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Calculation of multiplet structures of Cr3* and V3t in a-Al,O; based on a hybrid method
of density-functional theory and the configuration interaction
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The multiplet structures of &f and V" in a-Al,O3 (a-Al,03:CrP" and a-Al,04:V3") have been calcu-
lated based on a hybrid method of the density-functional thé@RT) and the configuration interactidicl)
calculation (DFT-CI approach The correction to the electron correlation effects was estimated from the
consistency between the single-electron DFT calculation and the many-electron DFT-CI calculation. The
observed multiplet structures were predicted satisfactorily without referring to any experimental data. Using
the explicitly obtained many-electron wave functions, the intensities of the electric-dipole transition were also
calculated numerically and the polarization of the absorption specaAlf,05:Cr** (ruby) was qualitatively
reproduced.

[. INTRODUCTION ligand-field theory with some additional parameters such as
the trigonal-field parameter or the spin-orbit interaction
As is well known, the ligand-field theory has been suc-parametef=° However, the reports on the first-principles
cessful in explaining the optical properties of transition-calculation of the multiplet structure of ruby are rather
metal (TM) ions in crystals. The multiplets of the TM ions limited.1°='2 The electronic structure of-Al,O45:V3" has
in the octahedralor tetrahedralsymmetry are expressed in also been studied in detail based on a similar semiempirical
terms of the Racah parametéBsandC) and the crystal-field approach®*
parameter(A). However, these parameters are determined Based on the single-electron cluster calculation, theoreti-
from the optical spectra under a certain trial assignment o€al prediction of the optical spectra of ruby has been at-
the observed peaks. Therefore the correct parameters canriempted by Ohnishi and Sugafi@nd Xiaet al* using ana-
be obtained unless the optical spectrum of the material ifytic relations between the molecular-orbital energies and the
available and well understood. Even if the correct parametemultiplet energies. However, in these works, only the posi-
are determined from the experimental data, the meanings dions of theR line (°E) and theU band ¢T,) were esti-
the parameters are somewhat ambiguous, since the effect ofated, since simple relations could not be obtained for other
covalency and the effect of electron correlations are absorbedultiplets.
in the empirical parameters during the fitting process, al- Recently, a first-principles calculation of the entire mul-
though this was one of the essential reasons for the gregiplet structure of ruby has been carried out by Deaml 1?
success of the ligand-field theory as an “empirical” method.and the pressure dependence of the multiplet structure of
Moreover, the traditional analysis cannot provide the explicitruby has been well reproduced. They predicted an anomalous
form of the many-electron wave functions. Therefore thelocal relaxation which could explain the observed frequency
transition probability between the multiplets cannot be estishifts. However, their calculation was based on the analytic
mated without a drastic approximation such as the closure.multiplet approach using the atomic Racah parameters and
In order to circumvent the above-mentioned shortcomingshe matrix elements were calculated in the octahedral ap-
of the traditional approach, a first-principles calculation isproximation. Although the effect of the covalency was taken
quite necessary. In the present paper, we have calculated tihgo account by multiplying the orbital deformation param-
multiplet  structures of ruby «-Al,0;:Cr") and eters on the electron-electron repulsion integrals, these pa-
a-Al,053:V3" based on a hybrid method of the density- rameters were adjusted to the optical spectra of ruby under
functional theory(DFT) and the configuration interaction zero pressure for the quantitative analysis of the pressure
(CI) calculation. Ruby is, needless to say, a beautiful gemédependence of the multiplet structure. Moreover, it would be
stone and known as the first solid-state laser in histafge  difficult for their approach to predict the intensity of the
so-called ruby pressure scale using its fluorescence lines @ptical spectra, since the optical spectra of ruby are domi-
particularly popular in high-pressure scieficebecause of nated by the electric-dipole transitions arising from the trigo-
the simplicity and the accuracy of optical measurements imal distortion of the many-electron wave functions which
the diamond-anvil cel(DAC) experiments. The electronic was ignored in their calculation.
structure of ruby has been studied extensively based on the Recently, we have also calculated the multiplet structure
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of ruby!® based on a computational approach similar to thato the underestimation of the effect of electron correlations.
proposed by Watanabe and Kamimdta/ which was a hy-  In principle, electron correlations can be systematically taken
brid method of the spin-restricted density-functional theoryinto account through the CI calculation with sufficient
(SRDFT) and the configuration interactiofCl) calculation amount of Slater determinants as basis functions. In our pre-
(SRDFT-CI approach In this calculation, the effect of co- vious calculation, however, the Slater determinants consist-
valency was directly taken into account through the numeriing only of the impurity-state orbitals were considered.
cal calculation of the electron-electron repulsion integrals usTherefore the subspace for the diagonalization of the many-
ing the molecular orbitals obtained by the cluster calculationelectron Hamiltonian was not sufficient to describe the effect
However, there are two shortcomings in our previous apof electron correlations accurately. However, since the basic
proach. One is the computational method of the matrix elemultiplet structure can be reproduced even by such a limited
ments of the many-electron Hamiltonian and the other is thealculation, the remaining effect of electron correlations is
effect of electron correlations. quite simple: a reduction of the electron-electron repulsion
The many-electron Hamiltonian for the impurity electronsintegrals. In spite of the simplicity of the physical image, it is
(H) consists of the effective single-electron Hamiltonian in-generally quite inefficient to accomplish the remaining cor-
cluding the potential from the core and valence electfbihs rections only by the CI calculations. Therefore, instead of
and the electron-electron repulsion interaction among the imperforming such intensive calculations, the effect of electron
purity electrons. For the calculation of the matrix elements ofcorrelations has been frequently taken into account by intro-
H, the explicit from ofh should be known. However, the ducing a certain reduction factor to be multiplied on the
actual calculation of the exchange-correlation parthos  electron-electron repulsion integrals. For example, de Groot
somewhat complicated. Therefore, in our previous calculaet al.calculated the multiplet structures appearing in the core
tion, we adopted a more efficient method proposed bhyexcitation spectra of several TM compounds using atomic
Fazzio, Caldas, and ZungéfCZ approach In this method, multiplet approaci® In their calculation, a suitable reduc-
all single-electron mean-field effects are formally separatedion factor was introduced and multiplied on the Slater inte-
from the many-electron effectd!® As a result, the matrix grals. In this case, the reduction factor includes both the ef-
elements oh can be obtained without knowing the explicit fect of covalency and the effect of electron correlations.
form of h. Although the average energy of each state in the In the present work, we also introduced a certain reduc-
O,, notation could be reproduced well by this approach, theion factor to be multiplied on the electron-electron repulsion
trigonal splits of these states could not be reproduced eveintegrals. Since the effect of covalency is already included in
qualitatively, which would be fatal for the analysis of the the electron-electron repulsion integrals calculated by the
polarization of the optical spectra. This is due to the octahemolecular orbitals, the remaining correction is the effect of
dral approximation and the neglect of the off-diagonal ele-electron correlations. Therefore we call it the correlation cor-
ments for the matrix elements bf Since the explicit form of  rection(CC) factor. For the theoretical prediction of the mul-
h has been already obtained by Watanabe and Kamimura faiplet structure, the CC factor should be estimated without
the case of the classicXa potential?’ we also calculated referring to any experimental data. Considering the fact that
the multiplet structure of ruby using their formffaThis  electron correlations are partly included within the single-
approach is referred to as the direct matrix calculatiorelectron calculation based on DFT, we estimated the CC fac-
(DMC) approach in the present paper. Then the qualitativéor from the consistency between the DFT calculation and
behavior of the trigonal-field splits of the quartets was reprothe multiplet calculation. In this method, not only the spin-
duced and the degeneracy of each state was significantly imestricted DFT calculation but also the spin-unrestricted DFT
proved, implying that the configuration interactions werecalculation is combined with the CI calculation. Therefore,
taken into account more appropriately. However, in thein the present paper, this approach is referred to as the
DMC approach, the absolute energies of the quartets we@FT-Cl approach so that it can be distinguished from the
significantly overestimated implying that the form of the previous SRDFT-CI approach. By the calculation based on
exchange-correlation part &fis not the best. Therefore an the DFT-CI approach, the multiplet structures of ruby and
improvement ot using a more sophisticated theoretical ap-a-Al,05:V3" were reproduced quite satisfactorily without
proach such as generalized gradient approximat®GA) referring to any experimental data and the effect of electron
(Refs. 22—2 would be quite necessary. However, unfortu- correlation as well as the effect of covalency were evaluated
nately an improved form oh has not been obtained yet. quantitatively.
Instead, in the present paper, we propose a more efficient In the DFT-CI calculation, the many-electron wave func-
approach by combining the advantages of the FCZ approadions are explicitly obtained as linear combination of the
with those of the DMC approach. In this approach, aSlater determinants. Therefore a direct calculation of various
configuration-dependent correcti¢8DC) is introduced and physical quantities such as transition probability is possible.
added to the matrix elements of the present DMC approachn the TM-dopeda-Al,O3 an impurity TM ion is octahe-
These corrections are estimated by a method similar to thdrally coordinated by six oxygen ions. However, this oxygen
FCZ approach. The multiplet structure of ruby has been alsoctahedron is trigonally distorted. As a result, the electric-
calculated by this CDC approach and both the absolute erdipole transition is slightly allowed and contribute to the
ergies and the trigonal splits of the quartets were reproduceabsorption spectra. Therefore, in the present work, the inten-
satisfactorily. sities of the electric-dipole transition in ruby and
Next, we consider the effect of electron correlations. Ina-Al,05:V3" have been calculated numerically using the
our previous calculation, the calculated multiplet energiegrigonally distorted many-electron wave functions. The cal-
were somewhat overestimated especially in the doublets duulated intensities reproduced the polarization of the absorp-
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tion spectra of ruby qualitatively. In the case of eigenvectorsd,;,a,», ...,a,x) are obtained and the many-
a-Al,05:V3*, a similar calculation could not reproduce the electron wave function®,, are expressed as linear combi-
polarization of the®T, state, implying the importance of the nation of the Slater determinants,

other effects such as the spin-orbit interaction or the dynamic

Jahn-Teller effect. Vp=an®Pytan®+-+anPy, 2.7

whereK is the number of the Slater determinants. Therefore

Il. DETAILS OF THE CALCULATION the energy of theath eigenstate is expressed as

A. Hamiltonian of the impurity electrons K K

In the present calculatiop, only the_ glectrons qccupying E”=<‘I’n|H|‘I’n>:Z > a,angHpq. (2.9
the impurity states are considered explicitly. Thus, instead of P q

the exact Hamiltonian for all electrons in the system, we. . .
. : Lo in terms of the matrix elements &f and the eigenvectors.
consider an effective Hamiltonian,

