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Excitons and charged excitons in semiconductor quantum wells
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A variational calculation of the ground-state energy of neutral excitons and of positively and negatively
charged excitons~trions! confined in a single-quantum well is presented. We study the dependence of the
correlation energy and of the binding energy on the well width and on the hole mass. The conditional
probability distribution for positively and negatively charged excitons is obtained, providing information on the
correlation and the charge distribution in the system. A comparison is made with available experimental data
on trion binding energies in GaAs-, ZnSe-, and CdTe-based quantum well structures, which indicates that
trions become localized with decreasing quantum well width.
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I. INTRODUCTION

Negatively (X2) and positively (X1) charged excitons
also calledtrions, have been the subject of intense studies
the last years, both experimentally and theoretically. The
bility of charged excitons in bulk semiconductors w
proven theoretically by Lampert1 in the late fifties, but only
recently have they been observed in quantum well structu
first in CdTe/CdZnTe by Khenget al.2 and subsequently in
GaAs/AlGaAs.3,4

After the initial work by Lampert charged excitons
bulk semiconductors5 as well as in an exactly two
dimensional~2D! configuration6 were systematically studie
theoretically. These studies revealed that, due to the con
ment, the 2D charged excitons have binding energies tha
an order of magnitude larger than the charged excitons in
corresponding bulk materials. Apart from these two ea
studies several works were recently published on char
excitons in a high magnetic field,7,8 where one is allowed to
use the single-particle Landau Level approximation, or in
presence of an electric field.9

In order to limit the computational time, the previous th
oretical calculations used approximations and/or simplifi
tions in the Hamiltonian, e.g., replacing the true Coulom
interaction by an average interaction, or in the wave fu
tion, i.e., neglecting the correlation among the particles
one or more spatial directions. Because the binding energ
the trions is very sensitive to the correlation between
different particles, it would be interesting to have a full ca
culation in order to evaluate the approximations that h
been made. We present here a calculation of the ground-
energy for the exciton and the charged exciton based on
stochastic variational approach that fully includes the C
lomb interaction among the particles~for preliminary results
using this method see Ref. 10!. The use of the stochasti
method allows us to handle a big number of variational
rameters in a reasonable time and to systematically incr
the accuracy of our solution.

In the present paper we study theX2 andX1 systems in
a single quantum well with a finite height of the potent
PRB 610163-1829/2000/61~20!/13873~9!/$15.00
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barrier. In the first section we present the Hamiltonian of
problem. In the second section we discuss the dependen
the charged exciton correlation energy on the well width a
on the hole mass. We compare our results with those
Stébé et al.,11 where a variational technique with a 66-term
Hylleras trial wave function was used. In this section we a
present our results for the binding energy of theX2 andX1

and we discuss the pair correlation functions and the pr
ability density of the system. Our results are compared w
available experimental data from the literature. In the l
section we summarize our results and give our conclusio

II. THE MODEL

In this section we present the Hamiltonian describing
charged exciton and we discuss the technique that we use
solve it. In particular, we focus on the Hamiltonian of
negatively charged exciton. The positively charged exci
Hamiltonian can be easily obtained from theX2 by replacing
the electrons by holes and the hole by an electron.

The Hamiltonian of a negatively charged exciton in
quantum well is, in the effective mass approximation, giv
by

Ĥ5T1e1T2e1Th1VC1V1e1V2e1Vh , ~1!

where 1e, 2e indicate the electrons andh the hole;Vie , Vh
are the quantum well confinement potentials;Ti is the kinetic
energy operator for particlei,

Ti5
pW i

2

2mi
, ~2!

with mi the mass of thei th particle;VC is the sum of the
Coulomb electron-electron and electron-hole interactions

VC5
e2

« S 1

urW1e2rW2eu
2

1

urW1e2rWhu
2

1

urW2e2rWhu D , ~3!
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with e the elementary charge and« the static dielectric con-
stant. For a GaAs/AlxGa12xAs quantum well the heights o
the square-well confinement potentials areVie50.57
3(1.155x10.37x2) eV for the electrons andVh50.43
3(1.155x10.37x2) eV for the hole.

The Hamiltonian is then solved using the stochastic va
tional method.12 The trial function, for the variational calcu
lation, is taken as a linear combination of correlated Gau
ian functions,

f0~rW1e ,rW2e ,rWh!5 (
n51

K

Cn0Fn0~rW1e ,rW2e ,rWh!, ~4!

