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Order-disorder transition in hcp binary alloys: Next-nearest-neighbor interactions
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The order-disorder transition in hcp binary alloys is investigated by Monte Carlo simulations and the
renormalization-group methods. The inclusion of the interactions beyond the nearest neighbors induces quali-
tative changes of the phase boundaries. Especially, the contribution from second-neighbor interactions explains
the shift along the concentration axis of the congruent point of order-disorder transition observed in thea/a2

phase boundaries in the Ti-Al binary system.
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The phase structure of the Ising model equivalent to
nary alloy systems has been studied by both numerical
analytic methods such as Monte Carlo simulations,1–8 cluster
variation methods~CVM!,9–15 and renormalization-group
calculations.16–19 However, most of these studies have f
cused on cubic structures such as fcc and bcc lattices, a
little has been investigated on hcp lattices.20–26 Especially,
the experimentally observed order-disorder phase bound
in hcp Ti-Al alloys show27 a considerable shift to the highe
Al concentration from the stoichiometry, which can never
understood within the framework of nearest-neighbor p
interactions.26 In this work we investigate the effect of th
interactions beyond the nearest neighbors on the or
disorder transition in hcp binary alloys by using Monte Ca
simulations and the renormalization-group methods.

We first define thei th neighbors in hcp lattices as illus
trated in Fig. 1. Among the nearest neighbors we distingu
the neighbors within a basal plane from the neighbors
tween adjacent planes in order to take the tetragonality
account. Here we suppose the binaryA12xBx system inter-
acting with the pairwise energiesEAB

i between thei th neigh-
bor pair of elementsA and B. If we define the interaction
parameterWi as

Wi5EAB
i 2

1

2
~EAA

i 1EBB
i !, ~1!

the total Hamiltonian of the system can be written by

H5(
i

WiNAB
i 1mANA1mBNB , ~2!

whereNAB
i is the number ofi th neighborAB pairs,NA and

NB are the numbers of each element, andmA andmB are the
effective chemical potentials of the pure elements. If we
troduce the parameterj i5Wi /W0, the system can be
uniquely determined byW0 , j1 , j2, andj3. Especially, the
deviation ofj1 from unity corresponds to the anisotropy
the axial ratioc/a.

Since we are mainly interested in D019 ordered structure
observed as thea2 phase in the Ti-Al binary system, w
shall confine ourselves in the system with antiferromagn
nearest-neighbor interactions and ferromagnetic n
nearest-neighbor interactions in this study. That correspo
to the parameter regionW0,0, j1;1, andj2 ,j3<0, where
D019 (A3B) and B19 (AB) ordered phases and A3 diso
dered phase are dominant phases at high temperatures.
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In the Monte Carlo simulations, we have mainly used
hcp lattice of 24324332518432 sites with periodic bound
ary conditions. A smaller system (12312316) and a larger
system (48348364) have been also used to check t
finite-size effect in some cases, and it proved not to cha
the results so much. The calculations have been perfor
on the grand canonical ensemble in which the independ
variables are chemical potential differencem5mA2mB and
the temperatureT. The phase boundaries has been de
mined by the following procedure.3,6,24By thermal equilibra-
tion of the system with various parameter sets (m, T), we
first obtain the phase diagram on them-T plane, next we
examine the relation betweenm and the compositionx in
each phase, then we can calculate the phase diagram o
x-T plane.

Figure 2 shows the calculated phase diagram forj151.0
and j25j350.0. It corresponds to the hcp or fcc lattice
with isotropic nearest-neighbor interactions and well co
cides with those found in the literatures.6,8,24 Here we have
defined the reduced temperature normalized by the ave
coupling (W01W1)/2, which corresponds to the formatio
energy of D019 phase. We note that the composition of t
congruent point of D019/A3 transition already deviates
little to the higher concentration from the stoichiometr
value 0.25 even in the isotropic case.

Figure 3 shows the effect of tetragonality. That is,
shows the phase boundaries with the variations ofj1 from
0.9 to 1.1 under keepingj25j350.0. In order to concentrate
on the order-disorder phase boundaries aroundx50.25, only
D019/A3 phase boundaries are depicted. The effect of va
tion of anisotropy ratio on the shape of the phase bounda
is rather weak and the composition of the congruent po

FIG. 1. Perspective view~a! and top view~b! of the hcp lattice.
The i th neighbors to the central atom~shaded! are denoted by the
encircled numberi.
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FIG. 3. Changes of theD019/A3 phase boundaries with th
variations ofj1 underj25j350.0: j150.9 ~long dashed lines!, 1.0
~solid lines!, and 1.1~short dashed lines!.

FIG. 4. Changes of theD019/A3 phase boundaries with th
variations ofj2 from 0.0 to20.5 underj151.0 andj350.0.

FIG. 2. Calculated phase diagram forj151.0 andj25j350.0.
Reduced temperature is defined as 2kT/(W01W1).
FIG. 5. Changes of theD019/A3 phase boundaries with th
variations ofj3 from 0.0 to20.2 underj151.0 andj2520.1.

