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Theoretical study for a quantum-dot molecule irradiated by a microwave field
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Motivated by the recent experiment by Oosterkampet al. @Nature395, 873 ~1998!# we have developed a
theory to describe electron tunneling through two coupled quantum dots irradiated by a microwave field. Our
results for both the weak- and strong-coupling regimes are in excellent agreement with experiment. In addition,
our theory suggests several unique features in the strong-coupling regime, including Rabi oscillations, which
can be verified experimentally. The main resonance and the sideband resonance of the molecular level are also
calculated for the entire range of the coupling strength, and show interesting crossover behavior.
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Tunneling phenomena through two coupled quantum d
have received much attention in recent years.1–5 Compared
to the single quantum-dot system, the quantum-dot mole
has much richer physics. When the coupling is weak,
electrons are basically localized on individual dots, the t
coupled dots form an ‘‘ionic molecule.’’1 On the contrary,
when the coupling between the two dots is strong, the e
trons are delocalized over both dots to form a ‘‘covale
molecule.’’

Recently, Oosterkampet al.1 investigated the microwave
~MW! spectroscopy of a two-coupled quantum-dot molec
connected to two contacts. They demonstrated that the
dots can be coupled into an artificial molecule in a coher
way, and found the following features:~1! For the weak-
coupling case, the well-known photon-assisted~PA! reso-
nances occur ifDE56n\v (n51,2, . . . ),whereDE is the
energy difference between the two uncoupled levels of
two dots, andv is the frequency of the MW field; the heigh
of the PA resonance peaks are proportional toJn

2(a), where
Jn(a) is the nth-order Bessel function,a5eVac /\v, and
Vac is the MW amplitude.~2! For the strong-coupling case
the locations of the PA resonance peaks change significa
appearing at\v5 ẽ[ADE214T2, whereT is the tunneling
strength between the two dots.1

Theoretically, the ionic molecule irradiated by a MW fie
has already been studied,6,7 but the covalent molecule ha
received less attention.8 The theory presented in the prese
paper covers the whole range of coupling strength, and
be used to study the weak- and strong-coupling cases as
as the crossover between them. In contrast to Ref. 8, w
can only be applied to the high bias case, this work has
restriction on the bias voltage, so that it can be used to st
zero bias as well as high bias transport under the irradia
of the MW field. The system we considered consists of tw
coupled quantum dots irradiated by a MW field, connected
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two external contacts. We assume that the electron tunne
through the quantum-dot molecule is coherent and that o
one electronic state in each dot is involved, both facts c
sistent with the experiment. By using the nonequilibriu
Green-function method, we obtain an analytical solution
the average current and find the following~1! The locations
of the PA resonance peaks are in excellent agreement
the experiment1 for both the weak- and strong-couplin
cases.~2! The heights of the PA resonance peaks are prop
tional to Jn

2(a) for the weak-coupling case, which agre
well with the experiment1 and with previous work.6,9 How-
ever, for the strong-coupling case, the heights rise m
faster thanJn

2(a), a result not reported in the experiment.~3!
For the strong-coupling case, the argument of the Be
functions in the current formula,a, is equal toeVacDE/vẽ,
a value different from that in previous studies wherea
5eVac /v.6,7,9,10 This leads to the suppression of the sid
band resonance of the molecular level in the strong-coup
limit. ~4! In the weak-coupling case, Stafford and Wingre
found that the PA resonant peak is split into two peaks du
Rabi oscillations.6,11,12 In the strong-coupling case, we fin
that additional splitting occurs as a result of higher-ord
virtual processes.~5! As the coupling strength is varied, th
system shows an interesting crossover from the cova
molecule states to the ionic molecule states.

The quantum-dot molecule is modeled by the followi
Hamiltonian:

H5 (
k,bP l ,r

ekbakb
† akb1 (

bP l ,r
eb~ t !cb

†cb1@Tcl
†cr1H.c.#

1 (
k,bP l ,r

~vkbakb
† cb1H.c.!, ~1!

whereakb
† is the creation operator for electrons in the lea

b, cb
† is the creation operator for electrons in the dotb, and
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T is the interdot coupling. Considering the experimen
setup, we assume that the MW field irradiates only on
two dots, and induces an adiabatic change for the energ
each dot by6,13,14: eb(t)5eb

06(eVac/2)cosvt, where1 and
2 correspond to the left and the right dot, respectively.