Fn0~rW1e ,rW2e ,rWh!

5AH expF2
1

2 (
i , j P$1e,2e,h%k

kP$x,y,z%

Ani jk0r ikr jkG J ,

wherer ik gives the position of thei th particle in the direction
k; A is the antisymmetrization operator, and$Cn0 ,Ani jk0%
are the variational parameters. The ‘‘0’’ in Eq.~4! refers to
the ground state. Note that in contrast with the classical
chastic variational method12 here, the parameterAni jk0 that
expresses the correlation among the particlei and the particle
j in the directionk, is allowed to be different from the pa
rameterAni jk80 that couples the same two particlesi and j in
a different directionk8. This additional degree of freedom i
the calculation allows us to take into account the asymm
introduced in the 3D space by the presence of the quan
well. The dimension of the basisK is at first increased unti
the energy is accurate to the second digit, a typical value
K in this calculation is 300, and then is refined to increase
accuracy. The refinement is made by replacing thenth state
with a new state, i.e., with a state built using new parame
Cn0 ,Ani jk0 in such a way that it lowers the total energy. T
process is reiterated multiple times for all theK states, until
the energy reaches the desired accuracy.

III. THEORETICAL RESULTS

The correlation energy of a charged exciton is defined

EC~X2!5E~X2!22Ee2Eh , ~5!

EC~X1!5E~X1!22Eh2Ee , ~6!

with E(X6) the energy level of the charged exciton andEe
and Eh the energy levels of the free electron and hole,
spectively, in the quantum well. Thus,EC is the energy due
to the Coulomb interaction between the charged partic
We discuss here the results obtained for a GaAs/AlxGa12xAs
quantum well withx50.3, where the value of the mass
used areme50.0667m0 , mhh50.34m0, i.e., GaAs masses
with Ry5\/meaB55.79 meV, the donor effective Rydberg
and aB5\2«/mee

2599.7 Å, the donor effective Bohr ra
dius. The results for the correlation energy of the exciton a
theX2 are shown in Fig. 1 and compared with the theoreti
results of others. We observe that the correlation energ
-
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the excitonEC(X)5E(X)22Eh2Ee ~dotted line in Fig. 1!
increases in absolute value for well widths up toL530 Å,
were it reaches a minimumEC(X)5211.7 meV. ForL
,30 Å and with decreasingL, the exciton correlation en
ergy decreases in magnitude due to the fact that the elec
and to a lesser extent, the hole wave functions spill over i
the barrier material of the quantum well. Consequently
exciton becomes more extended in thez direction and the
Coulomb interaction among the particles is diminished.
L50 we obtainEC(X)524.80 meV, which compares with
the correlation energy of an exciton in bulk GaAs, i.
EC

3D(X)524.84 meV. ForL.30 Å and increasingL the
correlation energy decreases in magnitude withL, which is
due to the fact that the electron and the hole are more
tended in thez direction. In the limitL→` we recover the
3D exciton in bulk GaAs.

The correlation energy of the negatively charged exci
has the same qualitativeL dependence as the exciton.
reaches a minimum at about 30 Å withEC(X2)5
213.2 meV. ForL.30 Å it proceeds almost parallel t
EC(X), in the region shown. For theX2 we obtain
EC

3D(X2)524.95 meV as 3D correlation energy.
We compare our results for theX in GaAs/Al0.3Ga0.7As to

the ones reported in Ref. 13~short-dashed curve in Fig. 1!,
which are derived using the theory in Ref. 14. The theory
Andreani and Pasquarello14 also includes the nonisotropy o
the masses, the nonparabolicity of the conduction band,
the dielectric constant mismatch. Moreover the values for
heights of the potential barrier used are slightly differe
with respect to ours. However, a comparison between
two calculations can still be made. We observe that our
sults and the ones in Ref. 13, are very close in the range
120 Å. ForL,70 Å, our values for the correlation energ
are much smaller, in absolute value, than the ones reporte
Ref. 13, which is due to the band nonparabolicity, which
known from Ref. 14, to be the major factor responsible
the steep decrease of the correlation energy at small quan
well widths. We want now to estimate, although in a nai
way, the effect of band nonparabolicity on our results. Fr
Ref. 14 we estimate that for a quantum wellL530 Å, and
x50.3 the parallel mass of the electron is about 0.08m0. If
we consider, in a very simplified picture, that~a! the contri-

