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Ab initio studies on the vibrational and thermal properties of Al3Li
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~Received 10 November 1999; revised manuscript received 27 January 2000!

A direct method is used to calculate phonon dispersions of Al3Li based on the Hellmann-Feynman forces
obtained from first-principles plane-wave pseudopotential calculations. The vibrational and thermodynamic
properties of Al3Li are calculated by using the quasiharmonic approximation at finite temperature, in compari-
son with the calculations of Al4 in fcc structure to understand the alloying effect of Li. The calculated
quantities, such as phonon dispersions, Gru¨neisen parameter, heat capacity, thermal expansion coefficient, and
bulk modulus as a function of temperature, are discussed and compared with available experimental data.
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I. INTRODUCTION

Electronic-structure calculations based on dens
functional theory~DFT! in the local-density approximation
~LDA ! have proved to be effective tools for studying t
zero-temperature energetics of many systems, ranging f
bulk materials to surfaces, interfaces, and clusters.1 With in-
creasingly powerful computers and efficient algorithm
large systems can be handled, and problems in the mat
science are now feasible. However, the application ofab
initio methods to the study of thermodynamic propert
such as phase diagrams,2 defect energetics, nucleation, an
growth remains challenging, especially for metallic system

For crystals, the key problem to study the thermodyna
ics is to calculate the phonon contributions to the free
ergy. First-principles molecular-dynamics methods such
the Car-Parrinello method3 can be used to determine therm
properties. However, since the ionic degrees of freedom
treated classically, these simulations are not valid at temp
tures comparable to or lower than the Debye temperatur
more conventional approach based on lattice dynamics,
the quasiharmonic approximation,4 proves to be both accu
rate and computationally efficient at temperatures far aw
from melting point where anharmonic is significant. In th
approximation, the crystal free energy is calculated by a
ing a dynamical contribution of free energy of harmonic o
cillators corresponding to the crystal vibrational modes to
static contribution which is easily calculated by a stand
DFT package. Anharmonic effects are included through
explicit volume dependence of the vibrational frequenci
The quasiharmonic approximations allows an explicit
count of quantum effects on nuclear motion which can
important below the Debye temperature. Furthermore, an
sis of the normal vibration modes and of their individu
contribution to the free energy can reveal the mechan
driving the thermal expansion, phase transitions, and cry
instability. Calculations based on the various semiempir
methods5,6 andab initio7–13 methods suggest that the qua
harmonic approximation provides a reasonable descriptio
the thermodynamic properties of many bulk materials be
the melting point.

Density-functional perturbation theory14,15 ~DFPT! is by
now a common and well-established tool for calculating
vibrational properties from first principles. A very compr
PRB 610163-1829/2000/61~21!/14531~6!/$15.00
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hensive review of phonon dispersion dispersion calculati
has recently presented by Gonze.15 Because of its complexity
and being computationally demanding, the calculations
the full phonon spectrum as a function of volume are stil
challenging problem for intermetallic alloys. We have dev
oped a direct method16 to calculate the phonon dispersion
based on the Hellmann-Feynman forces obtained from D
calculations on the supercell of a system with finite amp
tude perturbation. The size of the supercell is determined
the range of the interatomic interactions, which could
quite large for systems showing phonon anomalies such
Nb and V. This method is much more efficient for compl
systems with many atoms in the unit cell and could be ea
extended to metallic systems, thanks to the recent deve
ments of DFT algorithms which make it possible for th
calculation of accurate total energy and force for seve
hundred to thousand atoms in the unit cell. Among oth
advantages, the direct method can produce the real-spac
teratomic force constants~IFC!, which can be checked if the
interactions diminish with the size of the supercell. Stud
with similar methods have been reported on sim
metals,17,18 semiconductors,8,19 and insulators,16 and on tran-
sition metal rhodium.20

A few ab initio calculations of the thermodynamics o
metallic systems have been published. Quong and Liu10 re-
ported DFPT calculations on the thermal expansion of s
eral simple metals Al, Li, and Na by the quasiharmonic a
proximation. A similar study for silver has been presented
Xie et al.12 van de Walle, Ceder, and Waghmare11 calcu-
lated the vibrational entropy difference between ordered
disordered Ni3Al. Recently, Slu¨iter, Weinert, and Kawazoe21

published a first-principles calculation on the force consta
of AlLi alloys.

