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Modeling vacancies in graphite via the Hückel method

Mattias Hjort and Sven Stafstro¨m
Department of Physics and Measurement Technology, IFM, Linko¨ping University, S-581 83 Linko¨ping, Sweden

~Received 21 September 1999!

It is known that when irradiating a graphite surface with ions the predominant source of defects are vacan-
cies. Vacancies are also formed in a growing graphite sheet and cannot be filled. The theoretical work that has
been carried out so far on the properties of these defects has only involved quite small model systems.
Calculations on graphite, or closely related carbon phases like nanotubes, with randomly distributed vacancies
require very large systems allowing only the simplest model to be used. We have used the Hu¨ckel method to
model vacancies, both ordinary and hydrogenated, by fitting the Hu¨ckel energy levels to those resulting from
a valence effective Hamiltonian calculation. The three atoms neighboring a vacancy are treated as pseudo-p
orbitals and our calculations suggest that they together contribute with one extrap electron to the system.
Using this model optical and electronic properties of a graphite sheet as a function of vacancy density have
been calculated.
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I. INTRODUCTION

Irradiation damage in graphite has been studied very
tensively because of its application as a moderator in ther
nuclear reactors.1 However, theoretical work on the prope
ties of point defects and their effects on the electronic pr
erties of graphite have not been carried out until quite
cently. Upon radiating graphite with ion clusters, interstit
atoms between the surface and underlying planes are for
in significant numbers but vacancies are the predomin
source of defects.2

Density-functional theory has been used on systems w
about 50–90 atoms to deduce the electronic structure
graphite surface containing a few vacancies.2,3 A tight-
binding scheme based on an effective carbon potential
also been used to simulate the migration of vacancies in
tems with up to 240 atoms.4 For systems comprising thou
sands of atoms one is left with the simple Hu¨ckel model
~extended Hu¨ckel is also possible but will enlarge the size
the problem with at least one order of magnitude!. Such a
large number of atoms is also common in calculations
closely related structures like nanotubes. A simple schem
simulate a vacancy by setting the hopping parameters to
and the on-site energy at the defect site equal to a large v
outside the range of the unperturbed density of states
been used both on graphite5 and on nanotubes.6 This over-
simplification will misplace the highest-occupied molecu
orbital–lowest unoccupied molecular orbital~HOMO-
LUMO! gap of systems with finite size.

The vacancy itself has been studied by Coulson
others7–9 treating the defect and its immediate three neig
bors as a molecule contained within the graphite mat
Based on cluster calculations using a self-consistent
valence linear combination of atomic orbital~LCAO!
scheme it has been argued that unlike vacancies in diam
and silicon, many-electron effects are probably very sm
for the neutral vacancy in graphite and one can safely ad
the one-electron LCAO description.10

In this paper we present Hu¨ckel parameters for an ordi
nary vacancy as well as a hydrogenated vacancy. The l
PRB 610163-1829/2000/61~20!/14089~6!/$15.00
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case is interesting since infrared spectroscopy indicates
protonated carbon, in this case, is almost entirelysp3

coordinated11 indicating that two hydrogen atoms are bond
to each carbon atom at the vacancy. Naturally this leads
different electronic structure compared to the ordinary
cancy. Arguments have been made that graphite with
kind of defect will have the properties~especially the optical
gap! of hydrogenated amorphous ‘‘diamondlike’’ carbon.12

II. METHODOLOGY

The Hückel hopping parameter in an all planarp-electron
system is assumed to vary with interatomic distanceRi j as

b5b0ez(Ri j 2R0), ~1!

whereb0 is the hopping for distanceR0 between the atoms
Together with the on-site energya, these parameters coul
be obtained from~least-square! fitting Hückel energy levels
of a suitable model system to valence effective Hamilton
~VEH! levels of the same system, just as in Ref. 13. VEH
an effective potential method that has proven to be versa
in describing valence electronic structures of hydrocarb
with the same type of accuracy as double-zetaab initio self-
consistent-field calculations@reproducing valence orbital en
ergies within a mean error of less than 0.001 a.u~Ref. 14!#.
VEH results have shown to fit very well to experimental da
~ultraviolet photoemission spectroscopy and optical abso
tion! of p-conjugated systems. In contrast to Hartree-Fo
calculations, single particle band gaps and excited states
accurately predicted from VEH calculations.15 This is the
main motive for using the VEH spectrum as a reference.