FIG. 1. The correlation energy of the exciton and the nega
charged exciton vs the quantum well width.
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bution to the correlation energy strongly depends on
mass along the growth direction, namely, the confinem
energy, which has been subtracted out in the correlation
ergy, and that~b! the energy of the exciton is largely dom
nated by the mass of the electron, through the change in
Rydberg, which rescales the energy. Such a procedure g
EC5213.9 meV, for the case of a quantum well of wid
L530 Å, which compares very well with the valu
214 meV given for a quantum well of widthL527 Å in
Ref. 13.

Both for the cases of anX and of an X2 in a
GaAs/Al0.3Ga0.7As quantum well we compare our results
the one obtained in Ref. 11. Our calculation gives qual
tively the same correlation energy both for theX and for the
X2 as compared to the one given by Ste´bé et al.11 However
while for the exciton we find that the correlation energy
lower than the one obtained in Ref. 11, thus indicating t
the Coulomb correlation is more fully included in our a
proach, for the negatively charged exciton our appro
gives a higher correlation energy~about 4% for L
5100 Å). The latter can be understood as follows: in R
11 the Coulomb potential along thez direction was approxi-
mated by an analytical form and Hylleras-type functio
were used for the wave function. They calculated the C
lomb potential matrix between any two basis states (s1,s2)
by integrating it over ther plane thus obtaining a potentia
matrix Vs1,s2(z). ThenVs1,s2(z) was replaced by the analyt
cal expression 2g/(d1uz1e2zhu)2g/(d1uz1e2zhu)
1g/(b1uz1e2z2eu) whereg, d, andb were determined in
such a way that it reproduces the correct behavior of
Coulomb potential matrix in the limit of zero and infinit
distance between the particles in thez direction. This ap-
proximation leads, as the authors of Ref. 11 noted, to
error in the exciton correlation energy that was estimated
increase its absolute value by approximately 5%. Our pre
results for the exciton energy are about 8% lower than th
of Stébé et al.11 For the charged exciton energy the autho
of Ref. 11 did not report an estimate of the error that w
introduced through the approximations made. However,
find a smaller correlation energy of about 4% as compare
those of Ref. 11. We think that this result is not in confl
with the one obtained for the exciton. Indeed, while in t
exciton case in Ref. 11 only the attractive interaction b
tween the electron and hole was underestimated; for
charged exciton case the repulsive interaction between
electrons will also be underestimated. The difference is
the former interaction has the effect of increasing the bo
ing of the particle while the latter has the effect to dimini
it. Our result indicates that a larger error is made in
electron-electron repulsive interaction in Ref. 11 as co
pared to the error in the electron-hole attractive interactio

The approximation by Ste´bé et al.11 consisted in averag
ing the wave function in thexy plane in order to find an
effective Hamiltonian describing the exciton and the trion
the z direction. This is similar to an adiabatic approximatio
that is valid when the motion in thexy plane is faster then
the one in thez direction. We believe that it is more natur
to do the reverse and average over the particle motion in
z direction, which is due to the quantum well confineme
and will be much faster. Such an approach is equivalen
neglect the particle-particle correlation along thez direction,
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which we expect to be valid whenEe(h)@EC
X,X2

. For both
the exciton and the trion this relation is satisfied forL
,150 Å. Averaging Eq.~1! overz we obtained an effective
2D Hamiltonian, in which the effective Coulomb potenti
was replaced by the analytical forme2/e@l1(rW i2rW j )

2#1/2,
wherel was obtained by fitting this analytical form to th
numerical results for the effective Coulomb interaction. T
correlation energy for the exciton and the charged excito
in this case lower than the one we obtain with our more ex
calculation presented above, e.g., in the frame of the mo
presented in this paper we findEC(X)5210.1 meV and
EC(X2)5210.9 meV for a 100-Å wide quantum well, an
EC(X)5210.7 meV and EC(X2)5211.6 meV for a
80-Å wide quantum well; while using the screened 2D Co
lomb potential we found EC(X)5210.4 meV and
EC(X2)5211.4 meV for a 100-Å wide quantum well an
EC(X)5211 meV andEC(X2)5212.2 meV for a 80-Å
wide quantum well. Consequently, such an approach lead
larger correlation energies and also to slightly larger bind
energies.