B. Single-electron calculation

M
H:; h(ri)+2i JE<I g(ri,ri), (2.2

The single-electron cluster calculation was carried out
i N i ) self-consistently based on the local density-functional ap-
wherer; is the position of Fhelth e!ectron andM is the _ proach. For comparison, two types of the exchange-
number of electrons occupying the impurity states. The first, relation potential were adopted: One was the Sladeris
and the second terms &f represent one-electron operators potentiaf® with «=0.7 and the other was the local-spin-

and two—elect_ron operato_rs, respectively. The one—electroaensity approximatiofLSDA) potential proposed by Vosko,
operator consists of the kinetic energy, the Coulomb potenyik and Nusair’2® The molecular orbitals were con-

tial from the nucleiVe,(r), and the Coulomb repulsion en- gy,cted as a linear combination of the numerically generated

ergy from the core and valence electrolg(r), atomic orbitals(NAO). The NAO’s were refined flexibly to
1 the chemical environment in each iteration. All integrations
h(r)=— §V2+Vext(f)+Vo(r)- (2.2 were carried out numerically using pseudorandom sampling

points?® The details of this program have been described by

On the other hand, the two-electron operator represents tHidachi etal™® Since all electrons including core electrons

Coulomb repulsion interaction between the electrons occu@'e treated explicitly, this program has been applied for the
pying the impurity states analysis of core-excitation spectra for various oxitles?

The spectral features as well as the absolute transition energy
have been well reproduced and the peaks in the spectra were
g(ri,ry)= o (2.3 clearly explained and classified in terms of the chemical
. bonding state. This program has also been used to clarify the
wherer;; is the distance between tiih electron and th¢th  chemical bondings in various TM compounts?®
electron. This effective many-electron Hamiltonidns then
diagonalized within the subspace spanned by the Slater de-
terminants®; constructed from the impurity-state orbitals ) ) )
obtained by the single-electron cluster calculation. The ma- For the calculation of the matrix elements of the effective

trix elements ofH can be generally expanded as many-electron Hamiltoniaf, t.he explicit form ofvo(r) is
required. Although the analytical form of this potential was

LoL given by Watanabe and Kamimura in the case of the classical
Hoq= (@ p|H[Dgy=> > APXilh|j) Xa potential?® a more efficient computational method has
I=1=1 been proposed by Fazzio, Caldas, and Zuh§&tin this
L L L L method, all single-electron mean-field effects are formally
+2, > > > BRACijlglkl), (2.4)  separated from the many-electron effects. Both of these ef-
i=lj=1k=11=1 fects can be calculated without knowing the explicit form of
Vo(r) as explained below.
In the octahedral approximation, the Slater determinants
constructed from the impurity states can be classified accord-

C. Fazzio-Caldas-Zunger(FCZ) approach

whereL is the number of the impurity-state orbitals afy
and Bffy, are coefficients. Herei|h|j) and (ij|g|kl) are

defined by ing to the number of electrons occupying thg and e,
stategm andn). Then the diagonal matrix element of tha
<i|h|J'>:f ¢ (r)h(r)¢;(r)dr, (25  Slater determinant belonging to the,{)™(e,)" configura-
tion, or (m,n) configuration for simplicity, is expressed as
and

. E(m,n;i)=E(m,n)+AE(m,n;i), (2.9
o _ * * - .
(i |g|k|>—f f ¢ (r)¢(ra) Mo $lr) di(rz)dradro, where E(m,n) is the average energy of all Slater determi-
(2.6)  nants belonging to thenf,n) configuration and\E(m,n;i)

respectively, where are the impurity-state orbitals obtained IS the deviation ofE(m,n;i) from E(m,n). The value of
by the cluster calculation. By diagonalizing this matrix, the E(m,n) relative to another configurationm(,n’) corre-
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sponds to the total-energy difference between these two comnd that of the remaining electrons, respectively, dpdis
figurations. Therefore it can be well approximated by thethe Slater'sX«a potential. The superscrigh indicates the
single-electron energy difference calculated for the Slater'values in the ground state. In the direct matrix calculation
transition staté® As we have already pointed out, however, (DMC) approach, the matrix elements of the effective single-
the difference in the single-electron energy between thelectron Hamiltonian are calculated by Eg.4) usingV(r)
ground state and the Slater’s transition state is negligible inlefined by Eq(2.15. Because the molecular orbitals used in
the present casg.Thus we have evaluated the total-energythe Slater determinants are eigenfunctions of the ordinary
difference by the single-electron energy difference in thesingle-electron Hamiltonian in the local-density approxima-
ground state in practice. Then the energy difference betweetion (LDA),

the adjacent configuration is generally expressed as

R R 1_, p(r')y .,
E(m—1n+1)—E(m,n)=Ay, (2.10 hipa(n=-5V +Vext(r)+fmdr +Viedp(n},

where A ¢ is the effective crystal-field split defined as the (2.19

difference between the energiestgf ande, states, the off-diagonal matrix elements &fh(r) are not necessar-

(2.11) ily zero, although they are completely neglected in the FCZ
approach. In the DMC approach, these off-diagonal elements

Then the average energy of the,) configuration relative are calculated directly and the configuration interactions

to the (m+n,0) configuration can be simply expressed as among the Slater determinants can be evaluated more appro-

A= €e— &4

N priately.
E(m,n)=nAq. (2.12
In the FCZ approach, the matrix elements of E214) are E. Configuration-dependent correction(CDC) approach
approximated by In our previous calculation, we found that the FCZ ap-
L L L L proach was effective for the prediction of the average energy
Hoo=D(mn s+ > > S S Brd (ij|glkl) of each state in th®,, notation, however, the trigonal-field
pa B = B == = T ’ splits could not be described propeflyThis is due to the

(2.13 octahedral approximation and the neglect of the off-diagonal
elements for the matrix elements Bh. On the other hand,

where the matrix elements ofh are replaced by . ; e .
D(M,n)3,q. In order to determine the value Bf(m,n) for (’[E‘he DMC method describes the trigonal-field splits properly,

each confiauration. the contribution of the averade. value o ut significantly overestimates the absolute energies of the
the eIectro%—eIectrc,)n interaction term should begsubtracte ultiplets, implying that the expression wh(r) defined by
g. (2.19 is not the best. Although an improvement of the

This procedure can be accomplished by setting the average . . L
energy of the n,n) configuration to beA g, %xpressmn ofVy(r) using a more sophisticated approach

such as GGA(Refs. 22—24 is quite important, it has not

1 been accomplished yet. Considering that the absolute energy
N 2 Hpp=nAg, (2.149 of the multiplets can be well evaluated by the FCZ approach,
(M.n) pmn) it is natural to apply a similar configuration-dependent cor-

whereN(m,n) is the number of the Slater determinants be-rection(CDC) technique to the matrix element of the DMC
longing to the ,n) configuration and the sum gfis taken ~ approach. In this CDC approach, the matrix elements of the
over all these Slater determinants. In this method, the offHamiltonian H),) are expressed as

diagonal matrix elements ath are completely neglected

and the diagonal elements are estimated in the octahedral Hr',q=Hpq+ Dcpd(m,n) 8pq, (2.17

approximation. . ) )
whereD cpc(m,n) is the correction to the matrix elements of

> h for the states belonging to then(n) configuration. The
values ofDpe(m,n) are determined from Eq2.14) as in

The explicit form ofVo(r) in the effective single-electron the case of the FCZ approach by insertidg, instead of
Hamiltonian has already been derived by Watanabe and qupp_

mimura for the case of thE« potential as

D. Direct matrix calculation (DMC) approach

pG( ) F. Correlation correction factor
VO(r):f [r—r’| dr In the present calculation, only the impurity-state orbitals
o e G G are used for the construction of the Slater determinants.
31 p(NVudp”(N)}—po(r)Vydpo (N} Therefore the number of the Slater determinants is not suffi-
+ 4 Pﬁn o(1) cient to describe the effect of electron correlations accu-

rately. Since the basic multiplet structure can be obtained
G even by such a limited calculation, the remaining effect of
Vel Pimp(1)} | (2.19 electron correlations is a reduction of the effective electron-
electron repulsion energy. In the present work, we introduce
where p®, pi?np, andp((,3 represent the charge density of all a correlation correction factoc and define the effective
electrons, that of the electrons occupying the impurity stateslectron-electron repulsion integrals by
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(ijlglkler=c(ijglkl). (2.19  matrix elements of the effective many-electron Hamiltonian

can be expressed as a functioncof
The matrix elements of the many-electron Hamiltonian are

calculated using these effective electron-electron repulsion L L Lt
integrals. Considering the fact that electron correlations are Hpq(C)=E > Aﬁq(i|h|j>+2 > > >c
partly included within the spin-unrestricted single-electron '=11=l =li=lk=11=1
DFT calculation, we tentatively determined the valuecpf BRI, (ij|g|kl). (2.23
from the consistency between the single-electron DFT calcu- L
lation and the many-electron multiplet calculation. This pro-Since the eigenvectors are obtained by diagonalizing this
cedure can be formulated as follows. matrix, the many-electron wave functions also depend,on

In the density-functional formalism, the ground-state en-

ergy of anN-electron systenty can be written in terms of Wh(c)=ani(C)Py+an(c)Pyt+- - +ank(c) Pk .