As a model system to optimize the Hu¨ckel parameters for
graphite we used an all-benzenoid polycyclic aroma
hydrocarbon16 ~PAH! consisting of 114 carbon atoms
PAH’s are planar and can formally be regarded as tw
dimensional graphite sections. The all-benzenoid PAH
~constructed by fusing six-membered carbon rings! have the
greatest chemical stability and the lowest reactivity of
PAH’s and their density-of-states~DOS! curves all resemble
14 089 ©2000 The American Physical Society
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14 090 PRB 61MATTIAS HJORT AND SVEN STAFSTRO¨ M
that of a graphite layer even for clusters with only a fe
rings.17 The C114 was geometry optimized using the sem
empirical method AM1.18 In principle such a cluster is too
small to obtain the correct vacancy geometry since the ef
of the boundary is rather large. We have compared the
sults within an ensemble of geometry optimizations us
different number of vacancies and different vacancy po
tions to draw conclusions about the relaxed geometry.
the same reason it is also very hard to compare, e.g.,
charge distribution from first-priciple methods with the o
resulting from our Hu¨ckel calculation. Due to relaxation o
the cluster boundary slightly different bond lengths were
tained in the cluster making it possible to determine theb0
andz parameters. These parameters were found by fitting
Hückel energy levels around the HOMO-LUMO gap to t
responding VEH levels. The on-site energies were chose
that the energy scale coincides with the VEH energies~see
Table I!. With the interatomic distance of 1.42 Å in graphi
these parameters will give a hopping,b523.17 eV, which
can be compared to values of the Slonezewski-We
McClure~SWC! model parameter19 g0 found from fitting the
single layer tight-binding band structure toab initio bands as
well as to experiments. Our hopping is somewhat lower
energy than theab initio value, g0522.92 eV,22 but is
close to the value determined from experiments,g05
23.16 eV.23

A. The ordinary vacancy

By treating the three carbon atoms surrounding the vac
site ~here denotedA sites, see Fig. 1! as pseudo-p-orbitals,
with Hückel parameters differing from those of the no
neighboring atoms~denotedB sites!, a fit was done to the
VEH spectrum onC114 containing two vacancies. The hop
ping between the threeA sites should be small~comparable
to next-nearest-neighbor interaction! and was set to zero in
our model. Since the parameters obtained from fittings
systems with different separation between the vacancies
fered negligibly, the parametrization would be valid for va
ous vacancy concentrations. A good fit could however o
be obtained ifone extra Hu¨ckel energy level is assumed to b
occupied in the ground state. This rather surprising resul

TABLE I. The optimum Hückel parameters obtained from th
VEH fit. The three carbon atoms neighboring a vacancy are lab
A atoms, while the non-neighboring atoms are labeledB atoms~see
Fig. 1!.

B-atom on-site energy a526.022 eV
A-atom ~ordinary! on-site energy a8526.793 eV
A-atom ~hydrogenated! on-site energy a95214.365 eV

B-B hopping b5b0ez(Ri j 2R0)

b0523.292 eV
z521.902 Å21

R051.40 Å

A-B hopping~ordinary vacancy! bAB8 523.37 eV

A-B hopping~hydrogenated vacancy! bAB9 522.34 eV
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implies that the threeA atoms together contribute with fou
p electrons to the system, contradicting the so-calleddefect
moleculeapproach of Coulsonet al.8 where the vacancy is
represented by the threes-type sp2 dangling orbitals that
used to bond to the removed atom. Linear combinations
these three orbitals will in that case form pures states with
no overlap with thep system, while other orbitals on th
threeA atoms are considered to be unaltered.