In Fig. 1 we also report the result of a simplified mod
~open diamonds! for the study of the energy of a trion tha
we proposed in Ref. 15. This model is derived from the o
used for a D2 system,16 and it assumes that the hole is fixe
at the center of the well, i.e., it has an infinite mass. T
effect of the hole is reflected in the renormalization of t
mass of the electron, i.e.,me is replaced by the reduced ma
m5memh /(me1mh). This model gives for the correlation
energy of the charged exciton, results that are, at first,
prisingly close to the one obtained by Ste´bé et al.,11 at least
down to well widths of about 40 Å. This seems to sugg
that the procedure of averaging the potential in the pla
adopted in Ref. 11 is almost equivalent to localize the hole
the r plane. For smaller well width the magnitude of th
correlation energy becomes much larger as compared bo
our present result and to the one of Ref. 11. As shown in F
1 the result we obtain in theL50 limit is dramatically dif-
ferent from the one found in the present work:EC5
25.2 meV. The reason is that for small well widths the ho
may no longer be considered as a ‘‘fixed’’ particle and t
penetration of the hole in the barrier can no longer be
glected.

To prove further the accuracy of our calculation and
check the quality of our wave function for theX2 we calcu-
lated the virial, which is defined as

v52
^fNuTufN&

^fNuWufN&
,

with T the total kinetic energy operator and

W5(
i 51

3

r i]V/]r i .

It is known18 that for a system of particles interactin
through the Coulomb interaction this quantity has to be o
for the exact wave function. We obtained a value of 0.9
for almost all the quantum well widths studied, which su
gests that our wave function is well chosen.
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Next we investigate the effect of taking a different ma
of the particles in the well~GaAs! and in the barrier
(Al xGa12xAs) material, which is expected to be important
the narrow-well regime where the electron and hole wa
functions penetrate into the barrier~see inset of Fig. 2!. The
values for the GaAs masses, i.e., the masses for the ele
and the hole, are taken equal to the one used in the prev
calculation. The values for the masses in AlxGa12xAs are
meb* 50.06710.083x and mhb* 50.3410.42x, where x indi-
cates the percentage of Al present in the alloy. If we assu
as a first approximation, that part of the electron and the h
wave function is in the quantum well and the rest is in t
barrier we may take the total effective mass of the elect
and the hole as given by

1

mi
5

Piw

miw
1

Pib

mib
, ~7!

wheremiw ,mib are the masses of thei th particle in the bar-
rier and in the well, andPiw , Pib are the probabilities of
finding thei th particle in the well and in the barrier, respe
tively. The results of this calculation are shown in Fig. 2 f
x50.3. The correlation energy increases in absolute va
and this is consistent with the fact that the effective mas
are now larger. The effect of the mass mismatch is impor
only in the narrow-quantum-well regime, i.e.,L,40 Å,
where it leads to a substantial increase of the magnitud
the correlation energy. In theL50 limit we obtain now
EC(X2)527.5 meV, which compares to the 3D correlatio
energy of a trion in Al0.3Ga0.7As, which we found to be
EC

3D(X2)526.6 meV. The minimum of the correlation en
ergy is now obtained atL517 Å.

We also studied the dependence of the total energy on
hole mass for a 100-Å and a 200-Å wide quantum well. T
result, reported in Fig. 3, shows that the total energy
creases as the hole mass increases. The energy of the
tively charged exciton approaches the energy of theD2 in
the same quantum well from above and they become pra

FIG. 2. The correlation energy of the negative charged exc
vs the quantum well width, for the case of constant masses in
well and in the barrier, and for the case of different electron a
hole masses in the well and in the barrier of a GaAs/Al0.3Ga0.7As
quantum well. In the inset the wave function for both the elect
and the hole are shown.
s

e

ron
us

e,
le

n

e
s

nt

of

he
e
-
ga-

ti-

cally equal whenmh /me. 16 for the 200-Å quantum well.
Note that for large values of the hole mass theX1 energy is
practically parallel to the one of theX2. In fact, if the hole
mass is large its confinement energy contribution to the t
energy is negligible, and the difference between theX1 and
X2 total energies is just the confinement energy of one e
tron, which of course does not depend on the hole mass

Next we studied the correlation energy of the positive
charged exciton. In Fig. 4 we plot the correlation energy
the X2 andX1 systems as function of the well width. Not
that the correlation energy of theX1 is equal to the one of
X2 ~within the numerical accuracy!. This is in agreement
with recent experimental data3 where the binding energy o
the X1 was found to be equal to the one of theX2. In fact
we have

EC~X2!2EC~X1!5E~X2!2Ee1Eh2E~X1!