the ground-state charge densit§(r) and the potential due (224
to the nucleiVgy(r), as Accordingly the eigenenergy of theh state also depend on
Cy
Eﬁ=T[pG(r)]+fpG(r)Vext(r)dr K K
e E”(c)=% % anp(C)ang(C)Hpg(c). (2.295
(r 12 G
JJ d dr'+Eefp™(r)]- With the appropriate value of, the eigenenergy of the

ground state coincides with that obtained by the density-
(219 fynctional approach,

Here the first, second, third, and last terms represent the ki- G
netic energy, the potential energy due\Mg,(r), the Cou- E™(c)= Elmp (2.2
lomb repulsion energy, and the exchange-correlation energythe consideration of this CC factar is equivalent to an
In the present calculation, we consider only electrons occuapproximation using the following effective Hamiltonian in-
pying the impurity states. Thus we d|V|&'eﬁ into two parts, stead ofH defined by Eq(2.1):

EC=ES+ES , (2.20 M
" =2 n+E Z g, @227

whereEf)3 is a part related only to the charge density of the

core and valence electropg(r), whereh(r) is the same as Eq2.2) andg’(r; r;) is defined
by
ES=TpS(1)]+ f STVl 1) ‘
g'(ri,ry)=—. (2.28
po(r Fij
f f d dr'+Eed pg(r)], In other words, the electron-electron repulsion integrals are
reduced uniformly in this approximation.
(2.21 Although the value ot can be evaluated by EqR.26),

the accuracy of the total-energy calculation is rather uncer-
tain. In the present work, we have developed a more effec-
tive method to evaluate the value offrom first principles,

using a spin-flip excitation within the states consisting of the

and Eﬁnp is a part related to the charge density of the elec-
trons occupying the impurity staterﬁ]p(r)

lmp_ T[plmp(r)]-f—f pi‘fnp(r)vext(r)dr same spatial orbitals. For example, we consider a case of

three impurity electrons in th®,, symmetry. In this case, the
P.m r)le (r') ground state and the spin-flip excited state can be expressed

f f p p drdr’ as (o 1)° and (zg 1)%(tog 1), respectively. In the local-

density-functional formalism, the energy difference between
P.mp(r) Po( ) , . these states can be expressed as
drdr’+Eelp™(r)] E_G__TS__TS
EN—EN=e &, (2.29
Eex[Po (r]. (2.22 whereE is the total energy of thet{, 1)2 configuration and

. . . EN is the total energy of thet{y 1) (tzgl)l configura-
Now we compare this result with the eigenvalue of thet|on while s t] S and st are single-electron orbital energies
effective many-electron Hamiltoniad. As we have already T
for the tyy| and t,; states calculated in the

mentioned, in the eigenenergy expressed by @), the

effect of electron correlations is underestimated due to thét29 )25(t29 )05 configuration. As we have shown in Eq.
insufficiency of the number of the Slater determinants. How-2-20; EX (EN) can be divided into two parts,

ever, the remaining effect of electron correlations can be EG EG+EG

taken into account by introducing the CC factoio be mul- e (2.30
tiplied on the electron-electron repulsion integrals. Then the En=Es+ Eimp.
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8 -
15 F 1 FIG. 1. Schematic illustrations
0k | o of the spin-flip transition energy
2o0 AE within the (t,g)° configura-
=z % tion in the O, symmetry 8,=3
= §5r T ] 1y .
& S 4l —S,=3) in terms of the single-
g o | electron energy leveleft) and in
£ 0F b = (Average) ;
= | o averas terms of the multiplet energy level
% sl i g 2 | A ] (right), where s, denotes thez
AE component of the spin of each
0t ] 14, electron ands, denotes the com-
of A, 1 ponent of the total spin.
15 | : S=5 S=5

WhereE(()3 (EE) is a part related only to the core and valenceln the present work, the value afwas determined by this
electrons WhiIeEﬁ1p (Eﬁn is a part related to the electrons equation. . . . o o
occupying the impurity states. Since the,(1)® and The physmal meaning of th|s_equat_|on is quite S|_mple. For
(tag 1)%(t2g |)* states consist of the same spatial orbitals, weexample, in the case of three impurity electrons '”3@119
neglect the relaxation of the core and valence electrons dufymmetry, we consider a spin-flip transition frddz=7; to

ing the transition ESNEE)- Therefore we can drop these Sz=1 within the (tzg)3 configuration. This transition corre-

terms from Eq(2.29 and obtain sponds to the transition frompy T to tyy | in terms of the
spin-unrestricted single-electron energy level and the transi-
EiEnp_ Ei?np: SLS_S;I—TS' (2.3) tion energy can be calculated by the Slater’s transition state

method. On the other hand, the same transition corresponds
Moreover, Efnp (Ei'fnp) is equal to the corresponding eigen- to the transitions fronfT, (Sz=2) to four different states,
value of H when the appropriate CC facta@® (cF) is  2T,, ?T;, 2E, and *A, (Sz=1) in terms of the multiplet
adopted, energy level. The two different descriptions are schemati-
cally shown in Fig. 1.

G/ G\_ =G
EE (CE - EEimp (2.32
E=(c®)=Ejmp- G. Transition probability
Here we also assume that the difference betweeand cE An impurity TM ion in a-Al,03 is octahedrally coordi-

is negligible, since thetﬁgT)3 and (tng)z(tZgl)l states Nhated by six oxygen ions. This oxygen octahedron is trigo-
consist of the same spatial orbitals. By settefy=cE=c,  nally distorted, and the electric-dipole transitions are slightly

we obtain allowed. The multiplet energies of these materials are fre-
quently analyzed in the octahedral approximation. However,
EE(C)_EG(C)ZstTlS_ SITS' (2.33  such calculations cannot predict the transition probabilities
between the multiplets directly, since the electric-dipole tran-
In the actual multiplet energy levels, several states may corsition between these multiplets are strictly forbidden in the
respond to the spin-flip excited state. For example, thectahedral approximation. In the present work, the trigonally
(tag T)Z(tzg 1) configuration corresponds to four different distorted many-electron wave functions are obtained explic-
states, °T,, 2T, °E, and *A, (Sz=3) in the multiplet itly using the trigonally distorted molecular orbitals obtained
energy level, wher&zis thez component of the total spin. by the cluster calculation. Therefore the transition probabil-
In such a case, we take gravity center of the correspondingy of the electric-dipole transition between the multiplets
states as the energy of the excited state, can be calculated directly. The oscillator strength of the
electric-dipole transition can be calculated' by
Efc)= ———, (2.34 |if:2(Ef_Ei)‘<‘I’i

o
> O

K whereW; and ¥ are the many-electron wave functions of
the initial and final states, whil&; and E; are the energy
wheregy is the degeneracy of theth excited state. Finally, eigenvalues of these stateg.denotes the position of theh
we obtain electron andk denotes the unit vector parallel to the direction
of the electric field.

2

> 9EL(c)
X (2.39

2> gE(c)
—EC(c)=¢{"~¢{". (2.39
E O In order to determine the appropriate cluster size for the
K present investigation, we considered three clusters of differ-

H. Model clusters
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FIG. 2. (Color) Model clusters for the transition-met@lM) dopeda-Al,O; consisting of(a) 41, (b) 63, and(c) 111 atoms. The small
red sphere, small blue sphere, and large yellow sphere denote TM ions, aluminum ions, and oxygen ions, respectively.

ent size as shown in Fig. 2. The clustées, (b), and (c) ing the Slater'sX« potential. The valence band mainly con-
consist of 41, 63, and 111 atoms, respectively. These clustessts of the O-p orbitals and the conduction band mainly
were constructed based on the crystal datarokl,O; and  consists of the Al-3, 3p, 3d orbitals. There are impurity
approximately 4000 point charges were located at the extektates corresponding to thg, ande, states in thedy, nota-
nal atomic sites so as to reproduce the effective Madelungon, mainly consisting of the @ orbitals of the impurity
potential. The TM ion was located at the center of each cluschromium ion. Due to the presence of the trigonal crystal
ter. In the clusterga), (b), and(c), 7, 14, and 26 aluminum field, thet,, state further splits into the states withande
ions were included, respectively, and all of the first-neighbolsymmetry. If we define the effective crystal-field splity as
six oxygen ions to these aluminum ions were taken into acthe difference between the energy of the state and the
count. Basis sets used in the present calculations we@pl  average energy of thg, state, the calculated values &
for oxygen, 1-3d for aluminum, and $-4p for chromium  are 2.12, 2.11, and 2.12 eV for the clustés (b), and(c),

or vanadium. Numerical integrations were carried out usingespectively. Therefore the variation af; is quite small.
30000, 40000, and 80000 sampling points for the clustershe trigonal splits of thet,, State,e(a)— &), are —0.04,

(a), (b), and(c), respectively. 0.03, and 0.06 eV for the clustets), (b) and (c), respec-
tively. Therefore the positions dby(a) andtyg(e) are re-
ll. SINGLE-ELECTRON ENERGY LEVELS versed between the clusté@) and the clustetb), while the

results of the clustetb) and the clustefc) are qualitatively
consistent. As the number of atoms in the cluster is in-
The calculated spin-restricted single-electron energy levereased, the widths of the valence band and the conduction
els of ruby using the cluster®), (b), and(c) are shown in band become slightly broader. The relative position of the
Fig. 3, where the energies of the highest occupied moleculampurity states from the top of the valence band slightly
orbitals are set at zero. All calculations were carried out usehanges between the clust@ and the clusterb), while

A. Cluster size dependence
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FIG. 3. The spin-restricted molecular orbitsO) energy levels ) ) ]
of ruby calculated using the clusteréCrAl;Os9)%  (left), FIG. 4. The spin-restricted molecular-orbltaﬂo)_energ)_/ lev-
(CrAl,,0,95% (centey, and(CrAl,dOg,)®~ (right). The energies of els of ruts)l calculated by the LSDA potential using the
the highest occupied molecular orbitals are set at zero. The solitCAl14049)>" cluster (left), those calculated by th¥a potential

lines denote the occupied states and the dotted lines denote ti§iNg the same clustécentey, and the spin-restricted MO energy
unoccupied states. levels of a-Al,0;:V3" calculated by theXa potential using the