Consistent with the nonvacancy fit, the geometry of t
model system was optimized using the AM1 method allo
ing the lattice to relax around the vacancies. Our calculat
suggests that the relaxation is entirely in plane, which
supported by atomic force microscopy measurements.24 The
A sites are displaced symmetrically from the center of
vacancy@see Fig. 1~a!# rendering a bond length of 1.38 Å
betweenA and neighboringB sites. As indicated in the figure
the other atoms surrounding the vacancy are displaced
that one of the bonds involving the next-nearest neighbor
prolonged to 1.45 Å. Other interatomic distances are alte
by less than 1%. For simplicity we have only considered
shortening of theA-B distance in our Hu¨ckel calculations,
and the correspondingA-B hopping is then bAB8 5
23.37 eV~see Table I!.

The optimized on-site energya8 for the A atoms corre-
sponds to a lowering of the on-site Coulomb energy. TheA
sites are more attractive than theB sites, which is clearly

d

FIG. 1. Schematic picture of the lattice relaxation for the tw
types of vacancies, ordinary~a! and hydrogenated~b!. The relax-
ation is exaggerated for clarity and the relaxed structure is re
sented by the dashed lines.
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PRB 61 14 091MODELING VACANCIES IN GRAPHITE VIA THE . . .
seen as ap-charge accumulation on theA atoms. Our Hu¨ckel
calculation shows that it is mainly a few states near
Fermi level (EF) that contribute this extra charge. This
why a vacancy is viewed as a bright spot~protrusion! in
scanning tunneling microscopy~STM!, since protrusions
originate from an increased partial charge density nearEF
~which can be seen in the DOS plotted in Fig. 3!, although
the actual topography is almost flat.24 We find this additional
p charge only on the atoms surrounding the vacancy~see
Fig. 2!, with 20.19uqeu on theA atoms, nothing on the atom
next to theA atoms, and20.07uqeu on their second nex
neighbors as indicated in Fig. 2. Such a charge distribu
has qualitatively been predicted by Soto25 for the ground
state of the vacancy. In total about 80% of the extrap elec-
tron introduced in our model is localized in the absolu
vicinity of the vacancy, a result that supports the assump
that it is theA atoms of the defect that contribute this extrap
electron.

The localization of the new electronic states introduced
the vacancies has been studied using the inverse particip
ratio ~IPR!, defined as

Ri5

(
j

ci j
4

S (
j

ci j
2 D 2 ~2!

with ci j being the coefficients in the LCAO expansion of t
i th molecular orbital resulting from the Hu¨ckel calculations:

C i5(
j

ci j f j . ~3!

Hence for normalized states in an infinite system,Ri ranges
from 0 ~completely delocalized! to 1 ~highly localized!. It is
clear from the results presented in Sec. III that the new st
introduced by the vacancies are fairly localized and fr
inspection of the wave functions, it was seen that the loc
ization is around the vacancies. This finding agrees very w
with the results of electron spin resonance~ESR! measure-
ments, which show that electrons with unpaired spin are
calized to this kind of defect.26 These electrons can be ide
tified within our model as the extrap electrons originating
from theA atoms.

FIG. 2. The additionalp charge in units ofuqeu on the atoms
surrounding a vacancy~ordinary! obtained from a Hu¨ckel calcula-
tion.
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The optical absorption can be derived by calculating
oscillator strength for transitions between occupied and
occupied states. The oscillator strength between stateCm
andCn is defined as

f m→n5~En2Em!Mm→n
2 . ~4!

The transition momentMm→n is calculated from the LCAO
coefficients using the following approximative relation:27

Mm→n5A2(
j

cm jcn jr j , ~5!

wherer j is the vector defining the position of atomj in the
coordinate system fixed for the molecule.

B. The hydrogenated vacancy

When graphite is exposed to hydrogen ordinary vacan
present in the graphite can be hydrogenated. Our AM1
culations show that a hydrogenated vacancy is 6.11 eV lo
in energy than the ordinary vacancy plus three isolated
drogen molecules. As mentioned in Sec. I, theA atoms are in
this casesp3 hybridized, i.e., two hydrogen atoms directe
out of the plane~one up, one down! bond to eachA atom.
Despite thesp3 hybridization these carbon atoms togeth
with the attached hydrogen atoms have to be treated as
of the p system since there will be an overlap interacti
between the out-of-planes-like C-H bonds and thep sys-
tem.

