!
as a function of the effective staggered field~the square of
the staggered magnetization!. It is seen that as the staggere
field is increased, the staggered magnetization as well as
Haldane gapD are increased, being consistent with the res
pointed out for the Haldane chain system with astatic mag-
netic field.10,11

s

FIG. 6. The effective staggered fieldHST
eff as a function of the

coupling constantJ1 (5J2) where we setJ351.

FIG. 7. Plots of the staggered magnetizationMST as a function
of the effective staggered magnetic field.
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Since we are dealing with the 2D model at zero tempe
ture, our results may not be directly applied to the expe
ments. Nevertheless, we can confirm whether the presen
sults are consistent with the experiments for the rare-e
compoundsR2BaNiO5 ~Refs. 2–7 withR5Nd31 or Pr31).
Experimentally, as the temperature is decreased, the sy
shows the phase transition to the magnetically ordered ph
When the temperature is further decreased, the stagg
moment for thes51/2 sector develops, and thereby giv
rise to the increase of the staggered field, which indeed
hances the magnitude of the Haldane gap.10,11Also, the stag-
gered moment on the Haldane chains increases, as shou
expected. These characteristic features are consistent
our results, and in particular, the qualitative behaviors for
staggered magnetization and the Haldane gap shown in F
7 and 8 agree fairly well with experimental findings.2,4

C. Coupled ferrimagnetic chains

Before closing this section, we briefly discuss the ca
close to the ferrimagnetic chain, which is realized by tak
the limit of J1@J2 ,J3. Even in this one-dimensional limit
the system still exhibits the antiferromagnetic order as fa
J2 and J3 take finite values. As mentioned above, atJ2
5J350, the system shows the ferrimagnetic order, a
hence the dispersion relation for the acoustic mode
changed to the quadratic one.15–17In this way, the crossover
like behavior is seen in the gapless mode, whereas m
simpler behavior is observed in the gapful mode. In Fig.
we display the spin gapD for the optical branch in the
ferrimagnetic-chain limit. With decreasingJ2 and J3, the
spin gap monotonically decreases, and reaches the valu
D51.778 atJ25J350, which is very close to that of the
quantum Monte Carlo method,D51.767,15 as already dem-
onstrated by Wuet al.17 In this way, in the ferrimagnetic-

FIG. 8. Plots of the square of the Haldane gapD as a function of
the square of the staggered magnetizationMST.

FIG. 9. Plots of the spin gap for the optical branch in the limit
the coupled ferrimagnetic chains (J25J3).
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chain limit, the SBMFT may provide the reliable estimat
of the physical quantities even at quantitative level. As d
cussed by Yamamoto and Fukui,16 this optical mode is
mainly composed of excitations in the effectives51 antifer-
romagnetic spin chain, whereas the acoustic mode is g
by excitations in the effectives51/2 ferromagnetic chain.

IV. THERMODYNAMIC PROPERTIES
AT FINITE TEMPERATURES

We now move to the thermodynamic properties at fin
temperatures. The self-consistent equations~10!–~14! are
solved numerically at finite temperatures to obtain the th
modynamic quantities. We here briefly summarize the res
obtained. In the previous section, it has been shown that e
for the set of the parametersJ15J251/2, J351 (J151,
J25J351/2), the system may be approximately describ
by the Haldane gap system in a staggered field~coupled fer-
rimagnetic chains!, so that we shall show the results for the
parameters below. We start with the effective spin gaps
culated at finite temperatures, which are shown as a func
of the temperature in Fig. 10. It is seen that both cases
hibit similar temperature dependence in the spin gap.
each case, there are two distinct spin gaps, correspond
respectively, to the optical mode and the acoustic mode,
flecting the double structure for the excitation spectru
Note that both modes should be massive at finite temp
tures. It may be physically sensible to regard these spin g
as the inverse of the correlation lengths. As should be
pected, the spin gap for the optical mode increases up to
zero-temperature value with the decrease of the tempera
On the other hand, the spin gap for the acoustic mode
creases, leading to the divergent correlation length wh
characterizes the magnetically ordered state atT50.

The uniform and staggered spin susceptibilities,xuni and
xstag, are calculated by using the standard linear-respo
formulas,

xuni5 (
i , j 51,2

@^^Sz
AiSz

Aj&&q,v1^^Sz
BiSz

Bj&&q,v

12^^Sz
AiSz

Bj&&q,v#uq,v→0 , ~20!

FIG. 10. The spin gaps for the optical and acoustic branche
a function of the temperatureT: the solid lines correspond to th
case forJ15J251/2, J351, while the dashed lines are forJ151,
J25J351/2. Note that at higher temperatures our SBMF appro
breaks down, so that we have plotted the data available for e
choice of parameters.



n
t

-
e
r
a

o
o
th
b

he
is

ad-
field
er-
s of
sed
pin
the
field
nd
ave
uld
sys-
the
lita-

re-
-
ron
g-

m
rob-

e
truc-
ct

m
.K.

of
pi-

d
re
r

15 194 PRB 61TAKUSHIMA, KOGA, AND KAWAKAMI
xstag5 (
i , j 51,2

@~21! i 1 j~^^Sz
AiSz

Aj&&q,v1^^Sz
BiSz

Bj&&q,v!

12~21! i 1 j 11^^Sz
AiSz

Bj&&q,v#uq,v→0 , ~21!

where ^^Sz
A1Sz

A1&&q,v , etc., are the retarded spin-correlatio
functions. In Fig. 11, we plot the effective Curie constan
Txuni andTxstag as a function ofT. It is seen that the effec
tive Curie constant for the uniform sector is gradually d
creased as the temperature is decreased, while that fo
staggered sector diverges, implying that the antiferrom
netic correlation is enhanced at low temperatures.

As seen from the above results, the thermodynamic pr
erties at finite temperatures show quite similar behavior b
for the Haldane chain in a staggered field and for
quasi-1D ferrimagnetic chain, reflecting the magnetic dou
structure inherent in these mixed-spin systems.

FIG. 11. Plots ofTxstag for the staggered susceptibility an
Txuni for the uniform susceptibility as a function of the temperatu
T: the solid lines forJ15J251/2, J351 and the dashed lines fo
J151, J25J351/2.
nd

s.

,
v
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G
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-
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V. SUMMARY

We have studied the 2D mixed-spin model for which t
s51/2 and s51 spin chains are stacked alternately. Th
mixed-spin model includes two interesting spin systems
dressed recently: the Haldane gap system in a staggered
as well as the ferrimagnetic chain. By calculating the disp
sion relation and the thermodynamic quantities by mean
the Schwinger-boson mean-field theory, we have discus
the magnetic double structure inherent in our mixed-s
systems. In particular, we have treated systematically
quasi-1D Haldane gap system in a staggered magnetic
and also the mixed-spin chain with the ferrimagnetic grou
state. This implies that these two spin systems, which h
been studied in different contexts experimentally, sho
possess interesting physics common to the mixed-spin
tems. We have also found that the results obtained for
staggered-field effect on the Haldane gap system are qua
tively consistent with the experimental findings in the ra
earth compoundsR2BaNiO5. It remains an interesting prob
lem to evaluate dynamical quantities related to the neut
scattering, etc. Also, it is important to study how the strin
order parameter behaves,23 when the system changes fro
the Haldane system to the ferrimagnetic chain. These p
lems are now under consideration.

Note added in proof.We have recently learned that Bos
and Chattopadhyay have studied the magnetic double s
ture for a specific 2D mixed-spin model for which the exa
ground state of matrix-product form is obtained.24
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