(VAI 140,9)%Y cluster(right). The energies of the top of the valence
bands are set at zero. The solid lines denote the occupied states and

there is no significant change between the clugieand the > :
the dotted lines denote the unoccupied states.

cluster(c). Therefore the electronic structure around the im-
purity states is almost the same between the clusbeand
the cluster(c). In order to confirm this result, we also inves-
tigated the composition of the Cre3orbitals within the
impurity-state orbitals by the Mulliken population analysis
as listed in Table I. As shown in the table, the Qi-8om-

sentially the same. Therefore, in the present work, the
impurity-state orbitals obtained by the calculation using the
Xa potential were used for the construction of the Slater
determinants.

positions at the,4(a), to4(€), andey states change 1.4, 1.6, § N3+
and 2.8%, respectively, between the clugg@rand the clus- _ C. Ruby and a-Al,04:V
ter (b). On the other hand, the change of the G-®mpo- The single-electron energy level of th&Al 40,49

sition in each orbital is within 0.2% between the clugter  cluster was also calculated using tie potential and com-
and the clustefc). Thus we conclude that the impurity-state pared with the result of théCrAl;,0,49°"" cluster in Fig. 4.
orbitals are well described by the clust® and the calcu- The positions of the impurity states are closer to the conduc-
lations of the multiplet structures of ruby amdAl,O5:v3*  tion band ina-Al,05:V3* than in ruby. Therefore it is ex-
were carried out using the clustéy) in the present work. pected that the interaction between the TM-8rbitals and
the Al-3s, 3p, 3d orbitals is greater im-Al,03:V>" than in
ruby while the interaction between the TMd Drbitals and
, . , ) , the O-2 orbitals is greater in ruby than im-Al,03:V3*. In

The spw;-lr_estrlcted density funct'lonal calcglanon for theruby, these ten impurity states are occupied by three elec-
(CrAll‘.‘O48) cluster was also C@”'e?' out using the L_SDA trons. Thereforg C; (=120 Slater determinants were con-
potential. The results are shown in Fig. 4, together with theyy,cted and used as the basis functions for the diagonaliza-
results using theXa potential. In this figure, the top of the. tion of the many-electron Hamiltonian. In the case of
valence bands are set at zero. The calculated effectlvg_A|203:V3+, there are two impurity electrons and

crystal-field splitsAeq are 2.12 and 2.11 eV for the LSDA & “(=45) Sjater determinants were used as the basis func-
potential and th&X« potential, respectively. According to the {ions.
Mulliken population analysig’ the change in the composi- As we have already mentioned, the valueAof; calcu-
tion of the impurity-state orbitals between these calculationsl;ated using théCrAl,,0,9)%% cluster’ using th&« potential
is negligibly small. For example, the change of the @-3 55 11 ey This is much smaller than the value obtained by
composition in each orbital is less than 0.03%. These results) ;4 et al.12 which is approximately 2.5 eV according to
indicate that for a spin-restricted calculation, the result usinghe Fig. 2 ’in their paper. The value df is related to the

; X . . . o
the Xa potential and that using the LSDA potential are €S-energy of theU band in the optical spectra of ruby. As will
be shown later, our calculation slightly overestimates the
U-band energy. Therefore their value would further overes-
timate theU-band energy. In their calculation, the structural
relaxation around the impurity chromium ion is considered.

B. Exchange-correlation potential dependence

TABLE I. Composition of the Cr-8 orbitals within each
impurity-state orbital%) obtained by the three different clusters.

tq(a t e eq(e . . . . .

24(a) 29(€) o(®) However, as will be discussed in Sec. IV C, the consideration
(CrAl;059%% 91.5 92.9 83.3 of the relaxation would decrease the valueAgf; due to the
(CrAl 4,049 90.1 91.3 80.5 slightly longer Cr-O bond lengths. Therefore our results
(CrAl0g)®" 90.3 91.3 80.3 would further agree with the experimental data. The reason

for this discrepancy is not clear.
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FIG. 5. The multiplet energy
10 - Ruby (a-ALO3:Cr) | levels of ruby calculated by the
Fairbank et al. (1975) | three different approache$-Cz,
DMC, and CDGQG using the
(CrAl14049)%Y cluster with no

Multiplet Energy (eV)
EN
T

——Y —_—— . correlation correctiofNCC). The
| = = — Y (T i energy of the ground statéA,)
4 Be=VY |p —=—VY | g ——1y B T, — vty ?s set at zero. The peal_< positions
R —— R =—1U f—— 2= N in the observed absorption spectra
2= U R U | R@T)——""U(T) - .
R R R R (zEI) of ruby reported by Fairbandt al.
0 . A, (Ref. 9 are shown together on the
Doublets  Quartets { Doublets Quartets | Doublets  Quartets Doublets Quartets ri g ht.
FCZ DMC CDC Experimental

The effective crystal-field split and the trigonal-field split ground state 4A,) is set at zero. The peak positions in the
were also calculated for-Al,O5:V3*. The value of Aoz absorption spectra of ruby reported by Fairbatlal® are
calculated using théVAl 14049)°*" cluster is 2.28 eV, which  shown together on the right. Since the ground state is a quar-
is slightly larger than the value for rubf2.11 eVl. The tet (*A,), transitions to the quartet§T,, *T;,, and “Ty;
calculated value of the trigonal field splig;a)—eye), IS  are allowed by the spin-selection rule and observed as strong
0.02 eV, which is slightly smaller than the value for ruby and broad bands. Although transitions to the doublés,
(0.03 eV. 2T,, and T, are forbidden by the spin-selection rule, they

are slightly allowed due to the presence of the spin-orbit
V. MULTIPLET STRUCTURE OF RUBY interaction and observed as weak and sharp lines. Each peak
slightly splits due to the trigonal crystal fielduartet$ or
due to the spin-orbit interactiofoublets as listed in Table

The multiplet structures of rubya(-Al,05:Cr*") calcu- II. Since the splits due to the trigonal field are quite small,
lated by the three different approach@CZ, DMC, and we mainly discuss the average energy of each state i@the
CDO) using the(CrAl 40,4¢)°! cluster with no correlation notation for a while. The trigonal-field splits will be dis-
correction(NCC) are shown in Fig. 5. The energy of the cussed in Sec. IV F with relation to the polarization of the

A. Multiplet structure without CC

TABLE Il. The multiplet energy levels of rubyeV) calculated by the three different approackie€z,
DMC, and CDQ@, with no correlation correctiofNCC) and with the correlation corectiofCC), together
with the peak positions in the observed absorption spectra of ruby reported by Fattaln€ C(LSDA) and
CC(Xa) denote the calculations with the CC factors estimated by the single-electron calculations using the
LSDA potential and theXa potential, respectively. G@xpY denote the calculation with the CC factor
estimated from the experimental data. The calculated multiplet energies are averaged within each state in the
Oy, notation. For comparison, the results of Ohnishi and Sugano and those ef Aiaare listed together.

E(R) *Ty(R') 2Ta(B) “To(U) “Tia(Y) “*Tin(Y')

Experimental 1.79 1.85 2.60 2@3 3.00) 4.840)
(Fairbanket al? 1.79 1.88 2.61 2280 311w 4.84w
1.88 2.65

Ohnishi and Sugarfio 1.63 2.27

Xia et al® 1.8% 2.70

(CrAl;054)%2 ¢ FCz NCC 2.23 2.37 3.45 2.47 3.52 5.28
(CrAl 0,49%" FCz NCC 2.03 2.27 331 2.40 3.45 5.17
(CrAl 0,49%" DMC NCC 2.13 2.29 3.27 2.53 3.61 5.65
(CrAl 40,9 CcDhC NCC 2.13 2.29 3.24 2.39 3.41 5.12
(CrAl4049°%Y CDC CQLSDA) 1.35 1.49 2.24 2.28 3.04 4.73
(CrAl4049°%Y CDC CC(Xa) 1.79 1.94 2.80 2.34 3.26 4.94
(CrAl 40,49%" CDC CQexph 1.71 1.85 2.69 2.33 3.22 4.89

aReference 9.

bReference 10.

‘Reference 11.

YReference 15.

€In the original paper of Xiat al., the calculated spin-flip transition energy 2.29 eV was compared with the
experimental data. However, according to the paper of Ohnishi and Sugano, this value should be multiplied
by ‘-5' to be compared with thB-line energy. Therefore the corrected value is listed here.
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FIG. 6. The multiplet energy levels calculated by the CDC approach usin@té;,0,9)°* cluster including the correlation correction
(CC) estimated by the three different methods.(C&DA) and CCKa) denote the calculations with the CC factors estimated from the
single-electron calculations using the LSDA potential andthepotential, respectively. GExpt denotes the calculation with the CC factor
estimated from the experimental data. The energy of the ground é#ask i6 set at zero. The peak positions of the observed absorption
spectrum of ruby reported by Fairbaek al. (Ref. 9 are shown together on the right.

absorption spectra. The calculated multiplet energies of rubyes ofc, until we got the value of satisfying Eq(2.395. The

are also listed in Table Il. For comparison, our previous re<calculation of the matrix elements was carried out by the
sults using the(CrAl;035)**" cluster (FCZ approachare  CDC approach. The values ofobtained by CQLSDA) and
listed together. The multiplet energies calculated by thédy CC(X«) are 0.646 and 0.844, respectively.