5@E~X2!2E~X!2Ee#

2@E~X1!2E~X!2Eh#

5EB~X2!2EB~X1!, ~8!

whereEB(X6) is the binding energy of a charged excito
system referred to as the one of the exciton plus one
electron~hole! system,

EB~X6!5E~X!1Eh(e)2E~X6!, ~9!

n
e

d

n

FIG. 3. The total energy of the negative charged exciton and
positive charged exciton vsmh /me for a 200-Å wide quantum well
and for a quantum well of width 100 Å~inset!. The total energy of
a D2 in the same quantum well is given by the dash-dotted line
comparison.
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whereE(X) is the energy of the exciton,Ee(h) is the energy
of the free electron~hole! andE(X6) is the charged exciton
binding energy. Consequently, if theX2 and theX1 corre-
lation energy are the same, the corresponding binding e
gies will also be the same.

Last we study the wave function of the negatively a
positively charged exciton and the correlation between
different particles. The pair correlation function,gi j

3D(r )

5^d(r 2urW i2rW j u)&, for a 100-Å wide quantum well is show
in Fig. 5. This function gives the probability to find partic
i and particlej at a distancer from each other. Notice tha
geh

3D(r ) is the same for bothX2 andX1 ~dashed curve in Fig
5! and in both cases the electron and the hole tend to be c

FIG. 4. The correlation energy of the negatively charged exc
~symbols! and the one of the positively charged exciton~solid
curve! vs the well width. The correlation energy of the excito
~dotted curve! is given as reference.

FIG. 5. 3D pair correlation function for different pairs of pa
ticles inX2 and inX1 vs the distance between the particles. In t
inset the 2D pair correlation function is shown. The curve conv
tion is the same in the two plots.
r-

e

seto each other. A similar result is obtained for the excit
~dot-dashed curve in Fig. 5!. The fact that the intensity of the
correlation function for the exciton is higher than the one
the charged exciton is a direct consequence of the norm
ization of the wave function to one. The situation is ve
different for the correlation between particles having t
same charge. For theX2 electronsgee

3D(r ) ~dotted curve in
Fig. 5! shows that the two electrons avoid each other at sm
distances and have the highest probability of sitting at a
tance of 25 Å'aB/4. The holes inX1ghh

3D(r ) ~solid curve in
Fig. 5! shows that the two holes avoid each other at sm
distances and have the highest probability of sitting at a
tance of 80 Å'4aB/5, thus farther from each other than th
electron couple inX2. However the average distance,^urW i

2rW j u&, of the two electrons inX2, does not differ much from
the average distance between the holes inX1. We found
250 Å and 216 Å, respectively. The average distance
tween the electron and the hole is 150 Å and is found to
the same in theX2 and in theX1. In the inset of Fig. 5 we
show the 2D pair correlation function,gi j

2D(r)5^d(r2urW i

2rW j u)&, for a 100-Å wide quantum well, where the sam
curve conventions are used as for the 3D pair-correla
functions. These 2D correlation functions express m
clearly the Coulomb correlation between the particles. In
3D correlation functions thez direction is still involved. In
this direction the quantum well potential forces the partic
towards the middle of the well. As a consequence all

FIG. 6. The pair correlation function for the electron-electr
~a! and electron-hole~b! in X2 for different quantum well widths.

n

-



d
an
is

g-
t

t
-

s
e-
tio

th
il

-

is
es

s
le
tr
n

e
th

rt is
of

act
he
d
ost

th

ow
n is

ier,

e

il-
en-
han
rs of
age

pair
und
ond
t

he

e

e
-
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correlation functions are more spread out as compare
their 3D counterpart. The peaks in the electron-electron
hole-hole correlation functions are shifted towards larger d
tances. The average distances in ther plane of the electrons
in X2 and of the holes inX1 are ^urW i2rW l u&5249 Å and
214 Å, respectively. This result differs only by a few an
stroms as compared to the 3D result, suggesting that
charged exciton, forL5100 Å, is almost bidimensional.