To proceed, we first perform a unitary transformation
diagonalize the Hamiltonian in the absence of the MW fi
such that the transformed Hamiltonian is written asH5H0
1HI , with

H05(
k,b

ekbakb
† akb1 (

i 51,2
F ẽ

2
2

eVacDE cosvt

2ẽ
G ~2 ! i c̃i

†c̃i

1 (
k,i 51,2

1

A2
$vklṽ l i akl

† c̃i1vkrṽ ri akr
† c̃i1H.c%, ~2!

HI52g cosvt@ c̃1
†c̃21 c̃2

†c̃1#, ~3!

where g5eVacT/2ẽ, ṽ l i 5A12(2) iDE/ ẽ, ṽ ri

5(21)iA11(2) iDE/ ẽ, and we have set the zero point
the energy by assuminge r

01e l
050. From Eqs.~2! and ~3!

we see that the MW field causes~1! two molecular levels
varying simultaneously but out phase@the second term in Eq
~2!#, this differs from the case of a single quantum dot w
multilevels in which levels vary simultaneously and
phase;15 ~2! a new term appears in the Hamiltonian@Eq. ~3!#,
leading to a direct transition between the two molecular l
els @see the right inset of Fig. 1~a!#.

The time-dependent particle current from the left lead c
be expressed as (\5e51) ~Ref. 13!

JL~ t !522E
2`

t

dt1E de

2p
Im Tr$e2 i e(t12t)GL@G,~ t,t1!

1 f L~e!Gr~ t,t1!#%, ~4!

FIG. 1. The averaged current^I & vs DE for different frequencies
v. ~a! The weak-coupling case withG50.5, T50.2, Vac54, and
mL52mR510. Different curves have been offset by 0.05 along
vertical axis for clarity. The insets are schematic diagrams for
two-coupled dots irradiated by a MW field. The left inset is t
uncoupled energy levels of the two dots. The right is the two lev
of the quantum-dot molecule.~b! The strong-coupling case withG
50.1, T51, Vac /v50.2, andmL5mR50. Different curves in~b!
have been offset such that the right vertical axis gives the
quency.
l
e
of

-

n

where the 232 matrix Green functionsGr andG, are de-
fined in the usual manner andGL is the matrix linewidth
function with Gi j

L(R)5 ṽ l (r ) i ṽ l (r ) jG/2. HereG is the linewidth
function for the symmetric system in the absence of the M
field and is independent of energy in the wide-bandwid
approximation.16,14

The Green functionsGr and G, can be obtained in the
following way: find the Green functionsgr and g, of H0

using the fact thatc̃1 and c̃2 are decoupled inH0, then de-
termine the Green functionsGr and G, using the Dyson
equation and the Keldysh equation. In this way, the Gre
function can be obtained analytically. For example, the
tarded Green functionGnm

r (e) @Fourier transform ofGr(t,t1)
~Ref. 17!# is given by18

Gi ī ,nm
r

~e!5(
k,k1

gJk1n~6a/2!Xk2k1
~6a!Jk11m~7a/2!

ek
6ek1

7 2g2Xk2k1

2 ~a!
,

Gii ,nm
r ~e!5(

k

Jk1n~6a/2!Jk1m~6a/2!

ek
62g2(

k1

Xk2k1

2 ~a!/ek1

7

, ~5!

where e l
6[e6 ẽ/22 lv1 iG/2, Xl(a)[Jl 11(a)1Jl 21(a),

a[eVacDE/vẽ. Both i , ī 51 or 2, with ī Þ i . The upper and
lower signs correspond toi 51 and 2, respectively.

Finally the time-averaged current is

^I &52E de

2p
Im Tr GL@G00

, ~e!12 f L~e!G00
r ~e!#, ~6!

where the index ‘‘00’’ represents a Fourier index of th
matrix Green function. Equation~6! is valid for any interdot
coupling strength. Notice that in this work the argument
the Bessel functiona, which is equal toeVacDE/vẽ, is
different from that in previous works discussing the wea
coupling case or the single-dot system,6,9,10 where a
5eVac /v. In the weak-coupling case, our results reprodu
the previous ones. But for the strong-coupling case, it
significantly different from the weak-coupling case.

In the following we first discuss two extreme cases: t
weak- and strong-coupling cases, and then the crossove
tween them, at zero temperature.