(CrAl;049)%>" cluster are slightly higher than those calcu- In order to evaluate the validity of the above estimation,
lated by the(CrAl;,0,9)°%" cluster(FCZ approach The rea- the CC factor was also estimated by fitting to the experimen-
son for this overestimation is ascribable to the underestimaal data. This approach will be denoted as (EXpY. The
tion of the effect of covalency due to insufficient aluminum experimental spin-flip transition energy was evaluated simi-
ions. As we have shown previouslythe energy of the quar- larly using Eq.(2.34), where experimental values listed in
tets are significantly overestimated in the DMC approactRef. 9 were used instead & (c). The estimated spin-flip
compared to those in the FCZ approach, although the degefransition energyAE was 1.90 eV, which is closer to the
eracy of each peak is significantly improved, indicating thatvalue obtained by th&Xa potential. On the other hand, the
the configuration interactions are taken into account morgalculation using the LSDA potential significantly underesti-
appropriately. On the other hand, in the results of the CDGnates the spin-flip transition energy. In the case ofe&@,
approach, both the absolute energy and the degeneracy aft#e CC factor was calculated by replacing the right hand side
reproduced quite well for the quartets. Therefore the CDGof Eq. (2.35 by AE estimated above. The obtained value of
approach is the most effective method among the three ag- was 0.806, which is also much closer to the value by
proaches adopted in the present work. The energies of theC(Xa) than the value by CLSDA). This result is prob-
doublets are overestimated in all three approaches, due to th@ly due to the open shell problem of LDA. It is frequently

underestimation of the effect of electron correlations. pointed out that the total energy obtained by LDA underes-
timates the Coulomb repulsion energy for the open shell sys-
B. Estimation of CC factor tems with fractional occupancy. In such a case, the correc-

tion to the Coulomb repulsion energyJ) is sometimes
introduced (LDA+U approximation.®®° Therefore the un-
derestimation of the spin-flip transition energy in the calcu-
3 2 1
from (tzq 1)° to (tzg T)I (tZ? )7, AE, IW"’}S calculated by @ ' |a4i0n ysing the LSDA potential is probably arising from the
spin-unrestricted single-electron calculation. According tongerestimation of the Coulomb repulsion energy intrinsic to
the Slater’s transition state methatlE can be evaluated as LDA. On the other hand, th¥a potential tends to overesti-
the s;ﬁsgle-eleggron energy rﬁg'ﬁere”‘:&?u'?nv in the  mate the Coulomb repulsion energy for a system with rela-
(taq 1) (tzq |)™" configuratior:™ For comparison, the cal- |y Jarger spin polarization, since the correlation between
culation was carried out both for the LSDA potential and theyhe electrons with opposite spins is not taken into account

Xa potential. In order to specify the method to estimate theyyjicitly. Therefore, in the present case, the overestimation
CC factor, these approaches are denoted 88 80A) and 6 15 theXa potential and the underestimation due to the

CC(Xa). The calculated values oAE were 1.54 eV nen shell configuration almost canceled. As a result, a sat-
(LSDA) and 1.98 eV Ka). Using these values, the values istactory estimation of the CC factor was achieved by the
of c were determined by Eq2.39. In this case the sum & .o \cu1ation using th&Xa potential.

was taken over the four state€T,, 2T;, °E, and
4A, (Sz=3), with the degeneracy of,=3, 3, 2, and 1,
respectively. Since Eq2.35 cannot be analytically solved,
we repeated the procedure of the calculation of the matrix The calculated multiplet structures of ruby including CC
elements and the diagonalization for gradually changed valestimated by three different methods, CSDA), CC(Xa),

In order to estimate the correlation correcti@C) factor,
¢, from first principles, the transition energy of the spin-flip

C. Multiplet structure with CC
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and CQexp?, are shown in Fig. 6. All calculations were TABLE I1ll. Composition of the atomic orbitals within each
carried out by the CDC approach using t@rAl,,0,9)°  impurity-state orbita(%) obtained by théCrAl,,0,¢)" cluster. O
cluster. When CC is taken into account, energies of the doudenotes the total of six first-neighbor oxygen ions, and Al denotes
blets, 2E, 2T,, and 2T,, decrease significantly in all cases, e total of 14 aluminum ions.

As expected from the values of the CC factors, the results of

CC(LSDA) significantly underestimate the doublet energies t2g(3) tzq(€) &(®)
On the other hand, the results of OG{) and CCexpt well  cr 3d 90.1 91.3 80.5
reproduced the observed values. The difference between the 4s 0.1 0.0 0.0
results of CCKa) and CQexp? is relatively small. There- 4p 0.1 0.1 0.6
fore, in the present paper, the multiplet structure of ruby will total 90.3 91.4 81.1
be mainly analyzed based on the results of K&) and
CC(exph. The energies of the quartet§T,, *T,,, and ©O 2s 0.2 0.1 1.9
4T1p. also slightly decrease due to CC, but the changes are 2p 6.1 4.9 12.4
much smaller than those of the doublets. Thus the effect of total 6.3 5.0 14.3
electron correlations is much greater in the doublets. Th
=l , UDIETS ?«I 3s 0.8 1.3 13
reason for this is related to the electronic configuration o 3
4 4 . p 0.6 0.9 15
these states. The quartefs,, *T,,, and *Ty, mainly con-
sist of the €,9)2(€0)%, (to)?(e,)", and ) *(eq)? configu- 3d L6 L0 12
29/ A=/ 0 \:2g) R =g/ o 29/ 39 total 3.0 3.2 4.0

rations, respectively, while the doubletg, 2T,, and T,
and the ground state all mainly consist of thgg13 configu-

ration. Therefore the energy of these qugrtets are dominategce the crystal-field split is mostly dominated by the bond
by the value of the crystal-field splie; while the energy of engths, only the bond lengths were changed in the relaxed
these doublets are dominated by the values of the electropyster from the unrelaxed cluster and the direction of the
electron_ repulsion mtegrals. Therefore the effect of CC isyonds were left unchanged for simplicity. The calculated
greater in the doublets in the present case. _ value of the crystal-field split for the relaxed cluster is
The calculated multiplet energies of ruby including the gmajier than that for the unrelaxed cluster by 0.16 eV. There-
three types of CC are also listed in Table II. In the results ofq e poth theU-band energy and th&band energy are ex-
CC(Xa), the peak positions of the observed spectrum argected to decrease roughly by 0.16 eV. Although the com-
reproduced quite satisfactorily without referring to any ex-pjete analysis of the effect of the structural relaxation is
perimental data. For comparison, the results of singlepeyond the scope of the present paper, if the structural relax-

elect{?n calculations by Ohnishi and ng%ﬂmnd Xia  ation is taken into account, the agreement with the experi-
et al.”" are listed together. In these calculations, the energieg,ent will be improved.

of only theR line and theU band were evaluated since no
simple relation was obtained between the energies of other
multiplets and the single-electron orbital energies. Our cal-
culation reproduced th&-line energy better than that of  According to the Mulliken population analysiéthe total
Ohnishiet al. while their calculation reproduced thé-band  compositions of the & 2p orbitals of the six first-neighbor
energy slightly better than ours. However, considering theD ions are 6.3, 5.0, and 14.3% for thg(a), t,4(e), and

fact that they adopted a simple model cluster consisting oéy(€e) orbitals, respectively, while the total compositions of
seven atoms, in which the ligand oxygen ions are located ahe 3s, 3p, 3d orbitals of the 14 Al ions are 3.0, 3.2, and
regular cubic positions, the good agreement of thband  4.0% for thet,4(a), tg(€), andey(e) orbitals, respectively
energy in their calculation was probably due to the cancellaas listed in Table Ill. These results indicate that the degrees
tion of the various approximations. As we have already menef spatial extension of thg,; ande, states are quite differ-
tioned in Sec. Il C, one of the possible reasons for the overent, although they are assumed to be equal in the traditional
estimation of théJ-band energy is the effect of the structural ligand-field theory. Such effects were quantitatively analyzed
relaxation around the impurity chromium ion. It is reported for the TM impurities doped in semiconductors by Watanabe
by several authors that the Cr-O bond lengths in ruby ar@nd Kamimura® For example, in the framework of the
slightly longer than the Al-O bond lengths i-Al,045.1>*  semiempirical ligand-field theory, the values of two Cou-
Thus we roughly estimated the effect of the structural relaxiomb integrals J{uv]=(uv|gluv) and J[u]=(u¢|g|u?)

ation using a small cluster consisting of seven atoms. Sincare equal to each other and expressed in terms of the Racah
the structural relaxation mostly occurs in the position of theparameters a8 — 4B+ C,! whereu andv represent the or-
nearest-neighbor oxygen ions, we calculated the crystal-fieliitals of theey; symmetry(e symmetry inTy) and { repre-
split for an unrelaxed(CrQOg)° cluster and a relaxed sents one of the orbitals of thg, symmetry ¢, symmetry in
(CrOg)° cluster. The unrelaxed cluster was constructedly). However, they reported that the difference between
based on the crystal data @fAl,O,. For the construction of these integrals is 1.97 eV in the case ofNin ZnS and

the relaxed cluster, we adopted the results of the pairpointed out that to disregard such a large difference could
potential calculation reported by Kizlest al,** which are cause a crucial fault in the interpretation of the optical
consistent with the extended x-ray-absorption fine-structurepectra.

