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Destruction of long-range antiferromagnetic order by hole doping
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We study the renormalization of the staggered magnetization of a two-dimensional antiferromagnet as a
function of hole doping, in the framework of thet-J model. It is shown that the motion of holes generates
decay of spin waves into ‘‘particle-hole’’ pairs, which causes the destruction of the long-range magnetic order
at a small hole concentration. This effect is mainly determined by the coherent motion of holes. The value
obtained for the critical hole concentration, of a few percent, is consistent with experimental data for the doped
copper oxide high-Tc superconductors.
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One of the interesting features of the copper oxide hi
Tc superconductors is the dramatic reduction, with dopi
of the long-range magnetic order of their parent compoun1

The undoped materials, e.g., La2CuO4, are antiferromagnetic
~AF! insulators. Doping, e.g., in La22dSrdCuO4, introduces
holes in the spin lattice of the CuO2 planes, and the long
range AF order is destroyed at a small hole concentrat
dc;0.02. The CuO2 planes are described by a spin-1
Heisenberg antiferromagnet on a square lattice, with mov
holes that strongly interact with the spin array. The motion
holes generates spin fluctuations that tend to disrupt the
order. It has been shown that hole motion produces str
effects on the magnetic properties, leading, in particular
significant softening and damping of the spin excitations a
function of doping.2–5 The critical concentrationdc where
long-range magnetic order disappears has often been id
fied with the concentration where the spin-wave veloc
vanishes. However, important damping effects occur, wh
have to be taken into account. In particular, all spin wa
become overdamped at a concentration well below the
for which the spin-wave velocity vanishes, suggesting t
the long-range AF order may disappear at a sma
concentration.5 The critical hole concentrationdc is provided
by the vanishing of the staggered magnetization order
rameter.

In this work we use thet-J model to calculate the dopin
dependence of the staggered magnetization of a t
dimensional antiferromagnet, and determine the critical h
concentrationdc . It is shown that the motion of holes gen
erates decay of spin waves into ‘‘particle-hole’’ pairs, lea
ing to broadening of the spin-wave spectral function. T
broadening gives rise to a drastic reduction of the stagge
magnetization and the disappearance of the long-range o
at low doping, in agreement with experiments. Such a p
cess was suggested some years ago by Ramakrishnan.6 The
vanishing of the staggered magnetization as a consequ
of doping, has already been studied in thet-J model by Gan
and Mila,7 considering the scattering of spins by movin
holes, and by Khaliullin and Horsch,8 considering spin dis-
order introduced by the incoherent motion of holes.

We describe the copper oxide planes with thet-J model,
PRB 610163-1829/2000/61~2!/1371~4!/$15.00
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Ht2J52t (
^ i , j &,s

~cis
† cj s1H.c.!1J(

^ i , j &
S Si•Sj2

1

4
ninj D ,

~1!

whereSi5
1
2 cia

† sabcib is the electronic spin operator,s are
the Pauli matrices,ni5ni↑1ni↓ andnis5cis

† cis . To enforce
no double occupancy of sites, we use the slave-ferm
Schwinger Boson representation for the electron opera
cis5 f i

†bis , where the slave-fermion operatorf i
† creates a

hole and the boson operatorbis accounts for the spin, subjec
to the local constraintf i

†f i1(sbis
† bis52S. For zero doping,

the model~1! reduces to a spin-1/2 Heisenberg antiferroma
net, exhibiting long-range Ne´el order at zero temperature
The Néel state is represented by a condensate of Bose fi
bi↑5A2S and bj↓5A2S, respectively, in the up and dow
sublattices, and the bosonsbi↓5bi and bj↑5bj are then
spin-wave operators on the Ne´el background. After
Bogoliubov-Valatin transformation on the boson Four
transform bk5vkb2k

† 1ukbk , with uk5$@(12gk
2)21/2

11#/2%1/2, vk52sgn(gk)$@(12gk
2)21/221#/2%1/2, and gk

5 1
2 (coskx1cosky), we arrive at the effective Hamiltonian

H52
1

AN
(
q,k

f qf q2k
† @V~q,2k!b2k1V~q2k,k!bk

†#

1(
k

vk
0bk

†bk , ~2!

havingS51/2 andN sites in each sublattice. In Eq.~2!, the
first term, with V(q,k)5zt(gquk1gq1kvk), represents the
interaction between holes and spin waves resulting from
motion of holes with emission and absorption of spin wav
and the second term describes spin waves for a pure an
romagnet, with dispersionvk

05(zJ/2)(12gk
2)1/2, z being the

lattice coordination number (z54).
The staggered magnetization is given by

M5^S↑
z&2^S↓

z&52^S↑
z&, ~3!

with
1371 ©2000 The American Physical Society
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^S↑
z&5 (

i PS(↑)
^Si

z&,

where the sum is over the up sublattice. Using the Schwin
boson representation for the spin operatorSi

z5 1
2 (ci↑

† ci↑
2ci↓

† ci↓), and the boson condensation associated to the N´el
state, one hasSi

z5(12hi
†hi)(S2bi

†bi), which, after
Bogoliubov-Valatin transformation, leads to

M5~12d!@M02DM #, ~4!

where

M052FNS2(
k

vk
2G ~5!

is the staggered magnetization for a pure antiferromag
and

DM52(
k

@~uk
21vk

2!^b2k
† b2k&1ukvk~^bkb2k&

1^b2k
† bk

†&!#. ~6!