(1) The weak-coupling case(2T!DE). In this regime, in
the absence of a MW field, the two molecular states of t
ionic molecule are basically localized in individual dots
that the molecular level spacing is approximatelyDE. The
hopping elements between the molecular level to the left
right leads are highly asymmetric. However, in the prese
of a MW field, if the photon energy is equal to the ener
difference between two molecular levels, then an elect
can tunnel from one dot to the other by emitting or absorb
a photon. Figure 1~a! shows the calculated averaged curre
vs DE for different MW frequenciesv when the bias voltage
V5mL2mR is much larger than bothv andDE. Two satel-
lite resonance peaks emerge atDE56v. The separation
between these satellites varies linearly with frequenc
When the two uncoupled levels are lined up~i.e., DE50), a
high resonance emerges due to the main resonance. Wit
increase of the MW field, the multiple photon-assisted re
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nances will emerge atDE56nv (n51,2, . . . ). The
heights of the peaks are proportional toJn

2(a) ~not shown
here!. These results are in good agreement with the exp
ment by Oosterkampet al. @Fig. 1~c! of Ref. 1#.

(2) The strong-coupling case(T>DE). In this case, the
two molecular states are delocalized over both dots to for
covalent molecule. In the presence of the MW field, we p
special attention to the zero-bias case as in the experim1

in which the main resonance peak vanishes. Instead, only
current due to the photon-electron pumping effect occu
Figure 1~b! shows the averaged photon-electron pump
current^I & vs DE for different frequencies. One sees that~1!
whenv.2T, a positive current peak appears atDE.0, and
a negative current peak atDE,0. This can be understood a
follows: whenDE.0, we haveẽ152 ẽ/2 andẽ25 ẽ/2 @see
the right inset of Fig. 1~a!#. In this case,G11

L .G11
R . Hence an

electron coming from the left lead~instead of the right lead!
tunnels through the molecular level with energyẽ1, absorbs
a photon of energyv5 ẽ to transit to the other molecula
level with the energyẽ2, then tunnels to the right lead resul
ing in a positive current peak~i.e., the electron flows from
left to right!. ~2! The current peaks are not located atDE5
6v, but at6Av22(2T)2, as shown by the dotted line i
Fig. 1~b!, where the solid line shows the weak-coupling ca
for comparison. This is because the molecular levels in
strong-coupling case areẽ1 andẽ2 so that the photon absorp
tion condition is determined byv5 ẽ. ~3! For v,2T, ^I &
nearly vanishes, due to the fact that the photon energ
lower than the energy difference of the two molecular lev
for anyDE. All the above-mentioned results are in excelle
agreement with the experimental data of Oosterkampet al.
~Fig. 3~d! in Ref.1!.

Figure 2 shows the pumping current^I & vs v for different

FIG. 2. The averaged current^I & vs the frequencyv at different
MW amplitude Vac with G50.05, T51, mL5mR50, and DE

5T. The left inset shows the heights of the peaks atv5 ẽ vs Vac

for different DE. Curves 1–3 correspond toDE5T, 2T, and 4T,
respectively. The curve 4 representsJ1

2(a), for comparison. The
right inset showsd^I &/dmL vs mL at the one-photon resonancev

5 ẽ, where v52.5, G50.02, Vac52.0, andmR50. The dotted
curve~with T50.1 following DE'2.49) and the solid curve~with
DE50.1 following T'1.249) correspond to the weak- and stron
coupled cases.
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MW amplitudesVac ; this has not been reported experime
tally. A peak emerges at the frequencyv5 ẽ, corresponding
to the photon-electron pumping effect. The half-width of t
peak is determined by max$G,g%, not byG only. This result is
quite different from the weak-coupling case in which t
half-width is always determined byG at low temperature.
The left inset in Fig. 2 shows the height of the peaks ver
Vac for different DE. In the weak-coupling case,1,6,7 the
height is proportional to the square of the Bessel funct
J1

2(a) ~dotted line!. But in the strong-coupling case, th
curve will deviate fromJ1

2(a) since virtual processes like
J0(a)J2(a) will also contribute. At smalla, the heights of
the peaks rise much faster thanJ1

2(a), because electron
tunnel back and forth frequently between the two dots ins
the ‘‘covalent molecule’’ and dwell longer, leading to a si
nificant increase of the probability for absorbing or emitti
photons, hence a larger peak height. It would be interes
to check this result by further experiment. It should also
pointed out that nearv5 ẽ/2 ~the arrow in Fig. 2!, the pump-
ing current̂ I & drops to zero rapidly whenv decreases. This
is because whenv, ẽ/2 an electron in the molecular leve
2 ẽ/2 cannot jump to any state of the lead by just absorb
a photon due to the Pauli exclusion principle.