Hückel parameter values for the hydrogenated vaca
were then obtained in the same way as for the ordinary
cancy, and just as in the former case, one extra Hu¨ckel en-
ergy level has to be occupied for a fit to be possible.

The Hückel and VEH calculations were performed o
systems that were geometry optimized using AM1. Up
relaxation theA atoms are displaced in the same way as
the ordinary vacancy. TheA-A distance is, however, en
larged somewhat compared to the previous case becau
the hydrogen atoms contained inside the vacancy. This
placement is accompanied by a movement of the surrou
ing carbon atoms thus prolonging theA-B bond length to
1.47 Å as shown in Fig. 1. As indicated in this figure mo
atoms take part in this relaxation compared to the ordin
case but only three different interatomic distances are sig
cantly changed; theA-B bond length and two other bon
lengths in the vicinity of the vacancy are altered by 0.02
and 0.03 Å, respectively, and other interatomic distances
changed by less than 1%.

Only the change inA-B distance has been accounted f
in our Hückel calculations. With the optimized paramete
the A-B hopping isbAB9 522.34 eV~see Table I! which is
30% lower than for the ordinary vacancy. TheA atom with
hydrogen atoms, all together treated as a pseudo-p orbital,
thus has a smaller overlap with thep system. The on-site
energya9 is more than doubled. Note, however, that the s
in this case consists of a CH2 group, which explains the large
difference as compared to the previous case. Because o
low a9, states associated with theA sites will appear at an
energy close to that ofa9. These new states are also prese
in the VEH calculations and correspond to states with a la
p content at theA atoms.
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III. RESULTS

The density of states and the optical absorption of gra
ite with varying vacancy concentration have been studied
both types of vacancies. We define the vacancy concen
tion as the number of vacancies divided with the numbe
carbon atoms in the system with no defects present.
maximum concentration is then about 10% for a rand
distribution of isolated vacancies.

By performing the calculations on all-benzenoid PAH
of increasing size, conclusions about the infinite syst
could be made. The number of atoms used in the Hu¨ckel
calculations were 546, 1986, and 3786, with little differen
in the results indicating that the largest system is a g
model for the infinite graphite sheet. In Fig. 3 the DOS
the 3786 system is plotted for different vacancy concen
tions. The energy scale used is the absolute value of
hoppingb(53.17 eV) between the carbon atoms in grap
ite As can be seen, the vacancies create new states tha
rather uniform in energy, demonstrating little interaction b
tween the vacancies even for high concentrations. The ris
the IPR values~see Fig. 4! at the vacancy-induced DOS pea
shows that these states are much more localized than

FIG. 3. The Hu¨ckel density of states for a graphite sheet w
3786 atoms, plotted for various concentrations of ordinary vac
cies with the curves vertically displaced. The Fermi energy
marked in the curves with a vertical bar.~a! No vacancies,~b! 3%
vacancies,~c! 6% vacancies, and~d! 8% vacancies.

FIG. 4. The Hu¨ckel DOS~solid line! and IPR~dots! for a graph-
ite sheet of 3786 atoms with 3% concentration of ordinary vac
cies. The Fermi energy is marked in the curve with a vertical b
-
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states within the graphite bands. By inspection of the wa
functions, we can confirm that the states are associated
individual vacancies, in very nice agreement with the ST
image of vacancies as ‘‘bright spots.’’24

The oscillator strength for the largest system@shown in
Fig. 5~a!# exhibits an absorption peak for the undisturb
graphite at 2b (56.34 eV here!. This absorption is clearly
due to transitions between the two peaks in the DOS~Fig. 3!
and has been found experimentally at about 5 eV.28 The
discrepancy between our calculated value and the exp
mental data can be explained by the fact that electro
bands from VEH calculations usually are a factor of 1.2–
broader than the measured bandwidth.15 Since we have used
the VEH spectra to obtain Hu¨ckel parameters, this effect als
shows up in our results. For increasing vacancy concen
tion, the 2b absorption peak is gradually decreased in inte
sity and the oscillator strength shifted to a new peak aro
1b. Note that the oscillator strength spectrum is quite sen
tive to the defect concentration. The 2b peak is reduced by
30% for a defect concentration of 3%.