We now look at the 2D correlation function for differen
well widths ~see Fig. 6!. Notice that the peak of the correla
tion function for the electron-electron couple inX2 slowly
shifts towards smaller distances as the well width decrea
@see Fig. 6~a!#, at the same time the tail of the function b
comes smaller. The peak of the electron-hole correla
function also increases@see Fig. 6~b!# but is still centered
around zero. With decreasing well width theX2 becomes
less extended. A similar behavior was observed forX1.

In Fig. 7 we show the contour plots ofuf0(rW1e ,rW2e ,rWh)u2

for a negatively charged exciton in a quantum well of wid
100 Å, where lighter regions correspond to lower probab
ity. In Figs. 7~a! and 7~b! we plot the projection of the elec
tron probability density in thexy- and xz-plane when the
hole is fixed atrWh5(0,0,0) and one of the two electrons
fixed atrW1e5(1.5aB,0,0). The distance between the particl
is equal to the average electron-hole distance in theX2. The
two symbols show the positions of the two fixed particle
The second electron sits close to the hole and the fixed e
tron sees an exciton consisting of the hole-second elec
couple. Notice, from Fig. 7~b!, that the second electro
slightly penetrates into the barrier. In Figs. 7~c! and 7~d! we
plot the projection of the probability density in thexy- and
xz-plane when the hole is fixed atrWh5(0,0,0) and one of the
two electrons is fixed atrW1e5(aB,0,0). Thus, the distanc
between the electron and the hole is now smaller than
average distance. Now, in thexy-plane a small part of the

FIG. 7. Contour maps of the conditional probability for theX2

in a quantum well of width 100 Å'aB . The fixed particles are
indicated by symbols~circle with a cross for the hole and circl
with a minus sign for the electron!. The dotted lines indicate the
quantum well boundaries.
to
d
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e

second electron sits on top of the hole and the largest pa
situated outside the white ellipse defined by the position
the fixed electron. Thus now the fixed electron and hole
like an exciton to which the second electron is bound. T
situation is similar in thexz-plane where part of the secon
electron sits on top of the hole and the other part is alm
symmetrically distributed in two puddles aroundx5
62.2aB .

In Fig. 8 we show the contour plots ofuf0(rW1h ,rW2h ,rWe)u2
for a positively charged exciton in a quantum well of wid
100 Å. In Figs. 8~a! and 8~b!, we plot the projection of the
electron probability density function on thexy- and the
xz-plane where we fixed the two holes atrW1h5(0,0,0) and
rW2h5(2.2aB,0,0). The distance between the holes is n
equal to their average distance. Notice that the electro
now equally distributed over the two holes. Notice also@see
Fig. 8~b!# that the electron does not penetrate into the barr
opposite to what happens for theX2, indicating that the elec-
tron is now more strongly bound. In Fig. 8~c!, we show again
the projection of the probability density function on th
xy-plane, where now the second hole is fixed atrW2h
5(1.5aB,0,0). In this case the lobes of the electron probab
ity density function repel each other and are no longer c
tered on the position of the holes. The holes are closer t
their average distance but the distance among the cente
the lobes is still approximately equal to the hole-hole aver
distance in theX1. In Fig. 8~d! we fix the position of the
electronrWe5(0,0,0) and the first holerW1h5(1.5aB,0,0), such
that the average distance is equal to the electron-hole
average distance. The second hole is now centered aro
the electron, which is the same as the behavior of the sec
electron inX2 @see Fig. 7~a!#. We found that the contour plo
of the probability density of finding the hole in aX2 at a
positionrW when the two electrons are fixed, is practically t
same as the one for the electron in theX1 with the two holes
fixed @see Fig. 8~a!#.

In Fig. 9 we show the wave function of the hole inX2

FIG. 8. Contour maps of the conditional probability for theX1

in a quantum well of width 100 Å'aB . The fixed particles are
indicated by symbols~circle with a cross for the hole and circl
with a minus for the electron!. The dotted lines indicate the quan
tum well boundaries.
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and the electron inX1 along thex-axis when the two par-
ticles having the same charge are fixed~solid circles in Fig.
9!. Notice that although the trions are in a singlet state
wave function is antisymmetric for reflections around t
midpoint between the two fixed particles. The reason is t
interchanging the two fixed particles must result in a s
change of the wave function. Remark that the electron inX1

is more localized on the two holes as compared to the hol
X2 that is spread out over the two electrons. However
both cases the wave function has a node between the
fixed particles, in contrast to what would happen if the int
action among the particles would be ‘‘chemical bonding
like. It seems then reasonable to say that in the same wa
which theX2 can be described as an exciton with an ex
electron moving around the electron-hole couple and wea
bound to it, theX1 can be viewed as an exciton in which a
extra hole moves in an orbit around the electron-hole cou
The latter picture is different from a system in which tw
holes bind through an electron, i.e., H2