The prefactor in Eq.~4! accounts for the spin dilution due t
doping, being negligible for small hole concentrations. In E
~5!, the order parameter is considerably reduced by quan
fluctuations, to.0.632NS. With zero doping the expecta
tion values in Eq.~6! vanish andDM50. However, in a
doped system the motion of holes generates spin fluctuati
giving rise to nonzero expectation values in Eq.~6!, even at
zero temperature, and thenDMÞ0.

In order to calculate the staggered magnetization for
doped system, we need the spin-wave Green’s functions
fined as

D21~k,t2t8!52 i ^Tbk~ t !bk
†~ t8!&,

D12~k,t2t8!52 i ^Tb2k
† ~ t !b2k~ t8!&,

D22~k,t2t8!52 i ^Tbk~ t !b2k~ t8!&,

D11~k,t2t8!52 i ^Tb2k
† ~ t !bk

†~ t8!&,

where^ & represents an average over the ground state.
spin-wave Green’s functions satisfy the Dyson equatio
Dmn(k,v)5D0

mn(k,v)1(gdD0
mg(k,v)Pgd(k,v)Ddn(k,v),

wherem,n56. The free Green’s functions areD0
21(k,v)

51/(v2vk
01 ih), D0

12(k,v)51/(2v2vk
01 ih),

D0
22(k,v)5D0

11(k,v)50, (h→01), and Pgd(k,v) are
the self-energies generated by the interaction between h
and spin waves. We calculate the spin-wave self-energie
the self-consistent Born approximation~SCBA!, which cor-
responds to consider only ‘‘bubble’’ diagrams with dress
hole propagators, as illustrated in Fig. 1. These diagra

FIG. 1. Spin-wave self-energies in the SCBA.
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describe the decay of spin waves into ‘‘particle-hole’’ pai
The spin-wave self-energies can then be written in terms
the hole spectral function,r(q,v), as

Pgd~k,v!5
1

N (
q

Ugd~k,q!@Y~q,2k;v!

1Y~q2k,k;2v!#, ~7!

with

Y~q,2k;v!5E
0

1`

dv8E
2`

0

dv9
r~q,v8!r~q2k,v9!

v1v92v81 ih
,

and U22(k,q)5U11(k,q)5V(q,2k)V(q2k,k),
U12(k,q)5V(q2k,k)2, U21(k,q)5V(q,2k)2. The rela-
tions P21(k,v)5P12(2k,2v) and P22(k,v)
5P11(k,v) are verified, the last implyingD22(k,v)
5D11(k,v). The SCBA provides a spectral function for th
holes,9–15 that is composed of a coherent quasiparticle pe
and an incoherent continuum, taking the approximate for
respectively,rcoh(q,v)5a0d(v2«q) with a0.(J/t)2/3, and
r incoh(q,v)5hu(uvu2zJ/2)u(2zt1zJ/22uvu) with h.(1
2a0)/2zt, the energies are measured with respect to
Fermi level, and the quasiholes fill up a Fermi surface c
sisting of pockets, of approximate radiusqF5Apd , located
at momentaqi5(6p/2,6p/2) in the Brillouin zone, the
quasiparticle dispersion being, nearqi , written as«q5«min
1(q2qi)

2/2m, with an effective massm.1/J. The self-
energies will then present three contributions,Pgd(k,v)
5Pc,c

gd (k,v)1Pc,ic
gd (k,v)1P ic,ic

gd (k,v), corresponding, re-
spectively, to transitions of holes within the coherent ba
between the coherent and incoherent bands, and within
incoherent band. We have calculated the different contri
tions to lowest order in the hole concentrationd.

The change in the staggered magnetization induced by
interaction between holes and spin waves~6!, is written in
terms of the spin-wave Green’s functions, as

DM52(
k

2

~12gk
2!1/2E0

1`dv

2p
@2 ImD12~k,v!

2gk Im$D11~k,v!1D22~k,v!%#. ~8!

To lowest order in the hole concentrationd, Eq. ~8! gives

DM52(
k

2

~12gk
2!1/2F2

gk

2vk
0

ReP22~k,vk
0!

1E
0

1`dv

p S Im P21~k,v!

~v1vk
0!2

1gk

Im P22~k,v!

v22~vk
0!2 D G .

~9!

Evaluating Eq.~9!, one finds that the behavior of the sta
gered magnetization is essentially determined by the co
ent motion of holes, and moreover, that it is governed by
imaginary part of the self-energies, i.e., the contributions
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Im Pc,c
26~k,v!5zJAda0

2S t

JD 2 1

Apk~12gk
2!1/2

F26~k,v!