In this paper, we apply the direct method to calculate
phonon dispersions and thermal properties of Al3Li, such as
the temperature dependence of thermal expansion co
cient, Grüneisen parameter, bulk modulus, and heat capac
in comparison with the calculations for Al4 in fcc structure.
Al4 and Al3Li are selected for this study because~1! the
interaction range is very short for both materials,~2! there
exists a large collection of experimental thermodynam
data and theoretical calculations of phonon dispersions
Al,22,23 which serves to calibrate the accuracy of the cal
lations, and~3! thermal lattice vibration affects significantl
14 531 ©2000 The American Physical Society
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14 532 PRB 61ZHIQIANG LI AND JOHN S. TSE
the elastic constants and bulk modulus of Al4 and Al3Li, 24

which makes it difficult for a direct comparison between e
periment and theory where temperature is usually neglec
For example, the bulk modulus of Al3Li at room temperature
is 66 GPa and 52 GPa at 523 K.~4! Al3Li is a metastable
phase precipitating in a solid solution matrix: it is very d
ficult to obtain reliable experimental results. An accura
first-principles study might serve as a valuable tool to sup
the necessary information.

II. THEORETICAL METHODS

Calculations of total energy and Hellmann-Feynm
forces are carried out by usingVASP.25 The VASP code ap-
plies the standard method in which the Kohn-Sham eq
tions are solved self-consistently using a pseudopotential
plane-wave basis, based on the LDA. We have used no
conserving pseudopotentials26 for for Al and Li, which were
generated with the atomic configuration of 3s23p13d0 and
2s12p03d0, and cutoff radius of 0.963 and 1.110 Å, respe
tively. The cutoff energy of 250 eV is used in the calcu
tions. The summation over the Brillouin zone~BZ! is per-
formed on a 63636 Monkhorst-Pack27 k-point mesh,
which results in 18k points in the irreducible part of the
Brillouin zone. The exchange-correlation functional of P
dew and Zunger28 has been used in the calculations.

To calculate the phonon dispersions, we use both 232
32 and 33333 supercells of fcc Al4 andL12 Al3Li, which
contains 32 and 108 atoms, respectively, in order to ch
the convergence of IFCs. The Hellmann-Feynman forces
calculated for all atoms in the supercell with one atom d
placed from the equilibrium position by about 0.5–1.0 %
the lattice constant. From the Hellmann-Feynman forces
can generate the IFCs by establishing the symmetry of
supercell: the interaction range is limited to the distance fr
the central atom of the supercell to the surface atom.
dynamical matrix is constructed to calculate the phonon
quencies. Details of obtaining force constants and pho
dispersions have been described in Ref. 16. We should p
out that the direct method delivers correct phonon frequ
cies at these special wave vectors of the Brillouin zo
which are compatible with the supercell size. The symme
zation of the force constant matrix removes all third-ord
anharmonic effects.

With the force constants, the elastic constants can be
culated via the method of long waves, that is, the slopes
respective phonon dispersions atG.20,21 The vibrational den-
sity of states~DOS! is obtained by an integration over th
irreducible Brillouin zone with a Gaussian-broadened fac
of 3.0 THz. By increase theq points in the BZ, one can
improve the accuracy easily.

Within the quasiharmonic approximation, the free ene
of a crystal is

F~T,V!5E~V!1
1

2 (
q,n

\vn~q,V!1kBT

3(
q,n

lnF12expS 2
\vn~q,V!

kbT D G , ~2.1!
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whereE(V) is the energy of a static lattice which is obtaine
from DFT total energy calculations, andvn(q,V) the phonon
frequency of moden and wave vectorq for a given volume
V. The linear thermal expansion coefficienta(T) is written
as

a~T!5
1

3B (
q,n

gn~q!cvn~q,T!, ~2.2!

whereB is the isothermal bulk modulus, thegn(q) th-mode
Grüneisen parameter defined as

gn~q!52
d@ ln vn~q,V!#

d@ ln V#
, ~2.3!

and cvn(q,T) is the mode contribution to the specific he
defined as

cvn~q,T!5
\vn~q,V!