1-like. Another confir-
mation for this picture comes from the pair-correlation fun
tions. Suppose that the electron, forX2, is in the origin, then
the hole will be near the origin as indicated by the electr
hole correlation function and the other electron will be si
ated around the position of the peak in the electron-elec
pair correlation function. Then the picture we get is the o
of an electron-hole pair with an extra electron movi
around it. If we switch the role of hole and electron, a simi
picture can be imagined for theX1, with the only difference
being that now the extra hole sits even further from
electron-hole couple than in theX2. Thus, the charged exci
ton is similar to the charged positronium. The similarity
the structure of the two different species of charged excit
is consistent with the fact that their correlation energy
found to be equal.

IV. COMPARISON WITH EXPERIMENTS

Experimental data in zero magnetic field were repor
for the binding energy of theX2 in a 100-Å,19 200-Å,3

220-Å,20 and 300-Å ~Ref. 20! quantum well. The reported

FIG. 9. The wave function of the hole inX2 when the two
electrons are fixed~dotted curve! and of the electron inX1 when
the two holes are fixed~dashed curve! along the direction@1,0,0#.
The two solid dots indicate the two equally charged fixed partic
e
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values are 2.1, 1.15, 1.160.1, and 0.960.1 meV, respec-
tively, and are compared in Fig. 10 with our theoretical
sults. The value ofEB52 meV for a 80-Å well is for a
GaAs/AlAs quantum well and was measured by Yanet al.21

The theoretical results for the binding energy are represe
by a shaded region that gives the accuracy of our calcula
for the binding energy. Note that the accuracy obtained
the total energy is better than 1%, however, its error pro
gates and increases because of the subtractions@see Eq.~9!#
that have to be made in order to obtain the binding ener
which is one order of magnitude lower than the total ener
An important consequence of this observation is that a
approximation made in the calculation ofE(X6) may lead to
substantial errors in the binding energy. For comparison
also report~open squares! the theoretical result obtained b
Tsuchiya and Katayama22 using the quantum Monte Carl
method. Notice that the results of Ref. 22 agree very w
with ours, however, our calculation goes down to sma
well width. The binding energy first increases with increa
ing quantum well width and then, after reaching a maximu
of EB51.6 meV atL'35 Å, starts to decrease. The d
crease becomes very slow for quantum well width abo
70 Å. The increase of the binding energy with decreas
quantum well width agrees qualitatively with the experime
tal data, but the experimental increase is much faster than
one we find theoretically. The inclusion of the conducti
band nonparabolicity would increase the binding energy o
slightly. We believe that the increased discrepancy betw
theory and experiment with decreasing well width is a co
sequence of the localization of the trion due to the prese
of quantum well width fluctuations, as was also found f
biexcitons.17,23 This is consistent with the fact that forL
5300 Å our result agrees with the experiments and that
effect of the quantum well width modulation on the localiz

.

FIG. 10. The theoretical~shaded curve! and experimental~open
circles! binding energies of the negatively charged exciton in
GaAs/AlGaAs quantum well vs the well width. The theoretical r
sults of the quantum Monte Carlo calculation of Ref. 22 are sho
by the open squares.
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tion of the exciton and the trion increases with decreas
well width.