3$A12s2~g!u„12us~g!u…

2A12s2~2g!u„12us~2g!u…%,

with

F22~k,v!5@cos~kxg!1cos~kyg!#2gk@coskx cos~kxg!

1cosky cos~kyg!#,

F21~k,v!5$~coskx2cosky!@cos~gkx!2cos~gky!#/2

2~12gk
2!1/2@sinkx sin~gkx!1sinky sin~gky!#

22~12gk
2!%,

wheres(g)5(12g)k/2qF andg52v/Jk2, while

RePc,c
22~k,vk

0!52zJda0
2S t

JD 2 gkk
2

8@12gk
22~k/2!4#

3
~sin2 kx1sin2 ky!

~12gk
2!1/2

.

Regarding the incoherent contributions,

Im Pc,ic
26~k,v!1Im P ic,ic

26 ~k,v!

57zJAd~12a0!2
p

32

3F S v

4J
21D I 1~v!1S 4

t

J
112

v

4JD I 2~v!

14
t

J

a0

~12a0!
I 3~v!GF 1

2Ap

k3

~12gk
2!1/2

u~2qF2k!

1AdG6~k!
~sin2 kx1sin2 ky!

~12gk
2!1/2

u~k22qF!G ,

with

G2~k!5gk , G1~k!511~12gk
2!1/2,

I 1~v!5u~v/4J21!u~2t/J112v/4J!,

I 2~v!5u~v/4J2122t/J!u~4t/J112v/4J!,

I 3~v!5u~2t/J11/22v/4J!u~v/4J21/2!,

is one to two orders of magnitude smaller th
Im Pc,c

26(k,v), while
RePc,ic
22~k,vk

0!1ReP ic,ic
22 ~k,vk

0!

5zJAd~12a0!2
t

J

1

4

3F ln 21
a0

12a0
lnS 114

t

JD GF 1

2Ap

k3

~12gk
2!1/2

3u~2qF2k!1Adgk

~sin2 kx1sin2 ky!

~12gk
2!1/2

u~k22qF!G ,

is of the same order of magnitude as RePc,c
22(k,v), though

smaller.
As a result, we find that the staggered magnetization~4!,

calculated with Eq.~9!, is strongly reduced with doping, van
ishing at a small hole concentration, as illustrated in Fig.
The reduction of the staggered magnetization is generate
the imaginary part of the self-energies, ImP26, which im-
ply broadening of the spin-wave spectral function. The r
part of the self-energy, ReP22, gives rise to an increase o
the staggered magnetization, which however is one orde
magnitude smaller than the decrease due to the imagi
part of the self-energies. The increase of the staggered m
netization arising from the real part of the self-energy resu
from the coherent motion of holes, while the incoherent m
tion leads to a decrease, though with a smaller amplitu
We find a critical hole concentration that fort/J53 is dc
.0.07, whereas fort/J54 is dc.0.05. The value fordc , of
a few percent, is consistent with experimental data for
copper oxide high-Tc superconductors. The critical hole con
centrationdc is smaller than the hole concentration leadi
to the vanishing of the spin-wave velocity~e.g., dsw.0.23
for t/J53), or the concentration at which all spin wave
become overdamped (d* .0.17 also fort/J53), in the same
approach.5 This is because the staggered magnetization
specially influenced by the strong damping effects induc
by hole motion. Khaliullin and Horsch8 did not consider
damping effects, and concluded that the long-range or
disappears as a result of the incoherent motion of holes, h

FIG. 2. The staggered magnetization per spin vs hole conc
tration for different values oft/J.
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ever having estimated a decrease of the staggered mag
zation due to the incoherent motion of holes that is over o
order of magnitude larger than the one calculated by us. G
and Mila7 studied the effects of damping on the stagger
magnetization, though considering the scattering of spins
holes, i.e., a four-particle interaction with ‘‘uncondensed
bosons. Our results, giving the vanishing of the magnetiz
tion for a hole concentration where the spin-wave velocity
still finite, suggest that, even when long-range order has d
appeared, strong AF correlations persist, which allow sp
wave excitations to exist, for length scales less than the m
netic correlation length. This is, in fact, experimentall
observed.1

In conclusion, we have shown that the staggered mag
tization of a two-dimensional antiferromagnet is significant
e
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e

an
d
y

-
s
s-
-
g-

e-

reduced as a function of doping due to the strong interact
between holes and spin waves. The motion of holes gen
ates decay of spin waves into ‘‘particle-hole’’ pairs, leadin
to the destruction of the long-range magnetic order at a sm
hole concentration. This effect is mainly determined by t
coherent motion of holes. The calculated critical hole co
centration is consistent with experimental data for the dop
copper oxide high-Tc superconductors.

We also note that NMR measurements, reported in R
16, show damping of the low-energy spin excitations in t
doped CuO2 planes due to ‘‘particle-hole’’ excitations
which supports the mechanism for destruction of the lon
range order presented in this work.

We thank T. Imai for bringing Ref. 16 to our attention.
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