V

d

dT FexpS \vn~q,V!

kbT D21G21

.

~2.4!

The total specific heat of the crystal will be the sum of
modes over the Brillouin zone:

Cv~T!5(
q,n

cvn~q,T!. ~2.5!

The overall Gru¨neisen parameter is the weighted avera
of the mode Gru¨neisen parameters:

g~T!5
1

Cv~T! (q,n
gn~q!cvn~q,T!53B~T!

a~T!

Cv~T!
.

~2.6!

The temperature dependence of the bulk modulus is
tained from

B~T!5VS ]2F~T,V!

]V2 D
T

. ~2.7!

Due to anharmonicity, the heat capacity at constant p
sureCp is different from the heat capacity at constant vo
umeCv . The former, which is determined directly from ex
periments, is proportional toT at high temperature, while the
latter converges to a constant which is given by the class
equipartition law: Cv53NkB , whereN is the number of
atoms in the system. The relation betweenCp andCv is

Cp2Cv5a2~T!BVT. ~2.8!

III. RESULTS AND DISCUSSION

We first calculate the equilibrium lattice constant of f
Al4 and L12 Al3Li by minimizing the total energy, and the
results are given in Table I and the structure of Al3Li is
shown in Fig. 1. The calculated lattice constants in go
agreement with experiments within 1%; the elastic consta
are about 10% larger than the experimental values. The
perimental values for Al are obtained at 175 K,~Ref. 22! and
for Al3Li at 294 K ~Ref. 24!. We will discuss the temperatur
effect on these quantities later, which leads to even be
agreement with experiments.
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PRB 61 14 533Ab initio STUDIES ON THE VIBRATIONAL AND . . .
The IFCs extracted within 23232 and 33333 super-
cells have been examined. For Al, the 23232 supercell
contains the atomic interactions of fifth nearest neighb
with 15 IFCs, while the 33333 supercell has the atomi
interactions of ninth nearest neighbors with 32 IFCs. T
IFCs beyond fifth nearest neighbor are about 1% of the s
ond nearest neighbor IFCs and smaller than 5–10 % of
fifth nearest neighbor IFCs. Therefore, the atomic interac
of Al is very short ranged and actually the phonon disp
sions calculated with 23232 supercells are almost exact
the same as those calculated with 33333 supercells. For
Al3Li, the atomic interaction is also short ranged, only thr
non-negligible IFCs, which are out of the range of 232
32 supercell. We will use the results of 23232 supercells
in the following discussions.

The calculated phonon dispersion curves for Al4 and
Al3Li are shown in Figs. 2~a! and 2~b!. By unfolding the

TABLE I. Optimized lattice constants, elastic constants, a
bulk modulus of Al and Al3Li.

Al4 Al3Li

Theory Expt.a Theory Expt.b

a0 ~Å! 3.973 4.01 3.949 3.972
c11 ~GPa! 106.1 107.0 120.0 123.6
c12 ~GPa! 68.6 61.0 57.1 37.2
c44 ~GPa! 33.6 28.0 70.4 66.0

aAt 175 K, Ref. 22.
bAt 294 K, Ref. 24.
s

e
c-
e
n
-

e

phonon dispersions of fcc Al4 to fcc Al, we find remarkable
agreement with experiments, considering that we only use
23232 supercell which has interactions up to the fifth ne
est neighbor. The accuracy in this case is comparable to
of DFPT calculations. Unfortunately, to our best knowledg
there is no experimental phonon dispersion of Al3Li avail-
able for a direct comparison. However, it is interesting
note that Al3Li shows almost the same phonon dispersions
those of Ni3Li obtained by inelastic neutron scattering.31 For
23232 supercells, the calculated frequencies are exact~in
the sense of a ‘‘frozen phonon’’! at the zone center~G! and
boundaries~X,M,R!. At other wave vectors, the accuracy
the phonon frequency depends on the interaction rang
force constants.