(EXAFS) data reported in the same paper. According to their For the analysis of the effect of covalency, it is useful to
calculation, the Cr-O bond lengths are slightly extended tdntroduce the so-called orbital deformation paraméfers
1.91 and 2.00 A from the original values of 1.86 and 1.97 A.defined by

D. Effect of covalency
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TABLE IV. Calculated Coulomb integraleV) using the pure
Cr-3d atomic orbitals(AO) and molecular orbital$MO) obtained
by the (CrAl 40,49 cluster. CGexph and CCKa) denote the

whereJ,o andJyg are the Coulomb integrals calculated by effective Coulomb integrals calculated by the CC factor estimated
the pure atomic orbitaléAO’s) and those calculated by the from the experimental data and those calculated by the CC factor
molecular orbitalgMQ’s), respectively. Since CC is not in- estimated from the single-electron calculation usingXaepoten-
cluded inJdyo, the effective Coulomb integrals are calcu- tidl, respectively.

lated by multiplying the CC factoc on the above values of

Ivo AO MO CC(exph CC(Xa)
_ Jleg(e)ey(e)] 22.7 18.9 15.2 16.0

\]eff[egeg]__ CJvol g€yl (4.2) Jtrg(a)tyg(a)] 22.7 20.1 16.2 17.0

Jefl t2gt2g] = CImol t2gtzg] - Jtog(e)togle)] 227 205 16.6 17.3

The orbital deformation parameters are often treated as em~

pirical parameters to be determined by fitting to the experi- . .
mental data. However, in such a semiempirical analysis, th€C. the value evaluated by @&pY is more appropriate.

effect of CC is also absorbed in the valuesigfand A,. ~ 'hus we first take the value af evaluated by C@xp9.
Therefore the contributions of covalency and that of electron NN the effective Coulomb integrals are calculated as
correlations are no longer separable. Jerl€y(€)ey(€)]=15.2eV,  Jerltrg(a)tyy(a)]=16.2€V, and

In order to evaluated the effect of covalency quantita-Jeltzg(€)tog(€)]=16.6 €V, as shown in Table V. Therefore
tively, we have calculated the value of three Coulomb intefhe Coulomb integrals are significantly reduced due to CC.
grals, J[eg()eg(€)], Itag(@)1tag(a)], andI[tyg(e)tog(e)] The effective Coulomb integrals are also calculated using the
from first principles, using the pure AO’s and the MO's ob- value ofc evaluated by CC{«). The calculated values are
tained by the(CrAl,,0,9%% cluster. The Coulomb integrals Jei €y(€)€(€)]=16.0€V, Jertry(@)ty(@)]=17.0€V, and
for the pure AO’s are expressed in terms of the Racah palefltzg(€)tzg(€)]=17.3€V, as shown in Table IV. Although
rameters as  Jaoley(€)ey(€)1=Jnoltag(@)tag(a)] the e_ffectlve Coulomb integrals are slightly overestimated,
=Jpoltag(€)tog(€)]=A+4B+3C. The Racah parameters the difference between the values by &@() and the values

can be easily calculated from the radial part of the TM-3 bY COexpd is quite small. The values afindicate that the
AO’s, Raqy(r), using the relatioh effect of CC is slightly greater than the effect of covalency

and cannot be neglected for the theoretical prediction of the
multiplet structure of ruby.

— 0 4
A=F 441
1 5 F. Absorption spectra
{ B= 4_9':2_ mF4 ' (4.3 Using the explicitly obtained many-electron wave func-
tions, the intensities of the electric-dipole transitions in ruby
C= f 4 were calculated by Eq2.36). The calculations were carried
\ 441 out by the three different approach&Cz, DMC, and CD¢

using the(CrAl 40,5 cluster and CC{a) was taken into
account in all these calculations. If we set thg axis of the
- " rk cluster parallel to the axis, thew spectrum €IC3) and o
szf ridrlf rgerRgd(rl)Rgd(rZ)—kj_l- (4.4) spectrum €L C3) can be expressed by and%(lx+|y), re-

0 0 r spectively, wheré,, 1, andl, denote the intensities arising
from the electric vector in the direction af y, andz axes,
respectively. The contribution of all final states were
summed and each state was broadened by a Gaussian func-

whereF¥ are Slater integrals defined by

The calculated values of the Racah paramétesse A
=20.75eV,B=0.13 eV, andC=0.49 eV and the Coulomb

'L‘tfgrfatls ( a)tarfa)]zga'c[‘:'at(i‘;t (o 240l 2(&€(&)] o with 0.3 eV full width at half maximum(FWHM) for
AOL 291 "29 ACL "2g\ ™ 129 ' ' easy comparison with the experimental data.

lomb integrals are al irectl lculat ing th . .
Coulomb integrals are also directly calculated using the The calculated absorption spectra of ruby are shown in

y . . - 517
MO's of the impurity states obtained by tH€rAl14Oze) Fig. 7 together with the experimental absorption spectra of

cluster. The calculated values ardy[egy(€e)ey(e)] . 9
—18.89eV, ol tag(@)ty(a)]=20.14 €V, and ruby at 103 K reported by Fairbarét al® In the observed

Jmol tag(€)to(e)]=20.53eV. The values oo and Jyo

are listed in Table IV. Using these values, the orbital defor- TABLE V. T_he orbital deformation par_amete«t)s) and the scf_’r'
. relation correction factoréc) calculated using th€TMAI 140,45
mation parameters are calculated age=0.831, Ay

- _ . . cluster(TM=Cr, V). ¢ randcy, denote the values estimated from
=0.886, andhy¢)=0.903, as listed in Table V. the experimental data and the values estimated from the single-
electron calculation using thé« potential, respectively.

E. Effect of correlation correction

When CC is taken into accounly, are further multi- Ne(e) M) Me) Cexpt Cxa
plied by the CC factoc. As listed in Table V, the value af  (cral,,0,9° 0.831 0886 0903 0806 0.844
evaluated by C@xpt and CCKa) are 0.806 and 0.844, (vAl 0,9 0.829 0879 0898 0704 0.779

respectively. For the quantitative analysis of the effect of
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T T T TABLE VI. The trigonal splitE,— E¢ (eV) for each state in the
Ruby (a-ALO; : Cr3+) O;, notation calcul_ated by the threéal_different approachéSZ,
DMC, and CDQ using the(CrAl;,0,¢)°* cluster. For comparison,
the experimental trigonal splits estimated from the difference in the
Fairbank et al. (1975) peak positions between thespectrum and ther spectrum are also
listed.

Experimental

U Y Y’

Absorption Coefficients

Experimentdl 0.05 0.1 0.0
FCz —0.09 —0.19 -0.17
DMC 0.10 0.18 0.02
CDC 0.09 0.20 0.03

Intensity

8Reference 9.

data. Moreover, contrary to the experimental data, éhe
spectrum shifts toward the higher energy side, indicating that
the calculated positions of the energy of thstate is higher
than the corresponding state. This is also shown in the
values ofE,—Eg listed in Table VI, which are negative in
all states. Therefore the FCZ approach provide qualitatively
wrong results for the behavior of the trigonal-field splits. On
the other hand, in the results of the DMC approach, the rela-
tive positions of theA and E states are consistent with the
experiment. Thus the anisotropy of the peak positions as well
as the anisotropy of the peak intensities are well reproduced.
The calculated trigonal splits are also shown in Table VI. In
spite of such a good reproduction of the trigonal splits, how-
ever, the absolute energy of each state is significantly over-
estimated. This discrepancy is improved in the results of the
CDC approach shown in the bottom of Fig. 7. In this case,
the absolute energy of each peak is also well reproduced in
addition to the anisotropy of the peak positions and the peak
intensities. The remaining small discrepancy in the absolute
FIG. 7. The intensity of the electric-dipole transition in ruby €nergy is regarded as the effect of the structural relaxation as
calculated by the three different approactiég6z, DMC, and cCD¢  discussed in Sec. IV C. The calculated trigonal splits are also
using the(CrAl,40,9)° cluster, together with the observed absorp- shown in Table VI. The variation of the splits for each band
tion spectra of ruby reported by Fairbaakal. (Ref. 9. The solid is in qualitatively good agreement with the observed results.
line and the dotted line denote thespectrum and the- spectrum, The calculated oscillator strengths for these transitions are
respectively. Ther spectrum and ther spectrum are compared in  compared with the experimental values reported by Fairbank
the same scale. For easy comparison with the observed data, eagh|° and McClurd® in Table VIL. Although the calculated
state is proadened by a Gaussian function with 0.3-eV full width aR/aIues are somewhat overestimated, they are still almost in
half maximum(FWHM). the same order. Therefore the theoretical prediction of the
. . . . absolute intensity without referring to any experimental data
spectra, the intensity of the band is greater and the inten- were quite satisfactory. One of the reasons for the remaining

ity of the Y band is smaller in _ther spectrum comp_ared_ to small discrepancy is the neglect of the vibrational effect.
the 7r spectrum. The peak positions in each peak is slightly

different between ther spectrum and the spectrum since

eachT state splits intoA and E states due to the trigonal TABLE VII. The oscillator strengths of the electric-dipole tran-

field. In each peak in th®, notation, the peak position of sition calculated by the CDC approach using (@Al;,0,9)*"

the 7 spectrum shifts toward the higher energy side Com_cluster,_together wi_th thc_e experimental values reported by McClure

pared to the corresponding peak in thespectrum, indicat- and Fairbanlet al. (in units of 10°%),

ing that theA state is above the correspondiBgtate. In the . ;i

observed data, the trigonal spli§,—Eg, for the U band U(m) U(o) Y(m) Y(a) Y'(m) Y'(o)

and theY band are 0.05 and 0.10 eV, respectively, and NOrgirbanket al2 0.8 26 6 4

significant split has been observed for tfie band. ~ McClure’ 13 48 102 59 13 1.2
_In the calculated results of the FCZ approach shown in theqretical 23 39 25 10 37 27

Fig. 7, the anisotropy of the peak intensities for ¥hieand is

well reproduced. However, the anisotropy of the peak inten2Reference 9.

sities for theU band is inconsistent with the experimental "Reference 43.

Intensity

Intensity

Photon energy (eV)
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FIG. 8. The multiplet energy levels calculated by the CDC approach usingvitig ,0,9)°' cluster with no correlation correction
(NCO) and with correlation correctioiCC). CC(Xa) denotes the calculation with the CC factor estimated from the single-electron
calculation using th&X« potential while CQexp?t denotes the calculation with the CC factor estimated from the experimental data. Since the
ground state’T,, splits into theA andE states due to the trigonal field, tH&,,(A) is set at zero. The experimental values reported by
several authorgRefs. 43—4%5are shown together on the right.

V. MULTIPLET STRUCTURE OF a-Al,05:V3* B. Estimation of CC factor
A. Multiplet structure without CC The CC factorc was also evaluated fos-Al,05:V3".