Reflectivity measurements on neutron-irradiat
graphite28 show that a small absorption band grows aroun
eV while the 5-eV peak diminishes with increasing neutr
flux. This is in excellent agreement with our result if aga
some energy broadening is accounted for. Thus our relativ
simple model gives a clear indication of the electronic pro
erties of the vacancy.

It is interesting to note that the Fermi energy (EF), here
taken as the energy in the middle of the HOMO-LUM
‘‘gap,’’ ~the ‘‘gap’’ is in this case some 0.01 eV only! seems
to be located at a local minimum in the DOS spectrum.
comparing Figs. 3 and 5 it is seen that the observed abs
tion reflects transitions between the vacancy induced st
and the states at an energy of 1b. Despite an increase in th
DOS at and aroundEF , the low-energy absorption actuall
decreases with higher vacancy concentrations. This is at
uted to the strong localization of the vacancy-induced sta
which thereby couple more weakly to the delocalized sta
aboveEF .

-
s

-
.

FIG. 5. The oscillator strength for the ordinary vacancies plot
for 0% ~—!, 3% ~- -!, 6% ~– –! and 8%~- – -! vacancy concentra-
tions.
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The hydrogenated vacancy has a greater effect on
electronic structure than the ordinary vacancy as seen in
6. The DOS is considerably modified when the vacancy c
centration is increased. Apart from a large peak at low en
gies (23b) which is attributed to the low on-site energy
the A atoms, new states also form a peak in the unoccup
region. The number of21b and 1b states are reduced o
account of these new states, leading to a strong suppres
of the 5-eV absorption peak when the vacancies are in
duced. Transitions between the21b states and the vacancy
induced states that form the major peak to the right ofEF
result in an absorption peak that is slightly blueshifted w
increasing vacancy concentration. It is hard to distinguish
optical gap in the data presented in Fig. 7, a quantity that
in the 0.8–2.0 eV range for hydrogenated amorphous car
(a-C:H).12 The presence of such a gap in graphite with h
drogenated vacancies is the key assumption in the defe
graphite model fora-C:H proposed by Tamor and Wu.12 In
contrast to this assumption, our results show that the des
tion of the electronic structure in terms of ap system always
results in a nonzero oscillator strength at low energies
disagreement with the detection of an optical gap. Ot
models,29 assuming large graphite clusters ina-C:H to pro-
duce an optical gap of the right size, should also be qu
tioned since our calculations show that such clusters onl
special cases~e.g., all benzenoid structures! produce a large
gap. More relevant, we believe, is the result of Wang a
Ho,30 that the bonding and antibondingp states of pairs and

FIG. 6. The Hu¨ckel density of states for a graphite sheet w
3786 atoms, plotted for various concentrations of hydrogenated
cancies with the curves vertically displaced. The Fermi energ
marked in the curves with a vertical bar.~a! No vacancies,~b! 3%
vacancies,~c! 6% vacancies, and~d! 8% vacancies.
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quartets of sp2-hybridized atoms embedded in a
sp3-hybridized matrix yield a band gap of about 2 eV. The
calculations refer to diamondlike amorphous carbon, but
likely a good description ofa-C:H as well.

IV. CONCLUSIONS

We have shown that the complicated structure of the e
tronic wave functions surrounding vacancies in graphite
be accounted for using the simple Hu¨ckel method. Our cal-
culations are in agreement with experiments reported for
single ordinary vacancy. Thus the parameter optimizat
scheme used, involving VEH calculations, seems relia
and the results obtained for the hydrogenated vacancy c
be trusted. We emphasize the importance of the extrap elec-
trons induced to the system when vacancies are introdu
For noninteracting vacancies, this extra electron gives ris
an unpaired spin associated with the vacancy, in agreem
with ESR data. Local probes of the DOS, like STM, ha
detected a bright spot associated with the vacancy. We h
explained this observation as a result of a strong increas
the DOS just below the Fermi energy in the case of
ordinary vacancy. Finally, we have argued that large grap
clusters in general never give rise to a band gap. Car
systems with band gaps are therefore better described assp3

hybridized.
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