FIG. 1. Crystal structure ofL12 Al3Li alloy.

d

FIG. 2. Phonon dispersion of~a! fcc Al4 and ~b! Al3Li and Grüneisen parameters of~c! fcc Al4 and ~d! Al3Li along high-symmetry
directions calculated at the equilibrium lattice constant.
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Table II lists the IFCs of Al3Li and Al4 within 23232
spucells; on-site force constants are also included for dis
sion. Note that in theL12 structure, Al-Al interactions are
not isotropic as that in fcc Al. For example, theX and Y
directions are not equivalent for the Al atom in theXYplane;
see Fig. 1. It is noted~1! most Al-Al interactions are en
hanced in Al3Li, especially for the on-site and the secon
nearest neighbor interactions. However, alongY direction,
the on-site interaction is weaker, because there are no ne
Al-Al bonds in theXZ plane.~2! Al-Li and Li-Li interactions
are weaker than those of Al-Al; therefore, Al3Li shows an-
isotropic interatomic force constants. These are in agreem
with the results of previous studies29,30that Al3Li has a lower
isotropic bulk modulus, higher Young’s modulus, she
modulus and anisotropy constant. Figures 2~c! and 2~d! show
the Grüneisen parameter of Al4 and Al3Li, respectively, as
defined by Eq.~3!, along some symmetry directions. Th
Grüneisen parameters are positive throughout the BZ for
branches. Al4 has higher Gru¨neisen parameters than Al4. At
the G point of Al4, some branches of transverse acous
modes have a very high Gru¨neisen parameter, which is ab

TABLE II. Interatomic force constants~IFCs! of Al3Li and Al4
within the 23232 supercell, in units of N/m. Some symmetr
related IFCs are omitted for simplicity.

IFCs Al3Li Al 4

Al-Al 0 XX 292.946 279.778
Al-Al 0 XY 276.965 279.778
Li-Li 0 XX 245.803
Al-Al 1 XX 10.710 10.661
Al-Al 1 XY 212.656 211.499
Al-Al 1 YX 211.669 211.499
Al-Al 1 ZZ 21.076 1.907
Al-Li 1 XX 0.128
Al-Li 1 XY 6.418
Al-Li 1 YY 6.202
Al-Al 2 XX 3.427 2.232
Al-Al 2 YY 0.098 20.097
Li-Li 2 XX 20.144
Li-Li 2 YY 20.039
Al-Li 2 XX 0.007
Al-Li 2 YY 0.614
Al-Li 2 ZZ 0.162
Al-Al 3 XX 20.296 20.406
Al-Al 3 XY 20.235 0.166
Al-Al 3 ZZ 0.354 0.096
Al-Li 3 XX 20.262
Al-Li 3 XY 0.069
Al-Li 3 YY 0.458
Al-Al 4 XX 20.059 0.106
Al-Al 4 YY 0.145 0.106
Li-Li 4 XX 20.191
Li-Li 4 YY 20.186
Al-Al 5 XX 0.015 0.186
Al-Al 5 YY 0.015 0.186
Li-Li 5 XX 0.024
Li-Li 5 YY 0.032
s-
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nt
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sent for the Gru¨neisen parameter of Al3Li. This contributes
to the increase of the overall Gru¨neisen parameter of Al a
low temperature shown in Fig. 3, because at low tempera
only the very-low-frequency phonons contribute to the su
mation in Eq. ~2.3!, while high-frequency phonons deca
exponentially. The overall Gru¨neisen parameter of Al4 is
2.14, which is higher than that of Al3Li of 1.84; therefore,
Al4 has a larger thermal expansion coefficient than Al3Li
shown below. At low temperature, the overall Gru¨neisen pa-
rameters for Al4 and Al3Li show different behavior becaus
of the different volume dependence of phonon frequenc
aroundG point.