A similar calculation was done for CdTe quantum w
structures@Fig. 11~a!# and ZnSe-based quantum well stru
tures@Fig. 11~b!#. The binding energy versus the well widt
in these materials is shown in Figs. 11~a! and 11~b! ~solid
curve! and is compared to experimental data2,24,25 @symbols
in Figs. 11~a! and 11~b!#. The parameters used in the calc
lation for CdTe based structures areVe5216.4 meV, Vh
5163 meV, me50.096m0 , mh50.19m0, and aB554 Å,
which results inRy513.8 meV. The value of the barrier
are taken from Ref. 24. Notice that for this structure we ha
the same potential barrier heights than for the GaAs c
however the ratio between the mass of the electron and
mass of the hole is very different, namely,me /mh50.505
~CdTe! as compared tome /mh50.196~GaAs!. In the range
200 Å,L,600 Å the theoretical curve is shifted by abo
1 meV with respect to the experimental results. Bel
200 Å the experimental results increase faster with decr

FIG. 11. The binding energy of the negative charged exciton
the quantum well width for the charged exciton for CdTe-bas
structures~a! and for ZnSe-based structures~b!. The experimental
data are taken from Refs. 2 and 24, for the CdTe-based struct
and from Ref. 25 for the ZnSe-based structures. Our theore
results are given by the solid curve. The dotted curve is our re
shifted by a constant.
g

e
e,
he

s-

ing L as compared to the experimental data, which is pr
ably a consequence of the above mentioned increased lo
ization of the trion.

For the ZnSe structure we use the parameters of the Z
ZnBeMgSe structures,DV5230 meV with Ve50.70DV,
Vh50.30DV, me50.16m0 , mh50.8m0, andaB530.05 Å,
which results inRy553.34 meV. The results are qualita
tively similar to the one obtained for the GaAs/AlGaA
quantum wells. The agreement with experiment is also
this case not satisfactory@see Fig. 11~b!# except for the
200-Å wide quantum well.

To understand the fact that the theoretical results
CdTe- and ZnSe-based structures underestimate so muc
experimental data even for large well widths, we have to ta
into account that these materials are strongly polar. In
present paper we are neglecting polaronic effects and
known, at least for the case of excitons, that this leads to
underestimation of the binding energy of the system.26 Cur-
rently only a calculation of the polaron correction to th
ground state of aD2 system is available27 but no calculation
for the trion system has been published. For theD2 system
we know that the polaron correction equals the 3D pola
correction down to rather small well widths. When, we sh
the results in Figs. 11~a! and 11~b! by the constant values 1.
meV and 1.6 meV, respectively@dotted curve in Figs. 11~a!
and 11~b!#, they agree very well with the experimental r
sults over a large range of quantum well widths. We belie
that these shifts are due to polaron effects. Shiet al.27 ob-
tained an upper limit of'0.4a\vLO to the polaron contri-
bution to the binding energy of theD2 system in a wide
quantum well (a is the electron-phonon coupling consta
and\vLO is the optical phonon energy!. In anX2 system the
hole is not localized, which will strongly reduce the polaro
effect to an estimated value of 0.1–0.2a\vLO . For CdTe
quantum wells witha50.3 and\vLO521.1 meV this gives
0.6–1.2 meV while for ZnSe~Ref. 28! we havea50.42 and
\vLO531.5 meV and consequently 1.3–2.6 meV. The
value are comparable to the shifts in Fig. 11~a! and 11~b!,
and agree with the fact that the shifts for the ZnSe quan
wells is larger than for CdTe quantum wells.

V. CONCLUSION

In this paper we applied the stochastic variational meth
to study the ground state of the exciton and the char
exciton in a quantum well. This is the first time, to o
knowledge, that a calculation fully includes the effect of t
Coulomb interaction and the confinement due to the quan
well, and thus the particle-particle correlation in both t
direction of the quantum well and the confinement directio
The results obtained do not show a big qualitative differen
from the one already present in the literature, however s
stantial quantitative differences are found. This differen
leads to an improvement in the agreement with experime
data. However, the experimentally measured binding ene
for a negatively charged exciton increases much faster w
increasing well width at a smaller well width than our the
retical results. We believe that this discrepancy is a con
quence of the increased localization of the exciton and tr
with decreasing well width. A similar conclusion was als
reached recently for biexcitons.23,17 For CdTe- and ZnSe-
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based quantum wells the polaron effect, which was not
cluded in our approach, is expected to lead to a substa
shift (;1 meV) of the binding energy to larger values. Als
in this case the trapping of the trions on the quantum w
width fluctuations is probably responsible for the rapid
crease of the trion binding energy belowL'100 Å. The
study of the conditional probability distribution of the pa
ticles in the system and of the pair correlation functions le
us to conclude that a charged exciton is similar to a char
positron. This conclusion is important as it supports the f
-
ial

ll
-

d
d
t

that the correlation energy forX2 and X1 is found to be
equal.
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