Since in the analysis of ruby, we found that the cpc!n this ca§e, the spin-flip fromtﬁ.g.T)z to (tZQT)l(tZQl)l’
approach was the most effective for the theoretical predictiofas considered and the transition eneryiz was eval-
of the multiplet structure, we adopted this approach for thelated as the single-electron energy differenge;-«¢;, in
calculation of the multiplet structure af-Al,05:V3*. The  the (tag 7)™ tag 1)** electronic configuratiod? For com-
calculated multiplet structures af-Al,O4:V3" using the parison, the calculation was carried out both for the LSDA
(VAI 1,049 cluster with no correlation correctiofNCC)  potential and théX« potential. The calculated values AE
is shown on the left in Fig. 8. Since the ground stdlg,  Wwere 0.738 eV(LSDA) and 0.963eVXa). These values
splits into the3T,,(A) and 3T,,(E) states due to the trigo- were also compared with the value estimated by fitting to the
nal field, the energy of théT,,(A) state is set at zero. The experimental data. Although the observed spectra corre-
experimental multiplet energies reported by severabponds to the transition from thT,,(A) state, the 1og 1)?
author§®>~**are shown on the right. Since the ground state isconfiguration corresponds to both ti&;,(A) and 3T,(E)
a triplet, the transitions to the tripletST,, 3T,,, are ob- states. Therefore the average energy of ﬁagT()Z configu-
served as strong and broad bands, while the transitions to thiation is not zero. The reported value of the energy separa-
singlets,'T,, 'E, andA;, are observed as weak and sharption between the’T,,(E) state and the'T,,(A) state is 850
lines. The calculated multiplet energies are listed in Tablem ! (Ref. 46 and 960 cm™.*® These values are generally
VIII, together with the experimental values. When CC is notassigned to the components split by the spin-orbit
taken into account, the energies of the singlets and®thg  interaction** Considering the contribution of th&T,(E)
state are significantly overestimated while the energy of thetate, the average energy of th@g(T)2 configuration(~0.07
3T, state is relatively well reproduced. eV) should be subtracted from the observed values listed in

TABLE VIII. The multiplet energy levelgeV) calculated by the CDC approach using tNél ;,0,9)%'
cluster with no correlation correctioftNCC) and with the correlation correctiofCC), together with the
observed multiplet energies of-Al,05:V3" reported by several authors. CGf) denotes the calculation
with the CC factor estimated from the single-electron calculation using<iagootential while CQexpb
denotes the calculation with the CC factor estimated from the experimental data. The calculated multiplet
energies are averaged within each state inQhenotation.

1T2 lE 1Al 3T2 3T1b
Experimental 1.09 1.2P 2.61 2.17 (0)° 3.09 (0)°
2.16 (m° 3.14(m°
(VAI 140,49)°% NCC 1.61 1.72 3.41 2.33 3.66
(VAI 140,49)%Y CC(Xa) 1.28 1.39 2.78 2.35 3.38
(VAI 140,49)°Y CC(exp 1.17 1.28 2.55 2.36 3.28

#Pryce and RuncimafRef. 44.
bJones and Runcima(Ref. 45.
‘McClure (Ref. 43.
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Refs. 43—-45 before applying ER.34). Then the value of TABLE IX. Composition of the atomic orbitals within each
AE was evaluated to be 0.871 eV, which is also closer to thémpurity-state orbital%) obtained by théVAl,0,9)>*" cluster. O
value estimated from the calculation using ¥e potential. ~ denotes the total of six first-neighbor oxygen ions, and Al denotes
Since the calculation by the LSDA potential considerablythe total of 14 aluminum ions.

underestimates the value AE, we estimated the CC factor

only for CC(Xa) and CGexpb. Using these values afE, t2q(a) t29(€) &y(€)
the value ofc was determined by E¢2.39. In this case, the 3d 89.6 90.9 80.4
sum ofk was taken over the four statesl,, 'E, *A;, and 4s 01
3T, (Sz=0), with degeneracy aj,= 3, 2, 1, and 3, respec- 4p 0.2 01 0.7
tively. Since the®T,, state splits due to the trigonal crystal total 89.9 91.0 811
field, the average energy of thd;, state was taken as the ' ' '
energy of the (29)2 configuration. In the case of G&xpy, ©O 2s 0.2 0.1 2.0
the right-hand side of Eq2.35) is replaced byAE estimated 2p 54 4.2 10.0
above. The obtained values ofwere 0.779 and 0.704 for total 5.6 4.3 12.0
CC(Xa) and CQexpt), respectively. These values are also 3s 11 18 26
listed in Table V. In this case, the discrepancy between the 3 0-8 1'1 2‘0
value by CCKa) and the value by C@xp? is slightly P : : ’
larger than the case of ruby. 3d 2.3 1.4 L5
total 4.2 4.3 6.1

C. Multiplet structure with CC

When CC is taken into account, the energies of the sintained by the(VAI 14049~ cluster areJyo[eg(€)eg(e)]
glets, 'T,, 'E, and A, significantly decrease as shown in =17.80eV, Jmoltz2g(@)tag(a) ]=18.88eV, and
Fig. 8. Although the triplet energies also decrease, théwoltzg(€)tzg(€)]=19.27 eV, as listed in Table X. Using
changes are relatively small. Therefore the effect of electrothese values, the orbital deformation parameters are calcu-
correlations is greater in the singlets than in the triplets. Thidated as,Age)=0.829, A5 =0.879, and\=0.898 as
is also due to the fact that the energies of these singlets afisted in Table V. Therefore the effect of covalency is com-
dominated by the electron-electron repulsion integrals, whil@arable to that in ruby.
the energies of these triplets are dominated by the crystal-
field split. In the results of the calculation by C&C4), the
multiplet energies are slightly overestimated. However, the
calculated multiplet structure was considerably improved For the quantitative analysis of the effect of CC, the ef-
compared to the results without CC. The slight overestimafective Coulomb integrals are calculated using the value of
tion of the triplet energies are due to the structural relaxatiorgstimated by C@xpd. The calculated values are
as in the case of ruby. Jeil&y(€)ey(€)]=12.5eV,  Jerltrg(@)ty(@)]=13.3eV, and
Jerltog(E)try(€)]=13.6 €V as listed in Table X. Therefore the
Coulomb integrals are reduced significantly due to CC.
These Coulomb integrals are also calculated using the value
According to the Mulliken population analysisthe total ~ of ¢ estimated by CQ{a). The calculated values are
compositions of the & 2p orbitals of the six first-neighbor Jer€5(€)€y(€)]=13.9eV,  Jenltyy(a)ty(a)]=14.7€V, and
O ions are 5.6, 4.3, and 12.0% for thg(a), tyg(€), and  Jenltg(€)t(€)]=15.0€V, as also listed in Table X. Since the
ey(e) orbitals, respectively, while the total compositions of value ofc is much smaller than the values ofthe effect of
the 3s, 3p, 3d orbitals of the 14 Al ions are 4.2, 4.3, and CC is much greater than the effect of covalency, in this case.
6.1%, for thet,4(a), toy(€), andey(e) orbitals, respectively, Therefqre the consideration of CCis qgite important for the
as listed in Table IX. As expected from the analysis of thetheoretical prediction of the multiplet structure of
single-electron energy levels, the As33p, 3d composi-  @-Al,03:V3*. The value ofc for a-Al,05V3" is slightly
tion in the impurity states is greater i+ Al,O5:V3* thanin ~ smaller than the value obtained for ruby.
ruby, while the O-3, 2p composition in the impurity states
is smaller ina-Al 203:V3+ than in ruby. On the other hand, TABLE X. Calculated Coulomb integraleV) using the pure
the pure TM-31 composition of the impurity states is almost V-3d atomic orbitals(AO) and molecular orbital$MO) obtained
comparable to that in ruby. In order to study the effect ofby the (VAI 40,9 cluster. CQexpp and CCKa) denote the
covalency quantitatively, we also calculated the Coulomb ineffective Coulomb integrals calculated by the CC factor estimated
tegrals, Jeg(e)eq(e)], Jtag(a)ta(@)], and from the experimentgl data and those calgulateq by the CC factor
J[tzg(e)tzg(e)], using the pure TM-8 AO’s and the MO’s gstlmated fr.om the single-electron calculation usingXlaepoten-
obtained by théVAI 1,0,9°1 cluster. The Racah parameters 12l respectively.
calculated using the radial part of the pure @-BO’s (Ref.
42) are A=19.57eV,B=0.13eV, andC=0.46eV and the

E. Effect of correlation correction

D. Effect of covalency

AO MO  CClexp)  CC(Xa)

Coulomb integrals are calculated adxo[eq(e)ey(e)] Jeg(e)ey(e)] 21.5 17.8 12.5 13.9
=Jnoltag(@)tag(@)] = Jaoltzg(€)trg(e)] = A+4B+3C Jtyg(@)tyg(a)] 215 189 133 14.7
=21.47 eV. On the other hand, the Coulomb integrals cal- j[t, (e)t,4(€)] 215  19.3 13.6 15.0

culated using the MQO’s of the impurity-state orbitals ob-
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R TABLE XI. The trigonal splitEz—E4 (eV) for each state in the
O, notation calculated by the CDC approach using the
(VAI 14049)°Y cluster. For comparison, the experimental trigonal
splits estimated from the difference in the peak positions between
0-ALO;:V3+ the 7 spectrum and the spectrum are also listed.