Figure 4 compares the DOS for fcc Al4 and L12 Al3Li.
From Figs. 2 and 4, some interesting vibrational proper
could be observed. The DOS of high-frequency modes in
about 8–10 THz, corresponding to the bond stretching
tween nearest Al atoms, is substantially reduced in Al3Li
because there are fewer nearest Al-Al bonds, while a nar
peak appears in the high-frequency end at about 10–12 T
which is primarily due to the vibrations of light-mass L
sublattice. Nearest Li-Al vibrations also contribute to th
high-frequency peak. From band-structure calculations,29,30a
general trend is found that in AlLi alloys the Li atom donat
its valence electron to strengthen the Al-Al bond, which

FIG. 3. Overall Gru¨neisen parameter of Al4 and Al3Li as a func-
tion of temperature. Experimental values for Al are from Ref. 2

FIG. 4. Vibrational density of states for Al4 and Al3Li.
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sults in the narrow peak in the DOS at about 6.5 THz, wh
is mainly due to the Al sublattice optic modes. Moreover,
lattice constant of Al3Li is shorter than that of fcc Al, and L
is lighter than Al. In general, the vibrational frequen
moves higher when Al atoms are replaced by Li. Simi
features have also been observed in the DOS of Ni3Al. 31

After the phonon frequencies at several volumevn(q,V)
are obtained, it is straightforward to calculate the free ene
F(V,T) by Eq. ~1! and then the bulk modulusB(T) as a
function of temperature; the results are shown in Fig. 5 alo
with the available experimental values. We find satisfact
agreement with experiments for Al. In the case of Al3Li, the
limited experimental value apparently decreases faster
our calculations. Because Al3Li is a metastable phase pre
cipitating in a solid solution matrix, it is very difficult to
obtain reliable experimental results. It is noted from Fig
that the bulk modulus of Al decreases more rapidly than t
of Al3Li and, over 600 K, Al3Li even has a larger bulk
modulus than Al. This could be rationalized since Al h
more low-frequency modes than Al3Li ~see Fig. 4!, which
are easily activated even at low temperature, and he
makes the crystal softer.

The volume thermal expansion coefficienta(T) is ob-

FIG. 6. Thermal expansion parameter of Al4 and Al3Li as a
function of temperature. Experimental values for Al are from R
22.

FIG. 5. Bulk modulus for Al4 and Al3Li as a function of tem-
perature. Experimental values for Al are from Ref. 22, Al3Li from
Ref. 23.
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tained from Eq.~2! for Al and Al3Li. Again, the experimen-
tal results are well reproduced for Al as shown in Fig.
Al3Li has a lower thermal expansion coefficient than Al
the whole range of temperature, due to its smaller Gru¨neisen
parameter; see Fig. 3.

Finally, the specific heat capacities for Al4 and Al3Li are
presented in Fig. 7. In the entire temperature range, the
capacities of Al4 are higher than those of Al3Li below 500 K.
From Fig. 4, it can be seen that the DOS of Al4 is larger than
that of Al3Li below 10 THz~about 480 K!. Over 600 K, the
heat capacity at constant volume,Cv , approaches the classi
limit, while the heat capacity at constant pressure increa
monotonously with the temperature.

IV. CONCLUSION

In this paper, using the quasiharmonic approximat
within density-functional theory, we have studied the th
mal properties ofL12 Al3Li and made a comparison with fc
Al. Properties, such as phonon dispersions, the thermal
pansion coefficient, Gru¨neisen parameters, bulk modulu
and heat capacity, have been obtained and compared
available experimental results. We demonstrated that the
rect method can be applied to calculate the phonon dis
sions of metals and metallic alloys with an accuracy com
rable to density-functional perturbation theory calculatio
on the condition that there be no anomaly in the phon
dispersions, which means the interaction range is small.
comparing the phonon dispersions of Al4 and Al3Li, we can
rationalize the different thermodynamic properties of bo
materials and the effect of the Li atom. The Li atom w
considered to donate its valent electron to enhance the A
bonding Al3Li alloys, which are manifested in its phono
dispersions and thermal properties.
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FIG. 7. Heat capacities at constant volumeCv and heat capaci-
ties at constant pressureCp of Al4 and Al3Li as a function of tem-
perature. Experimental values for Al are from Ref. 22.
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