(3) The crossover behavior. Figure 3 shows the curren
^I & vs the gate voltageVg at small bias, in which we have se
Vg5Vgl5Vgr ,19 and the gate voltageVgb (b5 l ,r ) controls
the uncoupled intradot level byeb

0(Vgb)5eb
0(0)2eVgb .

Notice that here we setvÞẽ, so the electron transition be
tween two molecular levels is weak, and then we can fo
on the main resonance and the sideband resonance o
molecular levels. One sees that~1! the main resonance peak
emerge atVg56 ẽ/2, corresponding to the molecular lev
lining up with the chemical potential;~2! with the decrease
of DE/T, the height of the peak~denoted asI 0) increases.
This means that the molecular state becomes gradually d
calized over both dots, leading to an increase of the tra
mission probability.I 0 vs DE/T is shown in the inset of Fig.
3, and the curve varies asJ0

2(a)4G11
L G11

R /G11
2 5J0

2(a)/@1

FIG. 3. ^I & vsVg at differentDE/T, showing the crossover from
the strong-coupling to the weak-coupling regime, withv50.9, G
50.2, T51, Vac /v50.6, andmL52mR50.05. The inset shows

the main resonance heightI 0 at Vg5 ẽ/2 and the sideband resonanc

heightI 1 at Vg5 ẽ/22v vs DE/T, where we have multipliedI 1 by
a factor of 5 for illustrating purposes.
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1(DE/2T)2#. As for the sideband resonance, i.e., the curr
value ~denoted asI 1) at Vg56 ẽ/27v, we find that with
DE/T decreasing, initiallyI 1 increases at largeDE/T, then
decreases, which is different from the monotonic increas
of I 0 ~see the inset of Fig. 3!. This can be understood a
follows: qualitatively, we haveI 1;J1

2(a)4G11
L G11

R /G11
2 with

a5VacDE/vẽ. At the weak-coupling case~i.e., large
DE/T), a is almost a constant andI 1 is determined by the
delocalized molecular level, leading to an increase ofI 1
similar to I 0. However, whenDE/T is small ~the strong-
coupling case!, a decreases withDE/T decreasing, leading
to a strong suppression of the sideband resonance of the
lecular level.

Finally, we investigate the Rabi oscillations in th
quantum-dot molecule. In the weak-coupling case, Staff
and Wingreen6 found the Rabi splittingVR'2TJn(a) for
n-photon processes and the pumping current is a maxim
whenVR5G. We have reproduced their result in the wea
coupling case. The right inset of Fig. 2 showsd^I &/dmL vs
the chemical potentialmL at v5 ẽ, where we see that the on
photon resonant peak is split into two peaks with the se
ration of 2TJ1(a) due to the Rabi oscillations between o
state and a photon sideband of the other state. But in
strong-coupling case, the Rabi oscillations are quite com
cated; a bare state of one dot will be coupled with a serie
sidebands of the bare state of the other dot because o
large couplingT. From the right inset of Fig. 2~solid curve!,
we see that the one photon peak is split into four peaks w
larger splitting of approximate 2g and a smaller splitting of
aboutg2/4v ~hereDE! ẽ, i.e., a'0; andg!2v). In fact,
on
t

g
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d

m
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he
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the
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the larger splitting is from the couplingge2 ivtc̃1
†c̃21H.c.

between the two molecular levels and the smaller splitting

from ge1 ivtc̃1
†c̃21H.c. @see Eq.~3!#. As in Ref. 6, we now

investigate the resonant current^I & res ~for v5 ẽ) in the
strong-coupling case. FormL2e1 ,e22mR@G, and weak
driving Vac!v ~following g!v), one has ^I & res

52eGg2/(4g21G2/4), in which ^I & res is maximum when
2g5G/2.

In conclusion, electron tunneling through a quantum-d
molecule under MW irradiation has been investigated. B
the weak-coupling and the strong-coupling cases as we
the crossover between them are studied in detail. Our res
for both cases are in excellent agreement with the rec
experiment by Oosterkampet al. In addition, we show new
features that can be verified experimentally. In particular,
the strong-coupling case we find that the heights of
photon-electron pumping current at zero bias rise mu
faster thanJn

2(a), with a differenta, a5VacDE/vẽ, and
that there is a strong suppression of the sideband reson
of the molecular level in the linear bias regime. An add
tional Rabi splitting in the strong coupling case is also foun
Finally, the delocalizing behavior of the molecular levels
the coupling strength crosses over from the weak- to stro
coupling regime is predicted.
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