Experimental Tia T, T

NllcClure I(1962) Experimentdl 0.11 0.05

L M ' Theoretical 0.19 0.06 0.03
Theoretical 3T,

Absorption Coefficients

3Reference 43.

which is qualitatively consistent with the experimental data,
although the intensity ratio of the spectrum to ther spec-
3T, o trum for this state is considerably overestimated. On the
other hand, the calculated intensity for thE, state is much
s stronger in ther spectrum than in the spectrum, which is
opposite to the experimental data. In the calculated results,
the peak positions shift toward the higher energy side both
X 10 magpnification for the 3T, state and for the’T,,, state in thes spectrum.
o Therefore both the intensity and the peak position are con-
n sistent with the experimental data for ti&,, state while
\ neither of them are consistent with the experimental data for
PN the 3T, state. This anomalous polarization has been pointed
e L out by several authors and discussed with relation to the
0 1 2 3 4 5 6 dynamic Jahn-Teller effect in th&T, staté’ or in the 3T,
Photon energy (eV) state®® However, its origin has not been clearly explained
FIG. 9. The intensity of the electric-dipole transition in yet. The peaks for thé,T2 state 'n_the” spectrum and the
a-Al,05:V3" calculated by the CDC approach using the spectrum gre Conventhnally gsslgned t.o fﬁ_Q(E) compo-
(VA 10,95 cluster, together with the observed absorption spec1€Nts split by the spln-%r&lt interaction rather than the
trum reported by McCluréRef. 43. The solid line and the dotted ~T2(A) and °T,(E) states,>'* however, these assignments
line denote ther spectrum and the spectrum, respectively. The  are still rather uncertain. Therefore more precise analysis in-
spectrum and the- spectrum are compared in the same scale. Focluding the spin-orbit interaction and the dynamic Jahn-
easy comparison with the observed data, each state is broadened bgller effect is quite necessary for the complete understand-
a Gaussian function with 0.3-eV full width at half maximum ing of the optical spectra af-Al,O4:V3".
(FWHM). The calculated trigonal splits for the tripleis;—E,, are
_ 0.19, 0.06, and 0.03 eV fotT,,, 3T,, and 3Ty, respec-
F. Absorption spectra tively, as shown in Table XI, together with the observed
The intensities of the electric-dipole transitions in values by McCluré® As shown in the table, the behavior of
a-AlL,05:V3* were also calculated by ER.36. The calcu- the trigonal splits in the’T,, and T, states was qualita-
lations were carried out by the CDC approach with @] tively well reproduced. The experimental value of the splitin
using the(VAI,0,49°% cluster (Fig. 9. In this case, the the 3T, state is not listed since as mentioned above, the
ground state®T,, splits into theA andE states and the en- assignment of the peaks for tH&, state is still ambiguous.
ergy separation between these stit®y~0.11 eVj is much The calculated oscillator strengths are compared with the
greater thark T even in the room temperature, whérandT experimental values obtained by McClure in Table XII. The
denote the Boltzmann constant and the temperature. Thergalues for thew spectrum are somewhat overestimated,
fore we considered only the transition from tH&,(A) while the values for ther spectrum agree well with the ex-
state for the calculation of the absorption spectra. Each levelerimental values. Although the split of th&,, state is
was broadened by a Gaussian function with 0.3 eV FWHMelatively large, the transitions from th ;,(E) state could
for easy comparison with the experimental data. influence the absorption spectrum above the temperature
The calculated results are compared with the absorptiogomparable ta/k (~1300K), wheres is the trigonal split
spectra ofa-Al,05:V3* at 77 K reported by McClur& In in the Ty, state ¢~0.11eV). The number of the¥ ion
the observed spectra, the intensity for #g,, state is much in the 3T;,(A) stateN, and that in the®T,,(E) stateNg at
stronger in thew spectrum compared to the spectrum, finite temperature can be expressed as
whereas the intensities for th&, state are almost compa-
rsable in both spectra. In the spectrum, the position of the Na(T)= Ni/[1+2 exq—d/kT)] 5.1)
T, state shift toward the lower energy side, while that of the _ _ _ :
3T, state shift toward the higher energy side compared to Ne(T)=2Niexp(— o/kT)/[1+2 exp( = o/kT)],
the 7 spectrum. where N, is the total number of the ¥ ions [N;=Nx(T)
In the calculated spectra, the transition to fig,, state is ~ +Ng(T)]. Therefore the temperature dependence of the in-
much stronger in ther spectrum than in ther spectrum, tensity can be expressed as

Intensity

Theoretical (0 spectrum)

Intensity
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TABLE XIlI. The oscillator strengths of the electric-dipole tran- However, the energies of the doublets or singlets could not
sition calculated by the CDC approach using #Al1.049°  be reproduced by simple ClI calculations. This was due to the
cluster, together with the experimental values reported by McClure,nderestimation of the effect of electron correlations.

(in units of 10°%). In addition to the transitions from th&T 1,(A) Although the basic multiplet structure can be reproduced
state, the transitions from th&T,,(E) state were also calculated by the diagonalization within the subspace spanned by the

and listed. Slater determinants constructed from the impurity-state or-
. 3 3 3 3 bitals, the number of the Slater determinants in this subspace
Initial state 7To(m) “Tol@) Tao(m "Tanl9) i ot sufficient to describe the electron correlation effepcts
Experimentdd  3T;,(A) 0.27 0.36 5.6 1.6 accurately. Therefore in the present work, the correlation
Theoretical ~ 3T,(A) 4.6 0.8 52 2.0 correction(CC) factor was introduced to take into account
Theoretical ~ 3T,(E) 6.9 4.4 14 6.8 the remaining effect of electron correlations. In the DFT-CI
approach, the CC factor can be estimated by the consistency
°Reference 43. between the spin-unrestricted single-electron DFT calcula-
tion and the multiplet calculation. For comparison, the spin-
1(T) 1+2aexp —d/kT) unrestricted DFT calculation was carried out using the
1(0)  1+2exd—o/kT) ' (52 | 'SDA potential proposed by Vosko, Wilk, and Nugai®

and the SlaterXa potential?® In order to evaluate the va-
lidity of these estimations, the CC factor was also estimated

. from the experimental data and co i i-
that from the3T,,(A) state @=1g/1,). McClure estimated Xper mpared with the theoret

al values. Surprisingly, the value by tKer potential agrees
the yalue ofa from th‘; observed temperature dependence O\(t/:vith the value estimated from the experimental data much
the intensity for the®T, state and obtained=6. In the

. better than the value by the LSDA potential. This i babl
results of the present calculatioa=(6.9+4.4)/(4.6+0.8) vatue by e porenia 1S 1S provavly

—2 1. Although th dicted val " h i due to the open-shell problem of LDA. Since in the calcula-
=2.1. Although the predicted value afis somewhat smaller ;,, hased on LDA, the electron-electron repulsion energy in

than the experimental value, the increase of intensity aj,o ohen_shell system with fractional occupancy tend to be
higher temperature could be qualitatively predicted by thenjerestimated and additional correction to the electron-

first-principles calculation. electron repulsion energy is frequently introduced (LDA
+ U approximatior®#9. On the other hand, théa potential
tend to overestimate the electron-electron repulsion energy,
since the correlation between the electrons with opposite
The multiplet structures of ruby and-Al,0;:V3" have  Spins is not taken into account explicitly. Therefore in the
been calculated from first principles by a hybrid method ofcase of theXa potential, the overestimation of the electron-
the density-functional theoryDFT) and the configuration electron repulsion due to théa potential cancels with the
interaction (Cl) calculation (DFT-CI approach The intrinsic underestimation of the electron-electron repulsion in
impurity-state orbitals were calculated by the spin-restricted-DA. As a result, the CC factors were estimated well by the
density-functional calculation. The many-electron Hamil-calculation using th&« potential. In fact, the estimation of
tonian was diagonalized within the subspace spanned by titbe CC factor using theXa potential proved to be quite
Slater determinants constructed from these impurity-state oeffective for the theoretical prediction of the multiplet struc-
bitals. For the calculation of the matrix elements, three dif-tures in various materials such as jBb(SiO;)s:Cr3*
ferent approaches were compared. First was a method préemerald,*® YAG:Cr** > or Mg,SiO,:Cr**.*° However,
posed by Fazzio, Caldas, and Zun{fet’ where the single- these good agreements are somewhat accidental and the de-
electron mean-field effects were formally separated form theelopment of more appropriate methodology for the estima-
many-electron effects(FCZ approach Second was a tion of the CC factor is quite important.
method, where the matrix elements were calculated directly The effect of covalency and the effect of electron corre-
using the explicit effective Hamiltonian obtained by Wa- lations on the multiplet structure were analyzed by evaluat-
tanabe and Kamimur® (DMC approach The third was a  ing the orbital deformation parameter and the CC factor. For
combined method of the FCZ approach and the DMC apa quantitative analysis, the CC factor estimated from the ex-
proach, where the configuration-dependent corred@inC) perimental data was also used as well as the value estimated
similar to the FCZ approach was added to the matrix elefrom the calculation using th&« potential. In both ruby and
ments of the DMC approach. The characteristics of theser-Al,05:V3", the effect of CC was greater than the effect of
approaches were investigated by calculation of the multipletovalency, indicating that the effect of CC is more important
structure of ruby. In the FCZ approach, the absolute energfor the theoretical prediction of the multiplet structure.
of each state was well reproduced but the split of each state In the DFT-CI calculation, the many-electron wave func-
due to the trigonal field could not be reproduced even qualitions are obtained explicitly as linear combination of the
tatively due to the octahedral approximation and the neglecblater determinants. Thus we calculated the intensity of the
of the off-diagonal elements for the matrix elements of theelectric-dipole transition arising from the trigonal distortion
effective single-electron Hamiltonian. In the DMC approach,of the many-electron wave functions. In the case of ruby, the
the trigonal-field splits were consistent with the experimentalariation of the peak positions and the peak intensities be-
data but the absolute energies of the quartets were signifiween thes spectrum and ther spectrum was reproduced
cantly overestimated. In the CDC approach, both the absaguite well from first principles. In the case efAl,05:V3",
lute energy and the trigonal splits were well reproducedthe polarization of the’T,,, state could be reproduced quali-

wherea is the ratio of the intensity from th&T,,(E) state to

VI. CONCLUSION
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tatively, however, the results for th&T, state were incon- abilities can be calculated directly using the explicitly ob-
sistent with the experimental data, probably due to the netained many-electron wave function§4) The electronic
glect of the other effects such as the spin-orbit interaction ostructures of many-ion systems can be easily analyzed in the
the dynamic Jahn-Teller effect. The temperature dependencame way*

of the intensity for the®T, state was predicted by the theo-  Among these advantages, the last one is quite important,
retical intensity ratio of the transitions from th& 1,(E)  since many-ion systems cannot be analyzed at all by the
state to those from théT,,(A) state and the result was traditional ligand-field theory. Such analysis will be quite
qualitatiVE|y consistent with the eXperimental results. HOW-effective to C|arify the ion-ion interactions such as the
ever, a more detailed calculation is necessary for the comenergy-transfer mechanism within various solid-state laser

plete understanding of the optical spectraaefl,05:V>". materials including different impurity ions.
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