FIG. 6. D019/A3 phase boundaries calculated forj151.0, j2

520.4, j3520.1, andW0520.0588 eV. Dashed lines denote th
experimentally determined boundaries~Ref. 27!.

FIG. 7. Top view of the periodic assignment of interpenetrat
cells. The circles denote 338 sites of the hcp lattice, which ar
grouped into 8 cells shown by the solid lines.



i

nd
a

p
to
fe
ta
l
e
at

d

u
t

s
ee
ti

in
d
th
t

-
ru
n
o
r

s
th

ble

nd
l-
n

p
ree
the
ity

the
he

the

he

ob-
ig.
ru-

the

ce,
he
ond-
e-
he

n-
nd
the
the
rved
e

his
cal-
20
-

he

c

PRB 61 14 273BRIEF REPORTS
remains around the stoichiometric value, which agrees w
the earlier study of CVM calculations.26

Figure 4 shows the effect of incorporating the seco
neighbor interactions. The phase boundaries are drastic
changing with decreasing the value ofj2 from 0.0 to20.5.
In addition to broadening of the boundary shape, the com
sitional shift of the congruent point from the stoichiometry
higher values is observed, which is precisely the same
ture found in thea/a2 phase boundaries in the experimen
Ti-Al binary phase diagram.27 If we define the compositiona
shift d of the congruent point from the stoichiometric valu
the effect of second-neighbor interactions can be estim
as

d.20.12j210.01. ~3!

Figure 5 shows the effect of the variations of the thir
neighbor interactions fromj350.0 to 20.2 on the phase
boundaries. Besides the trivial shift along the temperat
axis, the changes of the shape of the boundaries are ra
small in this case.

Although the general contribution from interaction
within the third neighbors is the mixture of the above thr
types of contributions, we can conclude that the essen
contribution to the compositional shift of the congruent po
of D019/A3 order-disorder transition is that from the secon
neighbor interactions, which has been often neglected in
preceding calculations. We have also shown the calcula
phase boundaries fitted to the observeda/a2 phase
boundaries27 in the Ti-Al binary system in Fig. 6. The pa
rameters are chosen to reproduce the observed cong
transition temperature. It suggests that the order of seco
neighbor interactions amounts to 40% or more of that
first-neighbor interactions, which is the same order as p
dicted by the first-principles studies.15,25

To ensure the above conclusion, we have also inve
gated the effect of second-neighbor interactions by using

FIG. 8. D019/A3 phase boundaries calculated by t
renormalization-group method with the variations ofj2 from 0.0 to
20.5 underj151.0 andj350.0. The location of the stoichiometri
composition is marked with the dashed line.
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renormalization-group method. If we define a spin varia
sp on lattice sitep as11 for atomA and21 for atomB, the
Hamiltonian~2! can be written in the following form up to
constant terms:

H~Wi ,s!52
1

2 (
^p,q&

i th neighbor

Wispsq1
m

2 (
p

sp . ~4!

In the real-space renormalization-group method,28–31 we
divide the original hcp lattice into sublattices or cells a
assign a cell-spins8 to each cell. Then the effective Hami
tonian H8(Wi8 ,s8) after the renormalization transformatio
is calculated fromH(Wi ,s) by

2bH8~Wi8 ,s8!5 ln(
s

P~s,s8!exp„2bH~Wi ,s!…,

~5!

whereb51/kT and P(s,s8) is the cell-spin weight factor
determined by the following way. We first divide the hc
lattice into eight sublattices and define a cell containing th
sites in each as illustrated in Fig. 7. Then we assign
cell-spin by using the Niemeijer-van Leeuwen major
rule.28 This assignment makes the ordered phases (D019 and
B19) in question to be transformed into themselves under
renormalization transformation. Thus we have t
renormalization-group equations in the following form:

Wi85Wi8~W0 ,W1 ,W2!. ~6!

One way to study the phase structure is to investigate
flow of renormalization-group equations~6!, and the other
way is to evaluate the free energy directly by using t
Nauenberg-Niehnuis recursion relation.29,31 Details of the
calculations will be reported elsewhere and the results
tained from the renormalization-group flow are shown in F
8. We can also detect the compositional shift of the cong
ent point of order-disorder transition and estimate
amount of shift as

d.20.06j210.01. ~7!

In conclusion, although there is a quantitative differen
both calculations, Monte Carlo simulations and t
renormalization-group analyses, suggest that the sec
neighbor interactions should play an important role in d
scribing the phase equilibria in hcp binary alloy systems. T
situation should be the same in fcc lattices.1,4,7,14 It is
known5,19 that three-body interactions also make a no
trivial contribution to the shape of phase boundaries a
hence the many-body interactions should be included in
future study. However, if we take the interactions beyond
nearest neighbors into account, we can explain the obse
shift from stoichiometry ofa/a2 phase boundaries in th
Ti-Al binary system within a two-body picture.

The authors are grateful to Professor J. M. Sanchez for
enlightening suggestions on this subject. The numerical
culations were performed on IBM SP-2 and NEC SX-4/
~Numerical Materials Simulator! at National Research Insti
tute for Metals.
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